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Problem Set 6

6.1 Given a function f : A→ B, we define the function f−1 : B → P(A) (called the inverse of f) as follows:

f−1(β) := {α ∈ A : f(α) = β}.

Note that f−1 is mapping B to the power set of A; its outputs are subsets of A.

(a) Consider the function f : Z→ Z defined by x 7→ x2. Find f−1(0), f−1(2), and f−1(4).

(b) Carefully explain the assertion: if f : A ↪→→ B, we may interpret f−1 as a function from B to A.

(c) Show (by example) that it’s possible for the interpretation from (b) to fail to be a function from B
to A for an injection f : A ↪→ B.

6.2 I pick a, b ∈ Z with b 6= 0.

(a) Prove that (a− bZ) ∩ Z>0 6= ∅. [Recall that a− bZ := {a− bn : n ∈ Z}.]
(b) Prove that there exist q, r ∈ Z such that a = qb+ r and 0 ≤ r < |b|. [Hint: use part (a).]

(c) Compute q and r given a = 1003 and b = 9. No calculators allowed!

(d) Use (b) to prove that every integer must be either even or odd.

(e) Use part (d) and the pigeonhole principle to prove that in any set of three integers, two of them
have even difference.

(f) Fix a positive integer n. Prove that in any set of n+ 1 integers, two of them have difference that’s
a multiple of n. [Hint: use parts (d) and (e) as inspiration.]

6.3 I choose 51 distinct numbers from the set {1, 2, 3, . . . , 100}. Prove that one of my numbers must be a
multiple of another one of my numbers. [Hint: every positive integer can be written in the form 2n×odd.]

6.4 Color each point in the plane red, green, or blue. Prove that there must exist two points of the same
color that are exactly one unit apart. [Aside: how many colors are required to guarantee that no two
points that are one unit apart have the same color? This is a famous open problem, with a fascinating
recent breakthrough by Aubrey de Grey. Check out https://goo.gl/XzXsST for more info.]

6.5 What’s wrong with the following proof? Identify the issue(s) as precisely as possible.

Claim. All English words have the same number of letters.

‘Proof.’ We will prove (by induction) that in any finite collection of English words, all the words in the
collection have the same number of letters. Since there are finitely many words in the English language,
we deduce that all words must have the same number of letters.

Let

A := {n ∈ Z>0 : in every set of n English words, all the words have the same number of letters}.

Clearly 1 ∈ A, since in any set consisting of a single word, all the words in that set have the same number
of letters.

Now suppose k ∈ A. Consider any set S consisting of k+ 1 words, and label these words a1, a2, . . . , ak+1.
All the words a1, a2, . . . , ak have the same number of letters, since this is a set of k words and k ∈ A;
note in particular that a1 and a2 have the same number of letters. But also, the words a2, . . . , ak+1 all
have the same number of letters, again since k ∈ A; note in particular that a2 and ak+1 have the same
number of letters. Thus both a1 and ak+1 have the same number of letters as a2, whence all the words
in S must have the same number of letters. Since S was an arbitrary set of k + 1 English words, we’ve
proved that k + 1 ∈ A. By induction, A = Z>0, which proves the claim. ‘qed’
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6.6 Induction practice!

(a) Prove that 12 + 22 + 32 + · · ·+ n2 = n(n+1)(2n+1)
6 for all positive integers n.

(b) Prove that for all positive integers n,

(1)(2)(3) + (2)(3)(4) + (3)(4)(5) + ...+ (n)(n+ 1)(n+ 2) =
n(n+ 1)(n+ 2)(n+ 3)

4
.

(c) Conjecture a formula for the sum 1
2 + 1

4 + 1
8 + · · ·+ 1

2n , and prove it using induction.

(d) Prove that for any positive integer n, the number 13 + 23 + 33 + · · ·+ n3 is a perfect square.
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