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ABSTRACT. Examples of almost-positively and quasi-positively curved spaces of the form
M = H\((G,h) x F) were discovered recently [9],[8]. Here h is a left-invariant metric on a
compact Lie group G, F' is a compact Riemannian manifold on which the subgroup H C G
acts isometrically on the left, and M is the orbit space of the diagonal left action of H on
(G, h) x F with the induced Riemannian submersion metric. We prove that no new examples
of strictly positive sectional curvature exist in this class of metrics. This result generalizes the
case F' = {point} proven by Geroch [5].

1. INTRODUCTION

In [5], Geroch studied metrics of the form M = H\(G, h), where h is a left-invariant metric
on a compact Lie group G, H C G is a Lie subgroup, and M is the quotient (the right coset
space) with the induced Riemannian submersion metric. He proved that no new examples of
positive curvature could be found among such metrics; more precisely, if H\(G, h) has positive
sectional curvature, then H\G admits a normal homogeneous metric of positive curvature.
These “Geroch metrics” are generally inhomogeneous, although his problem was motivated by
the well-known classification of homogeneous spaces with positive curvature.

We consider examples of the more general form M = H\((G,h) x F'), where F' is a compact
Riemannian manifold on which H acts isometrically on the left, so M is the orbit space of
the diagonal left action of H on (G, h) x F' with the induced Riemannian submersion metric.
Topologically, M is the total space of a homogeneous F-bundle over H\G. If the action of H
on F' is transitive with isotropy group K C H, then M is diffeomorphic to G/K.

Generalizing Geroch metrics in this way enriches the family of examples. For example, the
positively curved non-normal homogeneous spaces discovered in [1] can be re-described in this
form; see Section 4. Among Geroch metrics, only the normal homogeneous examples appear.
Further, examples of this form exist with quasi-positive and almost-positive curvature [9],[8].
It is not known whether new quasi-positive curvature examples exist among Geroch metrics.

Our main result says there are no new examples of this form with positive curvature:

Theorem 1.1. If M = H\((G, h) X F) has positive sectional curvature, and dim(H) < dim(G),
then M admits a homogeneous metric with positive sectional curvature.
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The dimension hypothesis disallows G = H, in which case M = G\ ((G, h) x F) is diffeomor-
phic to F. This method of changing the metric on F' via an isometric G-action is curvature
non-decreasing; see [3].

The author is pleased the thanks Frank Morgan for useful discussions about this work.

2. CURVATURE FORMULAS

In this section, we derive curvature formulas for M = H\((G,h) x F). Let hy denote a
bi-invariant metric on G (and also its restriction to H). In this section, we assume that F' is
the normal homogeneous space F' = (H, hg)/K for some subgroup K C H. This assumption
is not necessary in Theorem 1.1, but it makes our formulas cleaner. Let ¢ C ) C g denote the
Lie algebras of K C H C G.

The value of h at the identity e € G is determined in terms of hg by some self-adjoint
® : g — g defined so that for all A, B € g,

h(A, B) = ho(®(A), B).

Definem = ho €t and p = g © b, where “©” means the orthogonal compliment with respect
to ho. Also denote (A, B) := ho(A, B), |A]? := ho(A, A) and |A|, := h(A, A) for A,B € g.
Let 7 : (G,h) x F — M denote the quotient map. The metric on M is defined so that 7 is a
Riemannian submersion.

Lemma 2.1. Let g € G and y € H. The horizontal space of © at (g, yK) is:
Higyie) = {(dLg(® 7 (Ad(y-1,)u)), —dLy(u™)) | u € g © E},
where u™ denotes the hg-orthogonal projection of u onto m.

Above, the tangent space to F' = (H, hg)/K at the coset yK is identified with the horizontal
space at y of (H, hg) — F, which is dL,(m).

Proof. The dimension of our purported horizontal space is the dimension of g © ¢, which is
correct because M is diffeomorphic to G/K. The vertical space of 7 is:

Vigyr) = {(dRgA, p(dRy(A))) | A € b},
where p denotes the projection onto dL,(m). It remains to verify that H and V are orthogonal.
Letting A € hand u € g ¢,
((dLy (@71 (Ad(g-1y)u)), —dLy(u™)), (dRyA, p(dRy(A)))) a1
= h(® N (Ad(y-1yu), Ady-1A) + (—dLy(u™),dRy(A))
= (Ady1yu,Adg-14) — (Ady(u™), 4)
= (Adyu, A) — (Ady(u™), A) = (Ady(u —u™),A4) =0
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Any element of M has the form 7 (gg, eK) for some gy € G. For u € g © ¢, let u denote the
element of Hy, . corresponding to u as in Lemma 2.1:

U= (dLgO(@_l(Adgalu)), —u™)

For X,Y € go & let ky(go, X,Y) denote the unnormalized sectional curvature of dm(X)

and dn(Y'), which by ONeal’s formula equals:
(2.1)  ku(go, X,Y) = k:h(<1>‘1(Adg0_1X), <1>—1(Adgo_ly)) +kp(X™ Y™ + (3/4)|[X, Y]V

Here kj, and kp denote the unnormalized sectional curvatures of (G,h) at go and F' at eK
respectively. The point 7(gg, eK) has positive curvature if and only if kys(gg, X,Y) > 0 for all
linearly independent X,Y € go& &.

