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Problem Set 4

In this problem, you’ll explore the structure of Z).

(a) Prove that Z) is closed under multiplication (mod n), i.e., that given any z,y € Z) we have
zy (mod n) € Z).

(b) Given a,b € Z), prove that there exists some x € Z) such that bx = a (mod n). [Hint: Start by
proving this for the special case a = 1. Then generalize!]

(c) Prove that the choice of z in part (c¢) is unique. [Combining (b) and (c) proves that division is a
well-defined operation in Z) ]

For each of the following, compute ¢(n), as well as the smallest positive integer k such that a* = 1 (mod n)
for every a € ZX. [To clarify: you should only give a single value of k that works for every single a € 7% ]
(a) n=>5

b)yn="7

(¢)n=11

The goal of this problem is to develop a primality test (a way of testing whether or not a given integer
is prime without manually checking its divisibility).

(a) Prove that (p — 1)! = —1 (mod p) for all primes p.

(b) Prove that if (n — 1)! = —1 (mod n) for some integer n > 3, then n must be prime.

(c¢) Combining (a) and (b) gives an algorithm for determining whether a given n is prime: evaluate (n—1)!
in ZY, and check whether it’s congruent to —1 (mod n). Is this a useful algorithm? Why or why not?

Prove that ng(d) = n for every n € N. [Hint: consider the fractions L, 2 ... , . Reduce each fraction

nyn’
d|n
to lowest terms.)

In this problem, you will explore some divisibility rules.

(a) Prove that n € N is a multiple of 3 if and only if the sum of the digits of n is a multiple of 3. [Hint:
any three digit number can be written in the form ag + 10a; + 100as, where a; € {0,1,...,9}.]

In the next two parts you will explore a divisibility rule for 7. Given a k-digit natural number n, form
a new number f7(n) as follows: split off the last (rightmost) digit of n, double it, and subtract it from
the number formed by the first & — 1 digits of n. The resulting number is what we call f7(n). I claim
that 7 | n iff 7| f7(n). For example, is 3528 a multiple of 77 Split off the last digit (8), double it (16),
and subtract it from the number formed by the other digits (352 — 16 = 336). So, f7(3528) = 336,
and the divisibility rule asserts that 3528 is a multiple of 7 iff 336 is. But now we can repeat the same
procedure for 336: split off and double the last digit, and subtract from the other digits to find that
(f7(336) = 33 — 12 = 21). Since this is divisible by 7, so is 336; and hence, so is 3528.

(b) Use the above divisibility rule to determine (by hand!) whether or not 285786 is a multiple of 7.
(¢) Prove that 7| n iff 7| f7(n).
(d) Formulate and prove divisibility rules for 11 and 13.



