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Midterm

M.1 Consider the following predicate P : Between any two positive perfect squares there’s always a prime.
Express ¬P using quantifier and relation symbols, without using ‘not’ anywhere in your statement (im-
plicitly or explicitly). [Aside: empirically P seems to be true, but no one has been able to prove it.]

M.2 The goal of this problem is to give an alternative proof that
√

2 is irrational (so for this problem you
should forget about the proof we did in class!). Let A := {n ∈ Z>0 : n

√
2 ∈ Z}.

(a) Prove that if k ∈ A, then (
√

2− 1)k ∈ A.

(b) Use part (a) to show that the set A must be empty. [Hint: warm up by using (a) to prove that 1 6∈ A.]
(c) Use part (b) to prove that

√
2 6∈ Q. [Your answer should be very short! ]

M.3 We define a new logical connective as follows:

P ↑ Q := ¬(P ∧Q).

This connective is cool because it can be used to replace all the other standard ones, as you’ll see below.

(a) The proposition P ↑ P is logically equivalent to a very familiar expression. Which one?

(b) Express =⇒ in terms of ↑. (In other words, write down an expression that’s purely in terms of P ’s,
Q’s, and ↑’s that is logically equivalent to P =⇒ Q.) Prove the logical equivalence with a truth table.

(c) Express ∧ in terms of ↑, and prove with a truth table.

(d) Express ∨ in terms of ↑, and prove with a truth table.

(e) Rewrite the proposition P ∧
(
(¬Q) =⇒ (P ∨ Q)

)
purely in terms of P ’s, Q’s, and ↑’s. You don’t

need a truth table for this one. [Hint: Use (a)-(d) to make your life easier! The main take-away from
this part is that any boolean expression can be expressed in terms of just ↑.]
(f) Find a formula expressing #(P ↑ Q) in terms of #P and #Q.

M.4 A perfect cube is any real number of the form a3 for some a ∈ Z. (For example, 0, −8, and 125 are all
perfect cubes, whereas 4 is not a perfect cube.) Prove that n3 + 2 is a perfect cube if and only if n = −1.

[Hint: recall from problem 1.3 that 1 +x+x2 = 1−x3

1−x . Don’t feel compelled to use this if it’s not helpful! ]

M.5 Let A denote the set of all real numbers in (0, 1) that can be expressed as a finite decimal. Thus, for
example, 1

3 6∈ A (because 1
3 = 0.3333...), whereas 1

4 ∈ A (because 1
4 = 0.25). Is A countable? If yes,

prove with an enumeration of the set. If no, prove why not.

M.6 Suppose a function f : Z→ R satisfies two nice properties:

• f(1) 6= 0, and

• f(a + b) = f(a) + f(b) for all a, b ∈ Z.

(a) Prove that f(n) = 0 if and only if n = 0.

(b) Prove that f(−n) = −f(n) for every n ∈ Z.

(c) Prove that f must be injective.

(d) Is f surjective? Prove your answer.

M.7 Prove that (0, 1] ≈ (0, 1) by giving an explicit function producing a one-to-one correspondence.
(Here (0, 1] means the set {x ∈ R : 0 < x ≤ 1}.)
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