MIXING ON RANK-ONE TRANSFORMATIONS

DARREN CREUTZ AND CESAR E. SILVA

ABSTRACT. We prove mixing on rank-one transformations is equivalent to “the
uniform convergence of ergodic averages (as in the mean ergodic theorem)
over subsequences of partial sums”. In particular, all polynomial staircase
transformations are mixing.

1. INTRODUCTION

1.1. Rank-One Transformations. Rank-one transformations are transforma-
tions “well-approximated” by a sequence of discrete spectrum transformations, so
it was very surprising when in 1970 Ornstein [Orn72] showed the existence of rank-
one mizing transformations. Rank-one mixing transformations are mixing of all
orders [Kal84], [Ryz93] and enjoy other remarkable properties, see e.g. [Kin88§].
Ornstein’s construction was stochastic in nature: there is a class of rank-one trans-
formations so that almost surely a transformation in that class is mixing; however,
it did not yield a deterministic procedure for constructing one.

1.2. Staircase Transformations. A few years later, Smorodinsky conjectured
that a specific rank-one transformation, the classical staircase transformation, is
mixing. In 1992, Adams and Friedman [AF92] gave a deterministic algorithm in-
volving a sequence of cutting and stacking constructions that produced a mixing
rank-one transformation, and later Adams [Ada98| proved that Smorodinsky’s con-
jecture is true. Informally, a staircase transformation is a cutting and stacking
transformation with sequence {r,} of natural numbers such that at the n'® stage
the n'! column or stack is cut into r,, subcolumns and “spacers” (see Section 3) are
placed in a staircase fashion on the subcolumns before stacking, i.e., the number

of spacers in each subsequent subcolumn is increased by 1. Adams showed that

,r2

the resulting staircase transformation is mixing provided that 3= — 0 as n — oo
(which also implies that the transformation is finite measure—presérving), where h,,
denotes the number of levels, or height, of the n'" column. He then asked whether
the mixing property holds for every finite measure-preserving staircase transfor-
mation simply under the assumption that r, — co. In 2003, Ryzhikov wrote the
authors a short email stating that in 2000 he gave a lecture where he proved that
all staircases are mixing (Theorem 1) [Ryz03] (giving a positive answer to Adams’
question); the result presented here was developed independently of his work and
indeed we did not receive his proof sketch until after sending a preprint of this paper
to him in 2005. We would also like to thank Ryzhikov for asking a question that
clarified our writing of the definition of polynomial staircase transformations. The
application of our main theorem shows that polynomial staircase transformations
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are mixing (Theorem 4). Specializing to the case of linear polynomials shows that
all staircase transformations are mixing.

1.3. Restricted Growth. The ;—i — 0 condition, a restriction on the asymptotic
growth of the spacers relative to the column height, was generalized to all rank-one
transformations and called “restricted growth” in [CS04]. The staircase transfor-
mation of Smorodinsky’s conjecture is obtained when r, = n + 1; verifying that it
satisfies the restricted growth condition is straightforward. In [CS04], the authors
proved an equivalence between mixing and a condition on the spacer sequence for
rank-one transformations with restricted growth. It followed that restricted growth
rank-one transformations with the sequence of spacers given by a polynomial sat-
isfying some general conditions (including the staircases of [Ada98]) are mixing.
Ornstein’s result also follows from that theorem.

1.4. Our Result. In this paper we lift the restricted growth condition from the
theorems in [CS04]. We present a self-contained proof of a condition equivalent to
mixing for rank-one transformations involving the uniform convergence of certain
averages of partial sums of the spacer sequence. Staircase and polynomial staircase
transformations satisfy this condition.

2. MIXING PROPERTIES

2.1. Dynamical Systems. For our study, dynamical system shall mean a
standard probability measure space (X, B, u) and transformation 7' : X — X that
is invertible, measurable and measure-preserving. Throughout the paper, (X, p) is
[0,1) under Lebesgue measure and B is the algebra of Lebesgue measurable subsets.

2.2. Mixing. A transformation T is mixing when for all A, B € B,
Jim p(T"(A) N B) = w(A)u(B) = 0;
{t»} is a mixing sequence (with respect to T") when for all A, B € B,
Jim (T (A) N B) — p(A)p(B) = 0.
2.3. Ergodicity. A transformation T is ergodic when for all A € B, if T~(A) =

A then p(A) =0 or u(A) = 1. The mean (von Neumann) ergodic theorem
states that T is ergodic if and only if for all B € B,

1 n—1 )
nler;o/|anOXBoT_J‘du:0.

where we write xg = Wp — u(B) (Fp being the characteristic function of the
set B.). A transformation T is totally ergodic when for any ¢ € N, ¢ # 0, the
transformation T is ergodic. (We use the notation N = {0,1,2, ...} for the natural
numbers and Zy = {0,1,..., N — 1} for the N-element subset of N with the usual
order).

2.4. Ergodic Sequences. Unless otherwise stated, the term sequence shall mean
sequence in N that is strictly increasing. A sequence {a,} is an ergodic sequence
(with respect to a transformation T') when for all B € B,

1 n—1 ‘
i [ oo
7=0
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2.5. Power Ergodicity. We introduce the concept of power ergodicity, all powers
of an ergodic transformation being “uniformly” ergodic in the sense that the ergodic
averages converge uniformly (to the projection onto the constants). Earlier results
on specific rank-one mixing used precursors to this notion, including the uniform
Cesaro property used in [AF92] (and implicitly in [Ada98]) and power uniform
ergodicity in [CS04].

Definition 2.1. A transformation T is power ergodic when for all B € B,
-1

lim sup/|f XBOT]|du—0
j=

n—oo keN 0

3. RANK-ONE TRANSFORMATIONS

3.1. Cutting and Stacking. Begin with [0,1), the only “level” in the initial

“column”. “Cut” it into ro “sublevels”, pieces of equal length: [0, TO) [TlO , %), o
To=1 7). Place an interval of the same length “above” [+, 2), i.e., place [1, "ol
T
0 T’ To 70

above [%, %) Likewise, place j “spacer” sublevels above each piece. Now, “stack”
the resulting subcolumns from left to right by placing [0, 7o) at the bottom, [m 2)

' 1o
above it, the spacer level above that, [7’ %) above the spacer and so on, ending

with the topmost of the rg — 1 spacers. This stack of h; = ro + Z 20 ] levels
(of length - 7o), the second column, defines a map Tp : [0,1 + - Z] 0 Y- %) —
[%, 1+ % Z;O 01 j) that sends points directly up one level.

Repeat the process: cut the entire new column into r; subcolumns of equal width
v preserving the stack map on each subcolumn; place j spacers (intervals not yet
in the space the same width as the subcolumns) above each subcolumn (j € Z,, );
and stack the resulting subcolumns from left to right. Our new column defines a
map T} that agrees with T, where it is defined and extends it to all but the topmost
spacer of the rightmost subcolumn. Iterating this process leads to a transformation
T defined on all but a Lebesgue measure zero set.

The transformations obtained in this manner are called staircase transforma-
tions. More generally, one may place s, ; spacers above the 4" subcolumn at the

h stage in place of the j spacers above. A transformation created by cutting and
stacking as just described (with a single column resulting from each iteration) is
a rank-one transformation. The reader is referred to [Fer97] and [Fri70] for
more details. Rank-one transformations are measurable and measure-preserving
under Lebesgue measure, and are completely defined by the doubly-indexed se-
quence {s,;}{r,} Where at the n'" step we cut into r,, pieces and place s, ; spacers
above each subcolumn (for staircase transformations, s, ; = j). This {sn ;}r,.}
is the spacer sequence for the transformation and {r,} is the cut sequence.
The height sequence {hn} is the number of levels in each column: hg = 1
and hpt1 = rphy + Ej "o sn] It is well-known (and left to the reader) that
if liminfr, < oo then the transformation will be partially rigid hence cannot be
mixing. We shall assume from here on that limr,, = co.

