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Problem Set 9

9.1 Let f(x) = x4 − 3x2 + 4, and let K denote the splitting field of f over Q. Prove (verify) all parts of the
fundamental theorem of Galois theory for the extension K/Q.

9.2 Let ζ5 denote the 5th root of unity, i.e. ζ5 := e2πi/5.

(a) Prove that Q(ζ5)/Q is a Galois extension.

(b) Determine the Galois group of the extension Q(ζ5)/Q. What familiar group is it isomorphic to?

9.3 Suppose α is algebraic over K, and let mα ∈ K[x] denote the minimal polynomial of α over K. If β is a
root of mα, must mα be the minimal polynomial of β over K? Prove or disprove.

9.4 In class, we discussed enlarging a given extension to be Galois. (Moreover, we used this in an essential
way in our proof of the Fundamental Theorem of Algebra.) The goal of this problem is to put this on a
rigorous footing. We will need

Definition. A field extension L/K is separable iff every element α ∈ L/K has separable minimal
polynomial over K. (In this case, we also refer to the element α as being separable.)

(a) Prove that any finite separable extension F/K can be enlarged to a finite Galois extension of K (i.e.,
prove there exists a finite extension L/F such that L/K is Galois).

(b) Prove that any finite extension of a characteristic 0 field can be enlarged to a finite Galois extension.

9.5 Prove the following result we asserted in class:

Lemma. f, g ∈ K[x] are coprime if and only if f, g have no common roots in a splitting field L/K of f .

[Recall that f and g are coprime iff the only common factors of f and g in K[x] are constants.]

9.6 Our goal is to complete the proof of the equivalence of the three characterizations of Galois-ity, by

proving B =⇒ A . More precisely, we need to prove that if L/K is the splitting field of some

separable polynomial f ∈ K[x], then |Aut(L/K)| = [L : K]. For ease of notation, let A denote the set of
all roots of f and G := Aut(L/K).

(a) Prove that σ(A) = A for all σ ∈ G. [Note: this doesn’t mean σ fixes every element of A! ]

(b) Given α ∈ A, an intermediate field F lying between K and L, and a K-homomorphism σ : F → L.
Prove there are precisely [F (α) : F ] ways to lift σ to a K-homomorphism σ̂ : F (α) → L. [By ‘K-
homomorphism’ I mean a homomorphism which fixes all elements of K. By ‘lift’ I mean define a σ̂
which agrees with σ on all inputs from F .]

(c) Prove that |G| = [L : K]. [Hint: Note that L = K(A) (why?). Now use (b).]
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