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Problem Set 7

7.1 Use strong induction to prove that in any set of five consecutive positive integers, precisely one of them
is divisible by 5.

7.2 Use strong induction to prove that every positive integer can be written as a product of primes. (Here
you can interpret the number 1 as the ‘empty’ product, consisting of no primes multiplied together.)

7.3 Discover and prove a formula for

1 · 1! + 2 · 2! + 3 · 3! + · · ·+ n · n!

7.4 Suppose a set A ⊆ Z>0 satisfies two properties:

(i) 13 ∈ A, and

(ii) n ∈ A =⇒ n+ 1 ∈ A.

Prove that {n ∈ Z : n ≥ 13} ⊆ A. [Hint: use induction! ]

7.5 The goal of this problem is to give another proof that
√

2 6∈ Q, discovered by John Conway. Let

A := {n ∈ Z>0 : n
√

2 ∈ Z}.

We’ll also need the concept of the fractional part of α, defined

〈α〉 := α− bαc.

For example, 〈2.34〉 = 0.34, and 〈3〉 = 0.

(a) Prove that if a, b ∈ Z>0 and a
b ≥ 1, then there exists b′ ∈ Z such that 0 ≤ b′ < b and

〈
a
b

〉
= b′

b .

(b) Suppose n ∈ A. Prove that there must exist k ∈ Z such that
√

2 = k
n = 2n

k .

(c) Keeping the notation as above, prove that ∃k′, n′ ∈ Z such that 0 < k′ < k, 0 < n′ < n, and n′

n = k′

k .

(d) Keeping the notation as above, prove that n′ ∈ A, and deduce that A = ∅.

7.6 A well-known puzzle game works as follows. (See figure below.) There are three vertical posts, numbered
1, 2, and 3. At the start of the game, there’s a stack of n concentric rings of decreasing radius stacked on
post 1, and the other two posts are empty. The goal is to end up with the entire stack of rings on post
3, again in order of decreasing radius. A move consists of transporting a ring at the top of any stack to
another post; however, no ring can be placed on top of a smaller ring. Prove that the entire stack of n
rings can be moved onto post 3 in 2n−1 moves, and that this cannot be done in fewer than 2n−1 moves.

7.7 Use strong induction to prove the well-ordering principle. [Hint: Suppose A ⊆ Z>0 has no least element,
and consider the complement of A (i.e. the set Z>0 \ A).]
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Figure 1: Initial set-up of game in Problem 7.6
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