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Problem Set 4

Let K be a field.

(a) Prove that 0z = 0 for all € K, and that zy = 0 implies z = 0 or y = 0.
(b) Prove that char K must either be 0 or prime.

(¢) Given two fields K and K’, prove that if char K # char K’ then there’s no embedding of K into K.
(d) Give an example of two non-isomorphic fields which have the same characteristic.

(e) Suppose L/K is a field extension. Prove that char K = char L.

Given a field K, define Px to be the intersection of all subfields of K.

(a) Prove that Pk is a field.

(b) If char K = 0, then Pk is isomorphic to a familiar field. Which one? Prove it.

(¢c) If char K = p, then P is isomorphic to a familiar field. Which one? Prove it.

Let w := €2™/3, Show that Q(w) = Q[w]. (Recall that Q(a) denotes the subfield of C generated by a,
whereas Q[a] denotes the set of all polynomials in a with rational coefficients.)

Fun with quotients!

(a) Prove that Q[t]/(t> —2) ~ Q[V/2].

(b) Prove that Q[v/2] = Q(4/2). Do not use algebraic number theory! [Hint: you may find the identity
2® +y* = (v +y)(2® — 2y +y?) useful]

(¢) Does there exist any o € C such that Q[t]/(t> — 2) ~ Q(a) but Q(«a) # Q(+/2)? Prove.

(d) Are the two fields Q[t]/(#* + 3) and Q[t]/(¢*> + 1) isomorphic? Why or why not? Prove.

(e) Are the two fields R[t]/(t? + 3) and R[t]/(t* + 1) isomorphic? Why or why not? Prove.

The purpose of this is to become familiar with the rational root test.
(a) Given f € Z[z], say,
f(z) =ana™ + -4+ a1 + ao.
Prove that any rational root of f can be written :i:% with & | ag and ¢ | a,,.
(b) Use (a) to determine whether or not 2 + 22 — 5z + 2 is reducible over Q.
(c) Use (a) to determine whether or not 3z% + 22 — 5z + 2 is reducible over Q.
Recall from class that f € Z[t] is primitive iff the coefficients of f are relatively prime. Prove that the
product of two primitive polynomials is primitive.
The goal of this problem is to introduce a new irreducibility test.
(a) Prove that |f~1(k)| < deg f for any nonconstant f € Z[t]. [Here f~1(k) :={n € Z: f(n) = k}.]
(b) Given f € Z[t], consider the set

Py:={ne€Z:|f(n)] =1 or prime}.

Suppose f is monic and non-constant. Prove that if |P¢| > 2deg(f) + 1 then f is irreducible over Q.
[Colloquially this says that if f outputs primes at a lot of inputs, it must be irreducible. A famous open
conjecture (due to Bunyakovsky) asserts a strong converse: if f € Z[t] is primitive and irreducible then it
outputs infinitely many primes. This has been proved for all primitive degree 1 polynomials, but is not
known to hold for any single example with deg f > 2.]

(c) Use the above to prove that x* — 223 + 92 — 1 is irreducible over Q.



