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Midterm 1

Please feel very free to reach out to me with questions. Best of luck, and have fun with the problems!

M.1 Prove that gcd(nk − 1, n` − 1) = ngcd(k,`) − 1 for any positive integers n, k, `.

M.2 Let pn denote the n-th prime, listed in increasing order (e.g. p1 = 2, p2 = 3, etc). Prove that

n log n� pn � n log n.

M.3 Given positive integers a, b, and c, such that gcd(a, b) = 1.

(a) Prove that there exist integers x, y such that ax+ by = c.

(b) Prove that if c > ab, then there exist positive integers x, y such that ax+ by = c.

M.4 Prove that
(

2n
n−3

)
<

(
2n
n

)
for any integer n ≥ 4.

M.5 Prove that for any x ≥ 1 we have
b2xc − 2bxc = 1 or 0.

M.6 The goal of this question is to obtain an explicit upper bound in Chebyshev’s theorem.

(a) By carefully working through our proof of the upper bound in Chebyshev’s theorem, prove that

π(2k) ≤ 3 · 2
k

k for all k ≥ 1. [Hint: Induction.]

(b) Deduce from part (a) that π(x) ≤ (6 log 2)
x

log x
for all x ≥ 2.
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