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Problem Set 2

(Hi, this is abstract algebra. Remember me?) Given a group G and two subsets A, B C G, we
define the commutator of A and B, denoted [A, B], to be the group generated by all the elements
{[a,b] : a € A,b € B}, where [a,b] := aba='b~!. This problem does not assume prior experience with
these objects, so please do not look up any information on commutators. However, you may look
up the basic notions from group theory: subgroup, normal subgroup, quotient group, isomorphism, even
and odd permutations.

(a) Prove that for any permutations o,7 € S,,, the permutation [o, 7] is even.

(b) Show that [S3,S3] ~ Z3, and that [Zs, Z3] is trivial. [Hint: If you use part (a) you get to be lazy!]
(c) Given a finite group G, consider the set {N < G : G/N is abelian}. (Recall that N < G means that
N is a normal subgroup of G.) Prove that the smallest element of this set is [G, GJ.

The following questions refer to the write-up on Arnold’s theorem.

(a) Solve Exercise 1 (from the write-up) in the special case n = 1, « = 1/3, and f(z) = « for all z € C.
(Note that 1 = C.) [Extra Credit: Solve the exercise for a general continuous function f.]

(b) Exercise 4 from the write-up.

(¢) In view of Arnold’s proof, explain what problem 2.1(b) implies about the cubic formula.

In class, we saw that given one root of a cubic polynomial, we can use the quadratic formula to express
the other two roots. The goal of this exercise is to generalize this principle.

(a) Carry out the above for a general (monic) cubic. In other words, given f(z) = 2% + asx? + a1z + ao,
and 8 such that f(8) = 0, determine the other two roots of f(x) in terms of § (and the a;’s).

(b) Now suppose you're given the polynomial f(x) = z* + a32® + a2 + a7 + ag, and you happen to
know that f(8) = 0. Write down a cubic polynomial whose roots are precisely the other three roots of
().

(c) Generalize part (b) to arbitrary monic polynomials of degree n.

In class we discovered how to find the roots of a specific cubic. Here we explore this further.

(a) Using the method we described in class, derive a formula which always produces a root of 3 + cz +d.

[You should arrive at i/—g—i—q/;;—&—f—i— i’/—g— ;—24—%]

(b) Note that 3 is a root of 23 — 3z — 18. What does the formula from part (a) give? Can you show that
this is equal to 37

(¢) Consider the cubic (x — 1)(x — 2)(x + 3). Which root does the formula from part (a) produce? (This
type of phenomenon is what forced people to recognize the existence — or at least, the utility! — of
imaginary numbers.)

(d) Explicitly determine one solution of the equation x3 — 622 + 212 — 22 = 0.