We write I,,; to denote the i'" level in the n'" stack (i € Zj,) where I, is
the bottom level and T'(I,, ;) = I, ;41 and write C,, = Uf;o‘l I,,; to denote the

nt" column and S,, = n+1 \ Cn to denote the spacers added. We write Im‘ for

the j** sublevel of the i'" level of the n'* column, i.e., I, [0 ]0 is the leftmost sublevel
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of the bottom level (17[10_]0 = I,,41,0 becomes the bottom level of the next column).
Note that T is defined on a finite measure space if and only if > ° / u(S,) < oo
and in that case T is isomorphic to the transformation defined on [0,1) obtained
by cutting and stacking in the same fashion as T' but beginning with Cy = [0, %)
where K is the measure of the space the original T is defined on.

4. MIXING ON STAIRCASE TRANSFORMATIONS

We shall first prove directly that staircase transformations are mixing to illustrate
the techniques used. Staircases are the simplest of the mixing rank-one transforma-
tions and serve as a model for the general case. As mentioned in the introduction,
the following theorem was proved by Adams under a growth restriction [Ada9§]
and announced by Ryzhikov in 2000 (unpublished).

Theorem 1. Let T be a staircase transformation. Then T is mizing.

In what follows we shall first outline the ideas and then present the formal proof.
Consider a level I in the n'* column defining a rank-one transformation that is at
least 7, above the bottom. Look at 7"~ applied to the j** sublevel of I. There are
j spacers added above that subcolumn so 7" will map the j* sublevel of I to the
j+1t" sublevel of the level j below I. This means that 7" maps I to a progression
of r% sized parts of r,, consecutive levels. So the characteristic function of 7" (1)
is in fact an average of characteristic functions of consecutive levels which is to say
that it is of the form % ;261 W oT~7. The ergodicity of T then guarantees that
this quantity tends to zero so in fact the sequence {h, } will be mixing.

In what follows, this idea of turning a sequence into an ergodic type average will
be the primary ingredient. We first establish that for an arbitrary sequence, the
mixing behavior is controlled by specific ergodic type averages. We then prove that
for staircase transformations, any ergodic type average along arithmetic progres-
sions tends to zero.

The following Lemma formalizes our discussion of sublevels above:

Lemma 4.1. Letp e N;i € Zy,,,j € Zr,, and B a union of levels in Cp. Then

rp—1 ,
(i) Ini=J 5k
j=0
(i7) Trherikt k=D U] = gUEH, g

i 1
(i) (I} N B) = (LN B).
P
Proof. (i) is immediate from the construction of rank-one transformations; (i7)
follows from k applications of the fact that Thpﬂlz[ﬂ = Igjl}; and for (iii), B is a
union of levels in C, so I, ; C Bor I,;, N B = 0. O

The first step is our proof of mixing is the well-established result on the height
sequence:

Proposition 4.2. [Ada98] Let T be a staircase transformation with height sequence
{hn}. Then {h,} is mizing with respect to T
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This a direct consequence of Theorem 3 in [CS04] applied to staircase transfor-
mations; alternatively, it follows from the proof of mixing on “D1” in Theorem 2.3
of Adams [Ada98] (the restricted growth condition is not used in that part of the
proof).

The following technical Lemma, in combination with Lemma 4.1 part (ii), gives
that if we look at a block of ¢ consecutive sublevels of some level I then after
applying T*"» and dropping the levels at the bottom of the column we are left with
an ergodic type average of powers of T% exactly as what occurs for h,, but weighted
by the size of the block %.

Lemma 4.3. Forp,k €N, { € Z,, and ¢ € Ly, ¢,

hp_l -1 )
Z |ZN(T*J’1€I;I[)J7;-C] NB)— (I[J /|7 XB o~ ch| +
i=0 =0

Proof. For i > (k, u(T*jkII[]{jc] NB) = i,u(T’jkIp_j N B) by Lemma 4.1 part (iii).
For ¢ < Lk, 4
| S5 w1 0 B) — (I u(B)] < tu(I))) < o since u(Cy) < 1. O

Consider now the ergodic type average of r,, powers of 7% that is, let k vary
with n. It is clear from the construction of rank-one transformations by columns
that if k(n)h, < t, < (k(n)+1)h, then the behavior of T*» is controlled by that of
Tkhe and THEM+DRs - The following proposition states that if we know a priori
that the ergodic type average of the powers of T#(") tend to zero and furthermore
that k(n) is small enough that we may drop the bottom k(n) levels (these levels
have vanishing measure) then following the same procedure as above, TFMe will
be mixing and so then will the sequence.

Definition 4.1. In the context of a rank-one transformation with heights {h,} and
cuts {rp}, givent € N, the unique p and k for t are the unique numbers p,k € N
such that hy <t < hpy1 and khy, <t < (k4 1)h,.

Note that since k < ”“ and by the finite measure-preserving property h”“ =
p

#(Cp+1) k _ hpp
PR 1, we have that £ < o, 1.

In the sequel, when we say “choose p and k” we shall mean the above construc-
tion. In particular, we shall often assume that £ < r, and leave to the reader to
verify that in fact knowing k < (1 + €)r,, for small e suffices.

Proposition 4.4. Let T be a staircase transformation with cut sequence {r,} and
height sequence {h,} and let {t,} be a sequence. Choose p(n) and k(n) such that

Tp(n) k(N
hony < b < hyays1 and k(n)hygy < tn < (k) + Dhyiy. I 2250 5 0 and
for any B € B,
Tp(n)— k(n) 1

xp o T M |du =0

lim / ’
n—oo Tp(n)

and likewise replacing k(n) by k(n) + 1, then {t,} is mizing with respect to T.

j= 0

Proof. The idea here is to write k(n) and h, as above, the proposition then follows
from the fact that T*"» sends a level in Cp to % parts of a progression of r, — &,
P
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levels that are all k,, apart so the ergodic type average of the powers of T*» is
exactly the condition needed.

We now make this precise. Here, and in the proofs in the sequel, we shall
sometimes drop the explicit dependence on n: we write p = p(n) and k = k(n).
Pick m = m(n) such that t,, = kh, +m where 0 < m < h,. Let A, B be unions of
levels in Cy for some N € N. For n such that p > N, as in Proposition 4.2,

hy—1
(T AN B) = p(A)u(B)| < 7 |w(T4 7 1,500 B) = (L, )(B)|
i=0
-1

Z Tkh ?Ipitm N B) — (Ip,i+m)ﬂ(3>’

P

=0
hp—1
+ Z |#(T(k+1)hplp7i+m—hp NB) - H(Ip,i+m—hp)ﬂ(B)|
i=hp,—m
hp—1
<> (T 10 B) = u(I,i)u(B))|
=0
hp—1
+ 3 [T, 0 B) — (L) u(B)].
=0

Now by Lemma 4.1 part (¢) and the triangle inequality,
hp—1

> | 1, 0 B) = u(I, ) (B
i=0
hp—1 rp,—k—1

Z\ S @il o B) - w1 u(B))|
7=0
hp—1 7rp—1

+ 3 > [w@ i B) - pHuB)|

=0 j=r,—k
and Tkhpl[j]‘ = TktDhp+33G-D [\ i 50 for j > r, — k we have (k+ j)h, + 20—
1) > rphy = hyy1 — 37p(rp — 1) so in fact Tkhpfl[il = ThP“IgfL for some a and b

and Iz[nlz is a level in Cj,11 hence

hp—1 rp—1
5 5 o) - wafhuco)
=0 j=r,—k
hpt1—1
h +1 1
< Z |H(T P 1 N B) - l‘([p+1,i)ﬂ(3)| + irp(rp - 1).“([1)-&-1,0)
i=0
hpt1—1 rp+1—1
< > > wT L1 N B) = p(Ipsr,i)u(B)]
. Tp+1 =0
1=Tp+1 J=
hpi1—1 Tp+1—1 1
+ Z (Ipt1,6) + Z 1(Ipt14) + irp(rp = Dullp+1,0)

