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Problem Set 3

3.1 (The Return of Abstract Algebra: This Time, it’s Ring Theory!) This problem is a review of the basic
concepts from ring theory — for the definitions, please see the supplementary notes (posted on the website).

Give an example of a noncommutative ring.

Suppose S is a subring of the ring R. Prove that S* < R*. [In applications of ring theory (e.g. to
algebraic number theory) this is a very desirable property.)

Find a subset S C Zg such that S isn’t a subring of Zg, but is a ring under the same addition and
multiplication as Zg. What is S*? What is Zg ? [Note that this breaks the nice property from 38.1b.]

Find all ¢ : Zg — Zg which preserve addition and multiplication.

) Prove that the only ring homomorphism from Zg to itself is the identity map.

Suppose ¢ : R — S is aring homomorphism. Prove that ¢ is a group homomorphism from R* — S*.
Would this result still hold if we removed the requirement that ¢(1) = 1 from the definition of ring
homomorphism?

Suppose ¢ : R — S is a ring homomorphism, and that ker ¢ is a subring of R. What can you
conclude about the ring S?7
Is Z an ideal of R (viewed as a ring)? Is Z an ideal of Q (viewed as a ring)?

Consider the set I := {f € Z[t] : f(0) is even}. Prove that I is an ideal of the ring Z[t], but not a
principal ideal. Find a minimal set of generators of I.

3.2 Given f, g € Z[t] with g a monic polynomial, prove that there exist unique g, r € Z[t] such that f = gg+r
and degr < degg. [In your write-up you may assume any of the properties we listed in class, but please
make sure you know how to prove all those properties from first principles.]

3.3

The goal of this exercise is to review and develop some nice properties of symmetric groups.

(a) Prove that the collection of adjacent transpositions

{(kk+1):1<k<n}

generates all of S,,.

(b) Prove that the transposition (1 2) and the n-cycle (12 --- n) generate all of S,,. [Hint: use part (a).]

(c) Prove that given a prime p, any transposition and any p-cycle generate all of S,. [Hint: relabel
elements to put yourself in a position to use part (b).]

(d) Show by example that primality is a necessary condition in part (c¢). In other words, find an integer
n, as well as a transposition and an n-cycle in S,,, which do not generate S,,.

(e) Suppose aq, s, ..., a, are distinct complex numbers, and o € S,,. What is the relationship between

[[@i—a)) and (@) — o))

i<j 1<j

in terms of o7 Be as precise as possible.

(f) Suppose ¢ : S, — {£1} is a nontrivial homomorphism. Prove that ¢ is the sign function on S,,.
[Hint: start by proving that p(o) = ¢((12)) for any transposition o € S,.]



3.4

3.5

3.6

The goal of this exercise is to calculate the Galois group of f(z) := 2* — 2. Denote the roots of f as

follows:

Q1 = \‘75 (65 ::i\‘7§ Q3 22—42 Qg 1= —Z'\‘l/i
(a) Write down as many independent rational relations among the «;’s as you can. (By independent 1
mean that you can’t derive any of the relations from any combination of other relations in your list.)
(b) Explain why (1 2) isn’t an element of Gal(f).
(c) List all elements of Gal(f).
(d) Gal(f) is isomorphic to a familiar group. Which one?
(e) Denote Gy := Gal(f), and set G; := [G;_1,G;_1] for all i. Does this sequence terminate? Does the
Galois theoretic prediction agree with what you know about the shape of the roots?

The goal of this exercise is to give a beautiful proof (due to McKay) of Cauchy’s theorem:
Cauchy’s Theorem. Let G be a group of order n. If p | n, then G has an element of order p.

Let e denote the identity of G, and set

A=A{(91,92,---.9p) EG" 1 9192+ gp = €}.
In words, A is the set of all ordered p-tuples of elements of G whose product is the identity. (Note that
G might be nonabelian.) Now set
o=(12 - pes,
and let A? denote the set of all fixed points of o, i.e.
A% :={zx e A:0o(x) =x}.
Observe that A% is nonempty, since it contains the trivial fixed point (e, e, ..., e).
(a) Prove that if there exists a nontrivial fixed point of o, then G contains an element of order p.

(b) Define a relation ~ on A as follows: given z,y € A, we say = ~ y if and only if o*(z) = y for some
integer k. Prove that ~ is an equivalence relation on A.

(c) Show that
a4 = J

z€A\ A
where [z] ={y € A: 2z ~ y} (i.e. [z] is the equivalence class of x under ~).
(d) Prove that |A\ A7| is a multiple of p.
(e) Conclude the proof of the theorem. [Hint: What can you say about |A|?]

(f) Show by example that primality of p in Cauchy’s theorem is necessary. In other words, find a group
G and a divisor d of |G| such that G has no elements of order d.

The goal of this exercise is to prove

Cayley’s Theorem. FEvery finite group can be embedded in a symmetric group.

Suppose G is a finite group. For each g € G, define the function

pg:G—G
a— ga

(a) Prove that ¢, € S¢ for every g € G. Here S denotes the symmetric group of G.
(b) Let ¢ : G — S be the function defined by ¢(g) = ¢4. Prove that ¢ is an injective homomorphism.

(c¢) Prove that if G has order n, then it is isomorphic to a subgroup of S,,.



