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Problem Set 5

5.1 For each of the following sets, give the simplest description of the set that you can. Try to use as few
mathematical symbols as possible.

(a) {x, y ∈ Q : x+ y = 1}
(b) {4n− 1 : n ∈ Q}
(c) {4n− 1 : n ∈ R}
(d) {(x, y) ∈ Z× Z : x2 + 2 = y2}

(e) {(x, y) ∈ R× R : x2 + y2 = 1}

(f)
{
x ∈ R : {bx : b ∈ Z>0} ∩ Z 6= ∅

}
(g) {(x, y) ∈ R × R : |x| + |y| = 1} [Don’t use a

calculator or computer for this one! ]

5.2 For each of the following sets described informally, write it in set notation using only mathematical
symbols (i.e. without using any words). Please do not use ellipses (...) in your answer.

(a) The set of all even numbers between 3.4 and
9.2

(b) The set of all even numbers between 2.4 and
3.5

(c) The set of all even numbers between 2.4 and
184573.2

(d) The set of all real numbers greater than or
equal to −2.

(e) The set of all integers that aren’t multiples of
3. [Don’t use the divisibility symbol | on this
one.]

5.3 For each of the following, identify whether or not it’s a function. If it is, explain why. If not, give an
example that shows it’s not a function.

(a) f : Q→ Z, where f(a/b) = |a|+ |b| for any ra-
tional number a/b with a ∈ Z and b ∈ Z \ {0}.

(b) g : Q → Z, where g(α) is the number of 3’s
appearing in the decimal expansion of α. For
example, g(0.273) = 1.

(c) h : R → Z≥0, where h(x) is the number of
prime numbers ≤ x. For example, h(6) = 3.

(d) F : R≥0 → R where F (x) = log
(

log(sinx)
)
.

[The logarithm here is base 10. You may look
up the definitions of logarithm and sine, but
don’t use any calculator on this problem.]

(e) G : {words in the English language} → Z>0

where G applied to a word outputs the num-
ber of vowels in that word. For example,
G(horse) = 2.

5.4 Recall from class that P(A) denotes the power set of A, the set of all subsets of A.

(a) Write out P(A) for A = {1, 2, 3}.
(b) By working out a few examples, make a guess about how many elements P(A) has when A is the

set of the integers from 1 to n. [Recall that an element of P(A) is a set.]

5.5 In class we proved that (0, 1) is uncountable by showing that any enumeration of its elements always
misses (at least one) number in (0, 1). Why doesn’t this proof also show that Q ∩ (0, 1) is uncountable?
To be more precise: if you try to apply the same proof to the set Q ∩ (0, 1), where precisely does it fail?

5.6 Prove that any infinite set contains a countable subset.

5.7 Prove that any infinite subset of a countable set must be countable.

5.8 Prove that if A is countable and B is countable, then A ∪B is countable.

5.9 Prove that Q is countable.

5.10 Prove that the union of countably many countable sets is countable.

5.11 Suppose A is countable and B is uncountable. Prove that B \A is uncountable.

2


