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Problem Set 8

Throughout this problem set, let fn denote the nth Fibonacci number.

8.1 Discover and prove a simple formula for the quantity f2n − fn−1fn+1 that holds for all n ≥ 2.

8.2 Consider the sequence
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(a) Conjecture and prove a formula for xn that is in the form of a simple fraction (i.e. in the form a
b ).

(b) Use part (a) to prove Kepler’s conjecture that the ratio between consecutive Fibonacci numbers tends

to the ‘golden ratio’ 1+
√
5

2 . [Hint: set

α := 1 +
1

1 +
1

1 +
1

1 +
1

1 +
. . .

,

where the fraction continues infinitely downwards, and write an equation expressing α in terms of itself.]

8.3 Given a positive integer n, consider the sum

S(n) := fn−1 + fn−3 + fn−5 + · · · ,

where the sum runs until the smallest positive index possible; formally we could express this sum as

S(n) :=
∑

0≤k<n−1
2

fn−(2k+1).

For example, S(6) = f5 + f3 + f1 = 12 and S(7) = f6 + f4 + f2 = 20. Prove that S(n) < fn for all n ≥ 2.

8.4 The goal of this problem is to explore the Zeckendorf decomposition discussed in class.

(a) Prove that any n ∈ Z>0 can be expressed as the sum of distinct non-consecutive Fibonacci numbers.
(For example, 12 = f5 +f3 +f1 and 13 = f6.) [Hint: use strong induction. Given k ≥ 3, there exists
a unique n such that fn ≤ k < fn+1. Thus...]

(b) Suppose A is a set of non-consecutive Fibonacci numbers all of which are < fn. Prove that the sum
of all the elements in A is < fn. [Hint: do problem 8.3 first.]

(c) Prove that any n ∈ Z>0 can be expressed as the sum of distinct non-consecutive Fibonacci numbers
in a unique way. [Hint: consider the smallest number that admits two decompositions; what can you
say about the largest Fibonacci numbers appearing in these two decompositions? ]

8.5 Let a1 := 5, a2 := 19, and an+1 := 5an − 6an−1 for all integers n ≥ 2. Use the method of generating
functions to conjecture an explicit formula for an.
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