P=Tp41 =0
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ol 2 r 1

1
Z xpoT™ J‘dﬂ+ + 2= + 5rp(rp = Dp(Ipt1,0)-
7=0

T
Tp+1 Tpr1 hpr1 o 2

which approaches zero since 3r,(rp — 1)pu(Ip41,0) = p(Sp) — 0 and T is ergodic.
For 2k(k — 1) < i < h,, using Lemma 4.1 part (ii), we have that TthII[,J)l =

ik [J+7<]
T I —1k(k—1)

hp—1 rp—k—1

Z | > w@" L0 B) — ul(1)u(B))|
7=0

rp—k—1

/’7 Z xpoT 7" |dﬂ+ )k+%k(k_1)7"p,

Tp

so by Lemma 4.3,

k

U(Ip,0)~

NOWW< — 0 and $k(k —1)2— ,u(Ipo)< L. <krp—>0asn—>ooby
hypothesm and the integral goes to zero by the final hypothes1s The above repeats
similarly for the k 4+ 1 part. O

We now examine the case of a sequence where the k(n) derived as above is not
small enough to simply drop the bottommost levels:

Proposition 4.5. Let T be a staircase transformation with cut sequence {r,} and
height sequence {h,} and let {t,} be a sequence. Choose p(n) and k(n), as usual,
such that k(n)hymy < tn < (k(n) 4+ 1)hyy. If there exists a sequence {£(n)}
such that £(n) — oo, %{k()n) — 0 and 2L — 0 and such that for any a(n,q) €N

Tp(n

indexed over 0 < ¢ < Q,, = [%ﬂf(n)] with lim sup,, sup, k(( )) <1 andaln,q) <
aln,g+1) < a(n,q) +1,

l(n)—1

nllnéoQ Z /| Z x5 0 T—ikm+2=ama) | g, — g

then {t,} is mizing wzth respect to T.

Proof. The idea here is to break the sublevels up into blocks of size small enough
that we can drop the bottommost levels for each block separately and then apply
our above methods to each block. Our Lemma on blocks of sublevels tells us each
will be weighted by the size of the block so if each block’s ergodic type average
tends to zero then the entire quantity will as well.

The reason we have been dropping the bottommost levels above is since the
behavior of the sublevels of those bottom levels is not to form an evenly spaced
progression on the levels but in fact to form two or more such progressions by
“coming back through the top” of the column. This coming back through the top
can be avoided if we can ensure that the k(n) we are using on a given block has the
property that jk(n) is small compared to h, for j =0,...,¢ where ¢ is the size of
the block. The following proposition states and proves this formally: if the blocks
we use are of size £(n) and for any k(n) — « corresponding to the number of h,,’s
we need to remove when examining each block (a depends on the block), then if
the ergodic type average tends to zero, the original sequence will be mixing. The
conditions required on the ¢(n) are necessary to perform the step of dropping the
bottommost levels for each block (independently).
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Now we make this precise: as before we shall drop the explicit mention of n and
write p = p(n), k = k(n), £ = {(n), Q@ = Q, and a-) = a(n,-). Let B be a union
of levels in Cy for some N € N. Then, as in the proof of Proposition 4.4, it suffices
to show that

-1 rp—k-—-1
Z | > w1 a By — p(IPHu(B)| - 0
7=0

and similarly for k£ + 1. Now

hp—1 rp—k—1

Z | > W@ L0 B) — u(1])u(B)|

7=0
hp—1Q—-1 ¢—1 ) hp—1
<SS S ) ) 5 )
0 4j=0

i=0 ¢=
]

and Zf 51 Lu( z[m) = £4(C,) — 0 by hypothesis. For 0 < ¢ < @, choose a(q) =

a(n,q) minimally such that ¢lk + 1k(k — 1) < a(q)(hy + ¢l + k — 3) — 3a(g)*
This reasoning for this choice of « is that T*"» acts like an average of T—7(k—2)
due to the spacer levels being added being not small compared to h,, that is, Tkh
would push levels through k times except that the spacers remove « of those times;

we have chosen « so that Tkhpl[qe] = T“Jl[q“k_a(qﬂ such that w > 0 and « is
minimal. The «a(q) are clearly nondecreasing and since =2 — 0 (by hypothesis) we

have a(qg+ 1) — a(q) < 1 for large n.
Since «(q) is chosen minimally7 consider using £k in the defining inequality for

a(q): since gf < Ql < (T" +1)¢ =r, — k + £ we have

2
- +gl+k—=)— -k — - = -1
2/€(hp ql +k 2) k qlk 2k(k )

1 1 3 1
= 5k;(hp —ql— 5 =5k = Jk(hy — v

1 1
——4+-k—/
and since TL — 0 and — 0 in the limit this quantity is nonnegative. Therefore

lim sup a(q) <1 unlformly over q.

Set ﬂ( ) = a(@)hy — ql(k — a(q)) — 3(k — alq))(k — alg) — 1) so that 0 < B(q) <
hp+ql+k+ % Then f(g) roughly corresponds to the height in the column where
applying T*"» switches between acting like T*—(@)r and like T*—(@=Dhs - For
0<j<fand0<4i<hy, by Lemma 4.1 part (i),

Tkhplz[)j;‘rq@] — p—i(k—a(e))+B(q )IZ[)]+q/z+k o(a)]

For 0 <i < hy, — B(q), we have

T—j(k—a(q))+ﬁ(q)Iz[)J'HJrkfa(q)] =i (k= a(q))I[JTézrl; a(q)]
* pi+B(q

and for h, — 8(¢) + ¢¢ — a(q) + k <1i < hy,, we have
—j(k—a(@)+B(q) fli+t+k—ala)] _ (k—a(q))+hy litaltk—a(q)]
T3 q 01l — T q s "

_ p—j(k—a(q)+1) gli+altk—a(q)+1]
=T L v Bla)—hp—qt—k+ala)"
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Hence for each g,

hp—1 ¢—1
Z ‘ZM Tkhpl J+qf] NB)— (I[J+q4]) (B)’
=0 j=0
hp=1 ¢—1
< ’Z’u T j(k— a(q))I[JJrqurk a(q)] ﬂB) (I;E’;qu])u(B”
=0 j5=0

p—1 (-1

—j(k—a j+qltk—o 1 +at
+ 30 | w(ritkee@n itk ma@ il o gy (el (p))|
i=0 j=0

(gl k— a(g)) S To)

and since ¢f + k — a(q) < rp,
Q-1 /
(¢ +k— a(Q))r#(Ip,o) <

a=0 p

Qlry, Tp

< 0.
rphp T -

>
=

By Lemma 4.3,

Q—-1hp—1 y¢—1

Z Z ‘Z“ (T~ j(k— a(q))l[a+q£+k a(q)] NB)— (I[J+qe+k “(Q)])M(B)\
qg=0 =0 j5=0

Q-1 0—1 Q-1 5.,
<3 ﬁ/‘lzm o Titkat@)| gy, 4 3 L (@)
a=0 P ¢ =0 a=0 Tphyp

Note that Q < 2= Fr1< 2”7 by hypothesis so we have that ZQ 1 £2(k=a(q) <

Tphp
ficif <3 2k _, by hypothe81s and, applying the above also to the i > h, — 8(q) +

q€+k704( ) case,
hp—1 rp,—k—1

Z | > w@ L]0 B) — u(1)u(B)|
7=0

1 Q-1 1671
<53 13 xmer e ay
q:O J=0

L
1 Q-1 1 -1 .
ps / |52 o T/ D du +
q=0 =0

where v = 7, — 0 is the sum of all the terms above that tend to zero. Thus the
above quantity goes to zero by the final hypothesis. Applying the entire argument
again to the k + 1 case implies that {¢, } is mixing. O

Remark 4.6. The a(q) range from 0 to R = %” (all quantities here of course
depend on n) and that each particular value is taken on with approrimately the
same density over j. This is due to the fact that a(q) is roughly ]ka

P

Having obtained our above results that mixing on sequences will follow from
convergence to zero of ergodic type averages of T* where k is allowed to move with



10 DARREN CREUTZ AND CESAR E. SILVA

n (the number of terms being averaged), we now show that such averages do in fact
converge to zero.