The kj, term can be expanded by Piittmann’s formula from [6]:

(2.2) kn(Z1, Z2) = (1)2)([2(21), Zo) + [Z1, ®(22)], [Z1, Z2]) — (3/4)|[ 2, Zo],
+(B(Z1, Z2), 9 (B(Z1, Z2))) — (B(Z1, Z1), ' (B(Z2, Z2))),

where B(Z1,Z3) = (1/2)([Z1, ®(Z2)] + [Z2, ®(Z1))).

In the Lie bracket term of Equation 2.1, X and Y are assumed to be extended to horizontal
vector fields on (G, h) X F' in a neighborhood of (go, eK). The natural extensions suggested by
Lemma 2.1 are:

Y(% yK) = (dLg((I)_l(Ad(g_ly)X))a _dLy(Xm))a
and similarly for Y. This definition of X(g,yK) depends on the coset representative y, but
becomes well-defined once we choose a section S of (H, hg) — F' in a neighborhood of e from
which to choose our g’s. In other words, S is an open submanifold of H whose tangent space
at e is m, which projects to a neighborhood of eK in F'. With these extensions, we have:

Lemma 2.2. At the point (go, eK),
X,Y] = (dLgO([q>—1(Adgo_1X), qu(Ang_lY)] + <1>—1(Adgo_1([ym, X] - [X™Y))
0@ (Ad 1 X), Ad 1Y)+ cb*l[qu(AdgalY), Ad 1 X]), —[X™Y™™).
Proof. Let A denote the following vector field on (G,h) x F:
Alg,yK) = (dLg(@‘l(Ang—lX)), —p(dRy(X™))).

Notice that A agrees with X at (go,eK), but A is easier to work with because it’s a product
of a left-invariant field on G and a Killing field on F. Define B to be the analogous product
vector field that agrees with Y at (go,eK). Then at (go, eK),

(X, Y]=[A+ (X -A),B+(Y -B)=[AB]+[A,(Y - B)|+ (X — A),B].
For the first term,
[A, B] = (dLg,[®7(Ad 1. X), @7 (Ad 1 Y)], —[X ™, Y™]™).
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The second term, [A, (Y — B)], simplifies because Y — B vanishes at (go,eK). To see how,
let {V;} be an hg-orthonormal frame of left-invariant fields on G. Let {W;} be a left-invariant
extension to S of a hg-orthonormal basis of m. The W;’s cannot generally be made everywhere
tangent to S, but they project to a local orthonormal frame on F' near eK. Choose a path in
G x F in the direction of A(gg,eK), which will have the form ¢t — (goa(t),y(t)) where a(t) is
a path in G with a(0) = e and d/(0) = <I>_1(Adgo_1X), and y(t) is a path S with ¢/(0) = —X™.
Then,

[4,(Y -B)] = [4, Z<7 = B, (V;,0))(V;,0) + ZW = B, (0, W;))(0, W;)]

7 J

= ZZ<? - E? (V;?O»(VZ? 0) + ZZ<? - E? (07 WJ)>(07 WJ)
i J

d -1
=2 2| (@7 Ad (a1 — A1) VOV
d
+ Z dt ‘t:0<*ym + Ady(t)—lym, W) W;
J

= 3@ (Ad, 1 [y(0). Y]+ [~a/(0), Ad 1Y), Vi) Vi

i

+ 3=/ 0, Y™ W)W,

which shows that:
[A,(Y =B)] = (27 (Ad,1[y/(0), Y]+ [=d(0), Ad1Y]), [-5/(0), Y™™)
= (—(I)‘l(Adgal[Xm, Y]+ [(b‘l(Adgng), Ad 1Y), [X™ Y™™
Similarly,
[B,(X — A)] = (—cp*l(Adggl Y™ X]+ [cIrl(AdgalY), Ad 1 X)), [Y™ X))

Collecting terms completes the proof. ([l

3. PROOF OF MAIN THEOREM

In this section, we prove Theorem 1.1 by an argument similar to Geroch’s main proof in [5].
We carry over all notation from the previous section.

