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Problem Set 4

4.1 In class we found an explicit way to translate the boolean operators ∧ and ¬ into arithmetic:

#(P ∧Q) = #P ·#Q #(¬P ) = 1−#P.

Find arithmetic formulae for each of the following.

(a) #(P ∨Q)

(b) #(P =⇒ Q)

(c) #(P ⇐⇒ Q)

4.2 Prove that n2 + 2 isn’t a perfect square for any integer n.

4.3 Prove that n is divisible by 3 if and only if n + 3 is divisible by 3.

4.4 Given a real number x, we can form two associated integers:

• the floor of x, denoted bxc, is the largest integer that is ≤ x, and

• the ceiling of x, denoted dxe, is the smallest integer that is ≥ x.

Prove that x is an integer if and only if bxc = dxe. [Hint: you may use that a = b iff (a ≤ b and b ≤ a).]

4.5 Rewrite each of the following in formal predicate form:

(a) x2 − 1 = (x + 1)(x− 1)

(b) Every integer that’s one less than a multiple of four has a prime factor that’s one less than a multiple
of four.

(c) If p ≥ 5 is prime, then p2 − 1 is divisible by 24.

(d) If a prime is one less than a multiple of 4, then it cannot be written as the sum of two perfect
squares.

(e) There are infinitely many primes p such that p + 2 is also prime.

4.6 Give an example of a predicate that’s not a proposition.

4.7 For each of the following predicates P , express ¬P using quantifier and relation symbols, without using
‘not’ anywhere in your statement (implicitly or explicitly).

(a) Every even number ≥ 4 is the sum of two primes.

(b) ∀x ∈ {primes}, x ≥ 11 or x < 8.

(c) Every integer that’s one less than a multiple of four has a prime factor that’s one less than a multiple
of four.

(d) There are infinitely many primes p such that p + 2 is also prime.

4.8 In class I mentioned that näıve set theory can lead you to paradoxes; the goal of this problem is to exhibit
one of these. Consider the set S consisting of all sets that aren’t elements of themselves. Carefully describe
why this leads to a paradox.
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