We shall need the Block Lemma, our next statement, which tells us that an
ergodic type average of powers of T* will be dominated by an ergodic type average
of powers of T%4 with proportionally fewer terms.

Lemma 4.7. [Ada98] (Block Lemma) Let T be a measure-preserving transfor-
mation and B € B. Then for any R,L,q € N,

/ 1 Ri:l , 1 sz1 . qL
|— XBOT_J‘dMS/’— XBOT_”‘CZ/L-F*.
R 2 L4 R

Proof. The main idea is to split the sum into blocks of size Lp and then each Lp
block into L blocks and use the measure-preserving property to combine terms.
Details are left to the reader. O

The case when k(n) is bounded follows directly from the total ergodicity of T'
(which follows since T has a mixing sequence). Our next proposition is that if @
is bounded then the ergodic type averages of n consecutive powers of k(n) converges
to zero.

Proposition 4.8. Let T be a staircase transformation. Then for any {k,} such
that limsup,, %" < oo and any B € B,

1 n—1 )
[ oo
j=0

This follows from the proof of Lemma 2.2 in Adams [Ada98] (and appear in
[CS04]). The idea is to use the Block Lemma to multiply &, by a number ¢,, so that
kngn = hy for some p. Then the mixing behavior of h,, will yield the convergence
of the average of (any number of terms of) consecutive powers of T*»49~ which by
the Block Lemma dominates the average of powers of T%». We will need that %
is bounded to ensure that the terms in the sum dropped by the Block Lemma (the
% term) is small.

The following two Lemmas also follow from the proof of Lemma 2.2 in [Ada98]
(using the “Blum-Hanson” trick). The reader is referred to the proof of Proposition
7.5 for a (combined) proof of the Proposition and the following two Lemmas in a
slightly more general context.

Lemma 4.9. Let T be a staircase transformation with heights {h,} and let {t,}
and {pn} be sequences such that hy, <t, < 2h, . Then for any ¢ > 0 there exists
L such that for all sufficiently large n,

1 L—-1
/|z D xpoT " |du<e.
d=0

Lemma 4.10. Let T be a staircase transformation and {t,} a sequence such that
for any fized d the sequence {dt,} is mizing with respect to T. Then for any e > 0,
for sufficiently large n,

n—1
/|%ZXBOT7jt" dp < e.

=0
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We now establish the final result needed to prove staircases are mixing: that the
ergodic type average of powers of T%» will converge to zero regardless of how fast
k, grows. This property is of some independent interest and is referred to as power
ergodicity:

Proposition 4.11. Let T be a staircase transformation. Then T is power ergodic.

Proof. For any k we find the largest p such that k ~ xh, for some positive integer

x. The proof is by cases. In the case when = is bounded above zero, we may use
P

the Block Lemma to multiply k by ¢ = “2 so that kq ~ hp41. In the case when %
is small, ;= will be bounded so the averages of the powers of T will vanish. Then

{k,} will be mixing (Proposition 4.4) so its average must converge to zero.
Having disposed of these cases, if % is bounded then we can pick £(n) satisfying

the conditions of Proposition 4.5 and so that ﬁ is bounded. Then Proposition

4.8 tells us the average of powers of T% vanishes so by Proposition 4.5 {k(n)} is
mixing. The final case is when 52 — oo. We again find a sequence ¢(n) and break

the average into blocks of size £(n) but in this case the values of o we obtain (as
in the statement of Proposition 4.5) will effectively take on all values. We then use
that T' is weak mixing to show that the average of averages of powers of T*~¢ tends
to zero and so again {k,} is mixing.

Now we make this precise. Let {k,} be an arbitrary sequence. Write k, = k =
xh, +m as usual, dropping the n and picking p uniquely so that h, < k < hp1
and then x and m accordingly.

Case 1a: liminf, = = ¢ > 0. Pick a large fixed L and let z = f%} Then by
the Block Lemma,

1n—1 ) 1 L-1 Lz
/|EZXBOTjk|dMS/|EZXBOTZZk|d,U+?
j=0 £=0

h h . . .
and 5= < ?T” = %” < % so since L is fixed the rightmost term tends to zero as
P

n — oo. By Lemma 4.9 with ¢ = zk (so that hpp1 <t < h,+1 + k) the above can
be arbitrarily small by taking L sufficiently large.

Case 1b: lim, % = 0. Since limsup -~ < 1 by the construction of the unique x

P p
and p, by Proposition 4.8 (using r, —z in place of n in the proposition) we have that
/ |% Z;”:Bx_l x5 o T 7*|dp — 0 (and also for 2 + 1 in place of x) because we may
Tp—XT

assume 7, — T — 00 as when — 0 the claim is trivial (and of course r, — co

since k — oo hence p — 00). Then by Proposition 4.4 (using the hypothesis for
this case) we have that {k,} is mixing. For any fixed ¢ the same argument shows
that {¢k,} is a mixing sequence. The result follows from Lemma 4.9.

Case 2: limsup,, % < oo (and not Cases la or 1b). Call A the limit supremum

and 0 the limit infimum of % (s0 0 <0 < A < oo, the § = 0 case being covered

by 1b and the A = oo to be case 3). Pick ¢ = ¢, — 0 such that e% — 00
p
(possible since T is finite measure-preserving) and such that e%’ > a > 0 for some

a > 0 (requires that % — 0 which we may assume to be the case by dropping to a
subsequence of the n and noting that the subsequence of n where this does not tend
to zero is covered by case la above; specifically fix € > 0 and split the sequence into
the part where ;—Z < € and where it is greater, handle each separately and then take
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e — 0). Set £ = eh— (modify e slightly so that ¢ is an integer). Then ¢ = ¢,, — oo
andL: hp <e§ —>Oand Z”” —e—>0 Note that £ <%%A§%<oo. Then

IT’
by Proposmon 4.8, [ | 72— 0 XB o Ti(z+2-alq)) ‘du — 0 for any a(q) satisfying the
requirements of Proposition 4.5. Proposition 4.5 in turn gives that {k,} is mixing.
Clearly the same argument works for a constant multiple {dk, } so by Lemma 4.10
the result follows.
Case 3: limsup, % = oo (and not Cases la, 1b nor 2). Since o <7 T—” -0

there exists £ = ¢,, — oo such that ﬁ—ﬁ — 0. Then £ = h” egf — 0. Set Q = Qn =

Tp

[227=] — oo (recall we have eliminated case 1b and may drop to a subsequence
since the subsequence along which this is bounded will be covered by that case). Let
a(q) be the sequence of values required in Proposition 4.5. By the Block Lemma,

1@ e
— Z / |, ZXB OTj(w+2—a(Q))‘d#
Q a=0 ¢ §=0
= | Lt I
< = /|f B OTj(m+27a(Q))|du+ =,

For each fixed d # 0 the fact that T is weakly mixing implies that T¢ is weakly
mixing. There is then a density one sequence J; such that T¢ is mixing along
Ja. Now a(q) takes on all integer values from 0 to R, where R, — oo since
Q = Q, — oo, and takes on each particular value with approximately the same
density (see Remark 4.6). So for m < R,