Proof. Suppose first that the action of H on F' is not transitive. For any point py € F,
there exists a w-horizontal zero-curvature plane at (e,pg); namely any plane of the form
span{(A4,0),(0,V)}, where A € g is h-orthogonal to b, and V € T, F is orthogonal to the
H-orbit. Further, if pg is contained in a principal orbit, then the A-tensor of 7 vanishes on this
plane, since (A,0) and (0, V') extend to local m-horizontal fields with everywhere vanishing F
and G components respectively. Thus, if the action of H on F' is not transitive, then M does
not have positive curvature.
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Next, suppose that the action of H on F' is transitive, so M is diffeomorphic to G/K. The
homogeneous bundle F — M — H\G is called “fat” if [X,Y] # 0 for all non-zero X € m and
Y € p. We will prove:

(3.1) If M has positive curvature, then the bundle is fat.

Proving assertion 3.1 suffices to complete our proof of Theorem 1.1 because of Berard
Bergery’s classification of fat homogeneous bundles [2],[10]. If (G, H) is a rank one symmetric
pair, he proved that fatness is equivalent to the existence of a positively curved homogeneous
metric on M. Further, he proved that if the dimension of F' is greater than 1, then fatness
implies that (G, H) must be a rank one symmetric pair.

So it remains to verify that if F' is 1-dimensional and M has positive curvature, then M
admits a homogeneous metric of positive curvature. Since the projection M — H\(G,h) is a
Riemannian submersion, if M has positive curvature, then so does H\ (G, h), which by Geroch’s
Theorem implies that G/H admits a normal homogeneous metric of positive curvature. It is
known which circle bundles over rank one symmetric spaces admit positive curvature, and those
which admit positive curvature admit homogenous metrics of positive curvature. The three
non-symmetric positively curved normal homogeneous spaces are all odd-dimensional, making
M even dimensional; since our metric on M = H\((G,h) x S') admits a free isometric S1-
action (induced by the S!-action on the second factor of (G, h) x S'), M could not have positive
curvature because of Berger’s theorem, which says that a positively curved even-dimensional
manifold does not admit a nonvanishing Killing field.

Assume that the bundle is not fat, so there exists non-zero vectors X € m and ) € p with
[X, Y] = 0. We must prove that M does not have positive curvature. Since X and ) commute,
they are together contained in some maximal abelian subalgebra t C g. Almost every element
of t is generic, i.e., only commutes with other elements of t. Let Xg, Yy € t be generic element
arbitrarily close to X and ). Notice that [Xp, Yp] = 0. We will freely use “¢” to denote any
quantity that goes to zero as Xo — X and Yy — Y. For example, [[Y{", Xo] — [XT, Yo]| < e,
and | X", Yg"| < €, which is significant because terms of these forms appear in Lemma 2.2.

Define f : G — R as:

f(g) = <Adg—1X0a (bil(Adg—lXO))‘
Let go € G denote a global maximum of f. We will prove that ks (go, Xo, Yo) < €. Since M is
compact, this will establish that M does not have positive curvature. Let X = Adggl Xy and

Y = Adga1%. Notice that X and Y are generic, and [X,Y] = 0.
Since g is a critical point of f, we have for all Z € g,

d _ _ _
0=~ t:0<Ad(goetZ),1X0, O (Ad(gperz)-1X0)) = 2([-Z, X], 7' X) = 2([07' X, X], Z),

which shows that:

(3.2) [@7'X, X]=0.
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Since the second derivative of f is nonpositive at gy along any path, for all Z € g:

d? -

(33 0= (1/2)W‘t:o<Ad(90@tz)_1Xoﬂ(I) 1(Ad(goetz)—lXO»
d —

- %‘t:oq_z’Ad(goetz)’lXO]?q) 1(Ad(goetz)*1X0)>

= <[_ZvX]7(I)71[_ZvX]>+<[_Z7 [_Z7XH7(I)71X>
- <[Z7X]7(I)71[27X]>_<[Z7(I)71X]7[ZaX]>
It follows from equation 3.3 that if Z commutes with ® !X then Z commutes with X. Since

X is generic, the converse holds: if Z commutes with X then Z commutes with ®~1X. In
particular,

(3.4) [V, 'X] = 0.
Equation 2.1 says that:
Far (90, Xo, Yo) = kn(®71X, @71Y) + ki (X5, Y5™) + (3/4)|[Xo, Yol |-
For the second term, kp(X{", Yg") < e. For the first term, using Equations 2.2,3.2,3.4:
kn(@7'X,07Y) = (1/2)((X, 'Y, [@ X, 1Y)
—(3/4)[[@7'X, 21V} + (1/4)([X, 2 'Y], @ ' [X, & 'Y)).