#a,r € Zqg - alg) — a(r) =m}

:Z#{CIGZQSa(q):t}#{TEZQ:a(r):mft}

t=0

Q)2 < gz
R’ — R
Therefore

Zr\ J,
ortlar € 2o ala) —olr) ¢ Jy s TEAID g
Q R
Then for each fixed d # 0 there is some Z; such that é 22::10 |N(Td(a(q)fa(r))B N
B) — w(B)u(B)| < € for any Q > Zg.
By the Holder Inequality and the measure-preserving property (repeatedly),

1 Q-1 1 L-1 ) 4
52 / > xs o 742700 |4 )
q=0 Jj=0

1 (2t 2
Zfz T(J t)(x+2 (Q))BQB)—M(B)M(BD

q=0

IN

@ \

L-1

DY

J,t=0

IN
—~
@\

1 , , 2
Z xpg o T~U—Hal@) | o T(J—t)(w+2)du)
q=0



MIXING ON RANK-ONE TRANSFORMATIONS 13

L-1 Q-1
1 1 i _
<5 Y op O wTEO N BB u(B)u(B)
7,t=0 q,r=0
Hold L fixed and pick n such that @ > Z; for all —L < d < L (and d # 0). Then
the above is less than e 4 % which tends to zero. Then by Proposition 4.5 we have

that {k,} is mixing. In fact, any constant multiple of {k,} is as well so the result
follows by Lemma 4.10. (]

We are now ready to prove that staircases are mixing. Using Proposition 4.5
this reduces to showing that ergodic type averages tend to zero and the above tells
us this is the case.

Proof. (of Theorem 1) Let {t,} be a sequence. Let {r,} be the cut sequence and
{hn} the height sequence for T and set p(n) and k(n) as usual. Pick a sequence {£,,}

such that £, — oo, 2 5 0 and o — 0 (possible since :(—n) < 2R —0).
Tp(n) p(n) p(n)

hp(n)
Since T is power ergodic (Proposition 4.11), for any B € B, [ ‘ZL Z?;Bl XB ©
T*j(’“(”)”*a(”’qmdu — 0 for appropriate a(n,q). Then by Proposition 4.5, {t,}
is mixing with respect to T ([l

5. GENERAL RANK-ONE TRANSFORMATIONS

We now establish the results we obtained on staircases for general rank-one
transformations. The methods follow the same strategy as above but with many
additional technical complications due to the fact that the spacer sequence is now
arbitrary and no longer arithmetical so tricks such as the Block Lemma are no longer
straightforward. The propositions below are direct analogues of those above. The
reader is encouraged to become familiar with the concepts in the case of staircase
transformations before reading the details of the general case.

5.1. Dynamical Sequences. Dynamical sequences are the natural representation
of spacer sequences for rank-one transformations (see Section 3).

Definition 5.1. A dynamical sequence {s,, ;} (1 is a doubly-indexed collection
of integers sy j forn € N and j € Z,, where {r,} is a given sequence, called the
index sequence, which must have the property that lim,,_, ., r, = 0co. The integer
Sn.j is the j'* element of the dynamical sequence at the n'* stage.

5.2. Partial Sums of Dynamical Sequences.

Notation. Let {s, ;}{,,} be a dynamical sequence andn €N, j € Z,, , k € Ly, _;.
The k' partial sum of the j*" element at the n'" stage is

k—1
S(k) = Sn.j
n,j n,j+z:
z=0

Definition 5.2. Let {sn;}{.} be a dynamical sequence and k € N. The k'
partial sum dynamical sequence is the dynamical sequence {sgﬁ;}{,xn_k} (n

“begins” at the smallest value such that r, > k) whose elements are the k" partial
sums of {snj}{r,y- Let {kn} be a sequence such that k, < v, for all n. The
{k, }*" partial sum dynamical sequence of {8n.j}{r.} 18 the dynamical sequence

kn
C T
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5.3. Spread Out Dynamical Sequences.

Definition 5.3. A dynamical sequence {s, ;}{,,} is spread out, which will be
written as s, ; — 0o, when for every fized M € N, lim,_, T%#{j,k € Zr, :

Snj — Sng| < M} =0 (the symbol # denotes cardinality).
This property was referred to as a dynamical sequence being monotonic in [CS04].
5.4. Ergodic Dynamical Sequences.

Definition 5.4. A dynamical sequence {sy j}{,,} is an ergodic dynamical se-
quence (with respect to a transformation T ) when for all B € B,

Tn—1

. 1 e
nl;rréo/|%j2_:0XBoT S

5.5. Mixing and Ergodic Dynamical Sequences. The following is a standard
generalization of the Blum-Hanson theorem from sequences to dynamical sequences.

dp = 0.

Theorem 2. A transformation T is mizing if and only if every spread out dynam-
ical sequence is ergodic with respect to T .

Proof. Let T be a mixing transformation and {s, ;}{,} a spread out dynamical
sequence. For any B € B and any € > 0 there exists M € N such that for all m > M
or m < —M we have [u(T™(B) N B) — u(B)u(B)| < €. As {spn,j}{r,} is spread out,
there exists NV € N such that for all n > N, #{(4,0) € Zy,, X Zy,, : |Sn; — Sne| <
M} < er?. Then

Tn—1

1 s
[ 2 xmo T

rn—1

1 N S i —S
=3 2 WI BN B) — w(B)u(B)

m =0

1 Sm.i—Sm. L s
<3 > Tt BAB) — u(B)u(B)| + 2 erni(B)

" [$n,j—8n,e|>M n

1
< Y et en(B) <e(l+pu(B)).

‘Sn,j_sn,l‘ZM
Conversely, suppose T' is not mixing. As mixing is equivalent to Rényi mixing
there exists B € B, § > 0 and a sequence {t,, } such that u(7" BNB)—u(B)u(B) >
¢ for all m. Define {sy ;}{r.} by rn =n and s, ; =t;. Then
1 n—1
dp > |- T7%d
n> |- JZ::O /B x0T "dy]

Tn—1

1
— > xpoT
%%

n—1

= |- W(T BAB) ~ w(Bu(B)| > 6

=0
Since {t,,} is strictly increasing, {s,,;}{r,1 is spread out. O

5.6. Levels of Rank-One Transformations.
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Lemma 5.1. Let T be a rank-one transformation with levels {I, ;}, heights {hy},
and spacers {sn j}r,y. Letp €N, i € Zy,, j € Ly, k € Ly, —j, t €Ly, and B a
union of levels in Cp,. Then the following hold:

rp—1
(1) Ip;= U I[J,]ié
=0
(i6) Tt (1)) = I}jj’“}, and

(i) p(T"(I}) N B) =~ L (T (L,,.) N B).

Lemma 5.2. For anyp € N, any A C Zp,, any ' CN, any B a union of levels in
Cp and any maps f:T' = Z and g : T — Z,,,

D12 wI @I 0 B) = (5 u(B)|

i€A jer
1 #I
g/}—ZXBon |d,u+(supf( ))h T
jer p 'p
5.7. Mixing Sequences.

Proposition 5.3. Let T' be a rank-one transformation with spacers {sn j}{y,} and

heights {h,} and let k € N. If {sﬁf}}{rn,k} is ergodic (with respect to T) then
{khy} is mizing (with respect to T ).
Proof. Let B be a union of levels in Cy for some fixed N € N. For any sets
Jn C Zy, —k, apply Lemmas 5.1 (i) then 5.1 (ii) and finally Lemma 5.2, for any
n>N,

hn—1

> (T (I5) N B) = (1) u(B)|

=0

<Y w0 B) - pu)| + &+ T

T T
=0 j€Zr, -1 \Jn " "

_ ( ) k k
=N Y w1 nB) — p@V B+ =+
1=0 j6Z7,L k\Jn

rn—k

S

As {s }{rn—k} is ergodic with respect to T, we need only show that there
(k)

n,j
not. Then there exists § > 0 such that s > Oh,, for at least ér,, values of j (for

2k J, 1
du+——|—2# “+—  sup s;k;
Tn T hnjez,, Jog,

exists sets Jn C Zy, i such that #J" — 0 and h -SUpjg g, Sy — 0. Suppose
infinitely many n). But then at least 157"n values of j are such that s, ; > ¢ 2 h,

so p(Sp) > ,‘z—zrnhn,u(lnHﬁ) = ,‘i—zu(Cn) contradicting that T is defined on a ﬁnite
measure space. ([l

Proposition 5.4. Let T be a rank-one transformation with height sequence {h,}
and spacer sequence {sn j}(r,y and let {t,} be a sequence. Set p(n) and k(n) such
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that hyy < tn < hypmy41 and k(n)hppy < tn < (k(n) + 1)hppy. If there exists
In C Ly, —k(n) Such that #J") — 0 and h( oo SUPjg, 8 sy 0 and for all

n,j
B e B,
Tp(n)— k(”) 1

_g(r(n))
‘ xp ol “pmg ‘du —0
Tp(") j= 0

then {t,} is mizing with respect to T.

Proof. Write t,, = kh, +m (writing k = k(n), p = p(n) and m = m(n) as before)
and let A, B be unions of levels in C for some N € N. For sufficiently large n, as
in Proposition 4.2,

|W(T™ AN B) — u(A)u(B)|

hp—1
< 3 (T 1,00 B) — (L ) (B)|
=0
hp—1
+ > @ ED L, 0 B) — (L) u(B)|
=0

By Lemma 5.1 part (i),
hp—1
Z ’/,L(Tkhplp,i NnB)- N(Ip,i)M(B)’

hp—1 rp—k—1

<SS wme A By - u(iu(B)

1=0 7=0
hp—1 rp—1 .
SN T B) - pa ()
1=0 j=r,—k

and the second summand tends to zero as in Proposition 4.4.
By Lemma 5.1 part (ii) and Lemma 5.2,

-1 rp—k-1

Z| )3 p(T 10 B) = () u(B)

JIn
/‘— ZXBOT m|d,u+(bups(k))h +#

J¢Jn e
1 n
/‘— Z xgoT~ m’d,u+(sups(k)) +2#J .
JE T hy Tp
The same reasoning holds for (k + 1). O

Definition 5.5. Fix T a rank-one tmnsformation with spacer sequence {sn j}{r,}-
Let Q,p, k be positive integers and {I', } 0 be a partition of Z,, . (that is Ty C
Loy, are disjoint and Ul'y = Z,, 1) We say (Q,p, k,{I'y}) respects the spac-
ing arrangement at k of T when sI() ) <s, ) , forallj € Ty and j' € Ty whenever
9<q.
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Given sequences {p,}, {kn} and {Q.}, a sequence of partitions {T'y 4}q, that
each individually respect the spacing arrangement of T at k, and also have the
property that Q" — 0 is said to respect the spacing arrangement for T with

block sizes {b } when #I',, 4 > by, for a density one set of q.

Proposition 5.5. Let T' be a rank-one transformation with spacers {sn j}{r,} and
heights {hn} and let {t,} be a sequence. Set p(n) and k(n) such that hyy < t, <
hpmy+1 and k(n)hp(n) < tn < (k(n) + Dhym)-

If there exists a sequence {Ly,} such that L, — co and Zi Z;”:"OA Sppj — 0

that also has the property that every sequence of partitions that respects the spacing
arrangement of T with block sizes {%} 1s ergodic with respect to T, meaning

Qn—1
s - ]

then {t,} is mizing with respect to T.

_ gk +2—a(n,0)
E XBOT p(n),j ‘duzo7

T
p(n) jel"nyq

Proof. Let B be a union of levels in Cy for some N € N. Let n € N such that
tn > hn. Set m = t, — khy, (writing k¥ = k(n) and p = p(n) and so forth) so

m € Zp,. Set € = ¢, = ﬁ Let ¥ = W, : Z;,_p — Zr,—k be a map such that

k k }
1()‘)1,(]) < s;,\)y(jﬂ) for all j € Z,,_x—1. Set £(0) = 0 and a(—1) = 0 and then

proceed inductively to define ¢(¢+1) = £,(¢+ 1) and a(q) = a,(q) given £(q) and
a(q — 1) as follows: choose ¢(q + 1) to be the smallest positive integer less than
rp — k such that
(k—a(qg—1)+1) _  (k—a(g—1))
Spu(tat)) Spw) =
if such an integer exists and choose ¢(q¢ + 1) = r, and set @, = ¢ + 1 if not. Note

that
S(k) (""p)
p¥(rp—k=1) _ Sp0_ _ Tpi(Sp)

ehy = eh,  €eu(Cp)
S0 %:‘ — 0. Choose «a(q) such that

Qn <

: (a(a)-1) )
) (@) = Dhy + 8, 5000 1 k-a@+1 < S 20d
.. (k) (ae(q))

i) Spue) < DM + 5, 0(a) +h-ala)

The a(q) are clearly nondecreasing over ¢. Since %i er 01 sp,j — 0 for large n
we have a(qg+ 1) —a(q) < 1.

k
Set B(q) = alq)hy + s;?‘l(,%)e)(q))+k7a(q) - s;’\)l,(e(q)) and note that 0 < f(g) <

hp+5p0(0(q)) +h—alq)- St B'(q) = B(q) = Sp,w(e(q))+k—al(q) and note that 5'(q) < h,.
For all ¢ € Z,, define the sets

_ _ S . (k) (k) (k)
Ly =Tng={J €Zr, ) 0000 < Spy < Spw(e(gr1)))

and the maps ¥(q) = ¥(n,q) : Zyqgr1)—e(q) — Lq by ¥(q)(j) = ¥(j + £(q)) for all
J € Zy(g+1)—t(q)- As in Proposition 4.5, it suffices to show that

hp—1 rp—1

STIS @tV By — p(1Phu(B)| — 0

i=0  j=0
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and likewise for (k + 1). Note that

hp—1 rp,—k—1

Z| S w@ sV A By - (15 ()|
7=0

hp—1 —

| (T (15 1 B) — (109 u(B)|
Jjelq

o

=0

Q
Il
o

Now for any ¢ € Zy, any i € Zj, and any j € Iy, using Lemma 5.1 (ii),

T (IVFH) =

() ) 4
(s Sp,we(q))) sp,wz(q))([bfk])
P pi

(k) _ (k) RO) (a(a)) ;

- (Sm* », \I'(/(Q))) Sp,w(e(q) TAHDhp s 500 o) (]I[jjk_a(q”)
(k) _ (k) 4

(58 =% o)) +B(@) (]I[jjk_a(q)]),

If i < h, — B(q) then

i (k—a(q)) _ (k—a(q))
Tfs;}?;‘ (I}L{j—k]) =T (Sp,j ! Sp, \p(z(g))) (I[J’j‘kﬁ(a)(‘l)])

If i > h, — B8'(q) then
sl (I[j+k]) T (sthot) G oea)) 4 5(g)—hp—sp. s 1a(a) (U k@1
P,

k— +1 k +1 -
(sthrotosn _ (kralo: ))+B(q)*hp*Spme(qu—a(q)([[Jf’f—a(q)ﬂ])