For the third term, we temporarily add the hypothesis that F' is normal homogeneous, as in
the previous section, in which case Lemma 2.2 and Equations 3.2 and 3.4 yield:

B3/4)|Xo, Yo" < (3/4)|[@7'X, 07V - &7 X, &7V} + e
= 3/4)[@7'X, 27 Y][} + (3/4) @7 [X, Y]}
—(3/2)([@7'X,®71Y],[X,®71Y]) + ¢

Combining terms gives:
k(g0 Xo, Yo) < ([@71Y, X, 07 @Y, X)) — ([(@71Y, @7 X, [0V, X)) +e <e.

The final inequality is justified by substituting Z = ®~'Y into Equation 3.3.

It remains to handle the case where F' is non-normal homogeneous. In this case, F' can be
expressed as F' = (H,h')/K, where I/ is a left-invariant right- K-invariant metric on H. The
value of h’ at e can be chosen to agree with hg on £ and to preserve the orthogonality of € and
m. The value of A’ on m is determined by some endomorphism ¢ : m — m defined so that
W(A,B) = ho(A, pB) for all A,B € m. This added generality only affects a slight change to
the formulas on the previous section. Lemma 2.1 changes to:

Higyri) = {(dLg(®7 (Ad(g-1yyu)), —dLy(p ™" (u™)) | u € g O ¥},
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and Lemma 2.2 becomes:
[X,Y] = (dLg ([271 (Ady1 X), @7 (Ady 1 V)] + @71 (Ad 1 ([ (Y™), X] = [¢ 71 (X™), Y]))
—¢~ P! (Ad 1 X), Ad-1Y] + qu[qu(Ang_lY), Ad -1 X]), [ HX™), o7 Y™™,
The previous proof of the case ¢ = Identity works equally well for arbitrary . O

4. METRIC VARIATIONS

In this section, we consider the family M; = H\((G,h:) x F), where h; is a family of
left-invariant metric on G, with hg bi-invariant. As in Section 2, we assume that F' is normal
homogeneous. The following lemma says that the initial metric M is non-normal homogeneous:

Lemma 4.1. My = H\((G, ho) x F) is isometric to (G,h)/K, where h is a left-invariant
right-H -invariant metric on G.

The metric h is defined by (G, h) = ((G,ho) x (H, hg))/H. The non-normal homogeneous
spaces discovered in [1] have the form (G, h)/K for this choice of h, as described in [4].

Proof. First, My = H\((G, hg) x ((H, hg)/K)) is the quotient of (G, hy) x (H, hy) under the
action of H x K defined by (I, k') x (g,h) = (W g, Whk'™'). Second, (G,h)/K = (((G, hg) x
(H,hp))/H)/K is the quotient of (G, hg) x (H,ho) under the action of H x K which sends
(W, k") % (g,h) = (gh',k'~1hR'). Define an isometry between these two quotients of (G, hg) x
(H, hg) by sending the orbit of (g, h) to the orbit of (¢~*, h™1). O

Many examples in [9] and [8] have the form M; = H\((G,ht) x F) and have quasi- or
almost-positive curvature for all ¢ > 0. It is interesting that these examples are variations of
homogeneous metrics. For example, K = SO(n —1) C H = SO(n) C G = SO(n + 1) gives
a family of almost-positively curved metrics on 71S™. In this case, the starting non-normal
homogeneous metric My is a Levi-Civita connection metric on TS™, which is geometrically a
more natural starting point than the normal homogeneous metric. In these examples, (G, H)
and (H,K) are rank one symmetric pairs, and the variation is ®;(A) = (1 — t)AY 4+ AP for
A € gandt € [0,1). This describes a family of nonnegatively curved left-invariant metrics
on G obtained by steadily shrinking vectors tangent to H. Differentiating the function f(t) =
ka, (9, X,Y) with XY € got and g € G chosen so that f(0) = 0 provides an alternative way
to derive the conditions in [8] under which points have positive curvature for ¢ > 0.

We omit this derivation, but point out that more than one derivative of f (in fact three)
are needed. This is not surprising. For any family M; of nonnegatively curved compact spaces
with My homogeneous, if a single point becomes positively curved to first order, then there
exists a variation whereby all points become positively curved to first order, and hence the
space admits strictly positive curvature. This is because, by compactness, there is a finite
collection of variations whereby every point becomes positively curved for at least one in the
collection, and the first variation of curvature formula for a sum of metric variations is additive
in the variations; see for example [7].
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