=T Dt

_ ( (k—a(@)+1) _ ékw&g;jl))(lz[fﬁﬂ (Ct;()q);:l])
as i + 8'(¢) — hp > 0 because i > h, — 3'(q) and i + 8'(¢) — hp < i < h, because
B'(q) < hp.
If hy, — B(q) < i < hy — '(q) then, as above,
T8 (104 = = (55 =) Rt st (U@ 1)
_ (s Lk\paﬁfl)))))(l[ﬂk a(@)+1]y

p,i+B(a)—hp
Applying the first case and Lemma 5.2, then that 7" is measure-preserving,
Qn_l h 76((1) & &
+ j+
2, 2 12 u 155 0 B) = w(1 ) u(B)|
=0 JGI‘
(k D) _ ke a(q)))
NI R
P jer,
£l (h—a(@) _ (h—a(@)y L #Tq
T Z (sup s, B Sp,‘IJ(E(Q)))fT Tp

= Jely

Qn—1
< Z /|— Z xpoT*® S Q(Q))}dunLe.
q=0

JETn q
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Similarly, for the second and third cases above (with k+ 1 replacing k). Combining
these three cases and letting n — oo, we have the result. ([

6. MIXING THEOREM

Theorem 3. For a rank-one transformation T, the following are equivalent:

(1) T is a mizing transformation;
(it) T is “rank-one uniform mizing”: for all B € B,
hp—1
lim  sup Z |u(T" Iy s 0 B) — p(Ini)(B)| = 0; and

n—ro0 hn§t<hn+1 i=0
(#i1)  every sequence of partitions that respects the spacing arrangement of T
with block sizes tending to infinity is ergodic with respect to T'.
Proof. (ii) implies (i) follows as in the proofs of our Propositions. (iii) implies (ii)

follows as in Proposition 5.5. (i) implies (iii) follows since if not then for some
sequence of partitions that respect the spacing arrangement of T there is some

{q(n)} with #I',, ;) — 00 (as Q= _ () and the dynamical sequence {s ))}pwm)
is not ergodic with respect to T s0 by Theorem 2, T' cannot be mixing. O

7. POLYNOMIAL STAIRCASE TRANSFORMATIONS

7.1. Polynomial Power Ergodicity The term polynomial shall mean polyno-
mials with rational coefficients that map integers to integers.

Proposition 7.1. Let T be a power ergodic transformation. Then for any sequence
of polynomials {pn} of bounded degree and all B € B,

1 n—1 ,
nh—{réo/’nZ;JXBOT_M(])MM:O'
]:

Lemma 7.2. van der Corput’s Inequality For any complex numbers a, such
that |a,| <1 and any N, L € N,

N—
|;§an|2§N;L(I]+2R{ £1L [1 Z a"Ha"D

Proof. (of Proposition 7.1). Induct on the degree D of the polynomials. Assume
the condition holds for all {p,} of degree less than D. Note that the D = 1 case
corresponds to power ergodicity. Let {p,} be a sequence of polynomials of degree
D. Let B € B. Fix e > 0. FixLeNsuchthat%<e. ForneNand 0< {< L,
set P o(j) = pu(§ + £) — pp(y). Write p,(j) = Zf:o Cn,aj® for ¢, € Q. Then
P,(j) = 5 01 (ZQD:,)_H Cna(3)0?7%) 4" is a polynomial in j of degree D — 1. By
the inductive hypothesis, for each 0 < £ < L, there exists Ny € N such that for all
n > Ny,

n—1
1 .
/|f > x5 o TP @dp < e,
n
=0
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Set Ng = [%] o) % <eforall 0 < ¢ < L and n> Ny. For n > maxo<s<r Ny,

n—_{—1

1 , A
|E Z (M(T*Pn(J+z)+pn(J)B NB)— H(B)M(B)>|
§=0

1= I ¢
S/|TLJZ_(:)XBOT P""(])|d,u+ﬁ<2€.

By Holder’s Inequality and van der Corput’s Inequality,

1 n—1 .
/'E S x50 T?|dy
j=0

[N

< {n +L (% n % LL;LK i (M(T—pn(j-i-é)-i-pn(j)B NB) — M(B)u(B)))}

O

7.2. Polynomial Staircase Transformations. Let {p,} be a sequence of poly-
nomials with bounded degree and uniformly bounded coefficients. A rank-one trans-
formation with spacer sequence {sy ;}{.} given by s, ; = pn(j) is a polynomial
staircase transformation when the polynomials are such that for every L € N,

1
limsup —#{j € Z, : L divides p,(j+1)—p.(j)} < 1.

n—o0 Tn

A staircase transformation is then a linear polynomial staircase transformation.
Theorem 4. Polynomial staircase transformations are mixing.

Proposition 7.3. [Furstenberg] Let {p,} be a sequence of polynomials of bounded
degree and uniformly bounded coefficients. Then a dynamical sequence {sn j}{r.}
given by s, ; = pn(j) is ergodic with respect to any totally ergodic transformation.

Proof. Since [ |% S tyg o T*Pn(j)|d,u = |i Z;lgl Zp"(j)’dag(z) where o

§=0

is the spectral measure of B under T, the result follows from Weyl’s theorem on
the equidistribution of polynomial sequences (that %22:01 2Pn0) 5 0 for all z €
ST\ Q). O

Proposition 7.4. Let T' be a rank-one transformation with spacers {sn j} (.} such
that for each L € N, L # 1, limsup,,_, o ~#{j € Zy, 1 : L divides s, j1+1—5p ;} <
1. Then T 1s totally ergodic.

Proof. Suppose T is not ergodic for some L € N, L # 0,1. Then there exists
B € B,0 < pu(B) < 1, such that T"B = B. We may assume L is minimal so
there exists 6 > 0 such that u(T*B N B) < (1 —6)u(B) for all 0 < ¢ < L. Set
pn  Zp — [0,1] by p,(€) = i#{j € Zy, : Snj = ¢ mod L}. By hypothesis
there exists 0, > 0 such that #{j € Z,, : L divides sy, j11 — $p;} > 617y, for all
sufficiently large n. So for at least 0,7, values of j, s, j+1 # sn; mod L. Hence
pn(f) < 1—06; for all 0 < ¢ < L. Let {h,} be the height sequence for T. For
any € > 0 there exists N € N such that for all n > N there exists B,, a union of
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levels in C,, such that u(BAB,,) < € (here A denotes symmetric difference). Write
B, = UiEAn I, ;. Since L is fixed, % — 0 so we may assume that T¢B,,,0 < ¢ < L,
is a union of levels in C,,. Set w,,, v, such that h,, = w, L+ v,, for some 0 < v,, < L.
Set B], = T""B,,. Then B, is a union of levels in C,,. Hence

w(T*" BN B) < (T B, N T B,) + 2¢
rn—1
= Z Z ,u(Th"IT[i]i N By,) + 2
i€N, j=0
Tn—1

1 1
= 3 (T BN By) 42+ o+ u(Sh))
n =0

IN

n

h
L

pu(Du(T =" By 0 By) + 2(e + — + pu(S,))

T'n

~
Il
=3

~
—

pu(Ou(TB 0 B) +2(2€ + — + ju(5,))

Tn

A
~
Il
o

< (1= 50)u(B) + 611 — D)u(B) + 202 + — + u(S,)

n

since p,(¢) <1 —6; for 0 < ¢ < L and u(T*BNB) < (1 —6)u(B) for 0 < £ < L.
Then |u(T**L BN B) < (1—68)u(B) +4e + T% +2u(Sy). But T%"L'B = B is then
a contradiction. g

Proposition 7.5. Let T' be a rank-one transformation and {sy ;}¢,y its spacer
sequence such that for each fized k, the partial sum sequence {ng;‘}{r,ﬁk} is ergodic

with respect to T. Then for any sequence {ky} such that lim sup %" < oo and any
BeB,

n—1
1 .
] — ]kn —
nh—I>r<>lo/|n EOXBOT dp = 0.
j=

Proof. First, let {t,,} be a sequence such that h,, < t, < dh,, for some fixed integer
d. Write t,, = x,hy,, + m, for some 0 < m, < h, and 1 < x, < d. Then for any
level I, ; with ¢ < h,, —m,, we have that

Ttn]n,i = Trnhn N, i+
and for I, ; with ¢ > h,, —m,, that
Ttn Ini= T(@n+1)hn Initm,—h, -

For any B a union of levels in some Cny and any n > N let B, be the levels in
I € C,,N B such that Tt I = T*" I’ for some level I'. Then B is the disjoint union
of B, for 1 < 2 < d+ 1. By Proposition 5.3, the sequence {zh,} is mixing since
the partial sum sequence {sgf;-}{rn, k} is ergodic with respect to T for each fixed x;
in fact, as can be seen from the proof of Proposition 5.3,

(T AN B) — p(A)u(B) — 0

uniformly over all collections A of levels in C),. Since there are only d choices of x
this means that {¢,,} is mixing.
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Now, let {k;,} be a (not necessarily increasing) sequence such that £= is bounded.
Set p, ¢ and x such that hy, < k < hpy1 < kg < 2hpyq and zh, < k < (z+ 1)h,
(again we drop the n subscripts for clarity). Let B € B and € > 0. Choose L such
that + < e (L not depending on n). Note that
g _ gk _ 2y k

n  nk2~ h]% n

h, . . .
since ]’f{l R }er — 0 as T is finite measure-preserving. By the Block Lemma,
P

1n71 ‘ 1 L-1 qL
[ xmotMdn< [173 xmor"jau+ L2
=0 =0

Now t,, = xkyqy satisfies the requirements above so {zk,qn} is a mixing sequence
for each fixed x. Then, by Holder’s Inequality,

L 1

(f1zgmer )=} 5, *

= z=—L+1

(T B (1 B) - u(B)u(B))

and each term where x # 0 tends to zero by the mixing of the sequence, and the
x = 0 term contributes at most % <e. (I

Proof. (of Theorem 4). Let T be a polynomial staircase transformation. Then 7 is
totally ergodic by Proposition 7.4. Let {p,} be the polynomials defining the spacer
sequence {8y ;}¢r,} of degree at most D € N and let {c, o} for a € Zp1 be the
coefficients of the {p,,}. Then, for any j € Z,. ,k € Z,,_;,

k—1 k—1 D k—1 D a
pn]JFZ chna]JFZ ZZZ‘%(I( ) oyt

z2=0 z=0a=0 z=0a=0 b=0
D k—1

Sy zzcm@ )3 = pui(j)
b=0 2z=0a=b

are polynomials of degree at most D in j with lead coefficients ke, p.
Assume now that T is power ergodic. T is then polynomial power ergodic by
Proposition 7.1. For any {k,} and {T'n ¢}, {Wnq}, {@nq}{Q,} as in Proposition

5.5, each {sn En o }{#p ,} is itself a polynomial sequence (details are left to

the reader) of degree at most D . Since % — 0, #I',4 — oo uniformly over a
density one set of ¢, the averages over the sets I'y, ; then tend uniformly to zero by
polynomial power ergodicity. Proposition 5.5 then gives the result. It remains only
to show that T is power ergodic. O

Proposition 7.6. Let T be a polynomial staircase transformation. Then T is power
ergodic.

Proof. For each fixed k € N the p,  are ergodic (Proposition 7.3) since the co-
efficients of p, , are uniformly bounded when k is fixed (see the proof above
for an expression for the coefficients). Then by Proposition 7.5 the case when
lim sup,, %" < o0 is done. Write k = k,, = xhy, +m as usual. Cases la and 1b from
Proposition 4.11 carry over directly (using Proposition 7.5). Hence we may assume
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that liminf, % >0 and ;= — 0. Pick £, as in Case 3 of Proposition 4.11 and Qy,

and «(q) as well (note that limsup,, ;LT” < oo is enough for that construction).
p

Then, using the techniques of the proof of Proposition 7.1 (applying van der
Corput’s Lemma d — 1 times where d is the degree of the polynomials defining

the spacer sequence), for any I',, , an appropriate subset of {s;?}{rp,x} and any
appropriate a(q) = a(n, ),
1 (z+2-a(a)
XpoT "vi dp
[l 2 |

J€ln 4

£o—1
1 j(z4+2—« z 4
< (/% ; X 0 TIEH2=0@)2@)|g) 4 ¢

for some § > 0, z(¢) = z(n,q) integers and € = ¢, — 0. By the Block Lemma we
may replace £, by some large fixed L (with error = — 0).

Now «a(g) take on all integer values in an interval of length arbitrarily large so as
in the proof of Proposition 4.11 Case 3, using that 7' is weak mixing (so 7% is weak
mixing for all fixed d # 0) we have that the quantity above tends to zero when
averaged over g. The result then follows as in Proposition 4.11 Case 3 (details here
have been left to the reader as everything follows from techniques previously used
in the paper). O

8. SPECIFIC EXAMPLES

8.1. Criterion for Finite Measure on Rank-One Transformations

Proposition 8.1. A rank-one transformation with spacer sequence {5, j}r,1 and
heights {h,} is defined on a finite measure space if and only if

) s 1 rn—1
n —
E — < 0 (where S, = — E sn])
hn Tn
n=0 7=0

Proof. Let T, {sn,j}{r.}> {52}, and {h,} be as above and let (X, u) be the space
T is defined on. Let {C,} denote the columns of the construction as sets, {I,,} the
base levels of the columns, and {S,,} the spacers added (so S,, = Cp41 \ C,, and
So = Cp). We see that

rp—1 rp—1

/L(Sn) = Z Sn,jM(In+1) = (Ti Z sn,j)M(In) = %M(Cn)
j=0 " =0 "
and so
>~ u(Sn) = u(Co) T+ 7).
n=0 n=0 n

8.2. Specific Examples of Mixing Transformations.

Theorem 5. For D € N and § € RT, let Tp,s be the rank-one transformation with

1
spacer sequence {Sy j}ir,} given by s, ; = P and r, = Lhﬁf’“J (where {hy} is the
heights for Tp 5). Then Tp s is a mizing transformation.
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Proof. By Theorem 4, we need only show the transformations are defined on a
finite measure space. Let D € N and § € R*. Let {8n.,j}{r.} be the spacers

and {h,} the heights for Tp 5. Now, ;”61 Sn,j = Z;igljD ~ rP+1 Since

hng1 = rphn + 3200, " s, we see that h, > [['Zs r. > 2". Then,

o0 — o0 1 o0 7" o0 s
n D+1 n D+5 —S_\—n
— & —r = hn < 2D+s < 00
S RCAR M WELRED DIy
n=0 n=0 n=0 n=0
by the convergence of geometric series. Proposition 8.1 completes the proof. O

8.3. Ornstein’s Transformation. Ornstein’s original construction of rank-one
mixing transformations involved placing spacer levels randomly using a uniform dis-
tribution so that almost surely the resulting transformation is mixing. The uniform
distribution can be equally well interpreted as meaning that the spacer sequence
almost surely has the property that the averages in Theorem 3 tend uniformly to
zero so that mixing for these transformations follows from our theorem. The reader
is referred to [CS04] for details.

8.4. A Note on Restricted Growth. The restricted growth condition in [CS04]
is equivalent to ™22 — ( for polynomial staircase transformations (details are left

to the reader) and to Adams’ condition = — O for staircase transformations. For

D+1
Tnsn ~ 7“5“ ~ }, DF3 1 D+6
Tp,s, we see that t— & hn = hs 7 and so Tp s has restricted growth

if and only if § > 1 Hence the theorems of [CS04] and [Ada98] apply only to Tp s
with § > 1.

Acknowledgments. The authors would like to thank the referee for many helpful
suggestions, and in particular for suggesting that first proving the special case for
staircases and then generalizing makes for a more readable paper than the original
exposition which directly proved the general case.
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