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Lagrange Multipliers |
Military Trouble Spots Example

(* Three unit vectors on the sphere x*)
p[1l] = {5/13, 12/13, 0};
p[2] = {12/13, 5/13, 0};
p[3] = {3/13, 4/13, 12/13};
{Norm[p[1]], Norm[p[2]], Norm[p[3]]}
{1, 1, 1)
(x First we do burrowing through
the Earth distance-squared x)
Di[x_, v_, z_] := 13 Sum [ |
(x-p[i][[1]1])*2 + (v - P[i1[[2]]) 2+
(z-p[i][[3]]) %2, {i, 1, 3}]
D[x, v, z]
Expand [D1[x, v, z]]
0
39—40x+39xz—42y+39y2—24z+3-922
Expand [ {D[D1l[x, v, z], x],
D[D1[x, ¥, 2], ¥], DIDl[x, v, z], z]}]
{-40+78x, -42+ 78y, -24 + 78 z}



2| Military TroubleSpotsLagrangeMult.nb

Solve[{{-40 + 78x, -42 + 78y, -24 + 78 z} ==

2w {x, ¥, 2z},
X2 + y*2 + 242 = 1}, {w, %, ¥, 2}]

{{we39—\/m,x—>4 i.«

197
Y - L , Z - 12 }, {w—>39+ 985 ,
\/985 \/985
X > -4 =N V> - Al zZ = - 12 }}
197 985 /985
5 21 12
D1[4 , , ]
197 985 985

5 21 12

Sqrt[D1[4. , . — ]// 13]
197  4fos85 985

15, e

140.769
1.0824
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N[p[1]]
N[p[2]]
N[p[3]]

5 21 12
optl = N[{4. —_— v }]
197 +f985 /985

{0.384615, 0.923077, 0.)
{0.923077, 0.384615, 0.)
{0.230769, 0.307692, 0.923077)
{0.637253, 0.669116, 0.382352)
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Plot3D[{x, v, Abs[Sqrt[l-x+2-y*2]]},

{x, 0, 1}, {y, 0, Abs[Sqrt[1l-x42]]}]

500

(+ Second we do burrowing through
the Earth distance— what a mess! )
D2[%_, ¥Y_, 2_] := Sum[Sqgrt|[
(x-p[1i][[1]])*2 + (v - p[1i][[2]])*2+
(z-p[i]1[[3]1]1)*2], {i, 1, 3}]
- Expand [{D[D2[x, ¥, 2], X].,
D[D2[x, ¥, 2], Y], D[D2[x, ¥, 2], Z]}]
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X —
JEa e g one (B
5
,+
13\/(—%+x)2+ (—%+y)2+zz
X o
JE e By s
12
+
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13 (—£+x)2+(—i+y)2+zz

13 (—%+X)2+(~i+y)2+(—%+z)2

13 13 13
Z
+
(——5—+x) +(-£+y)2+22
13 13
Z J
_Ha - 5 - 2
[ 13+ x) +( 13+y) A

? FindMinimum
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FindMinimum( f, x] searches for a local minimum in f, starting from an automatically selected point.
FindMinimum([f, {x, x}] searches for a local minimum in 7, starting from the point x = xo.
FindMinimum[f, {{x, xo}, {», ¥}, ...}] searches for a local minimum in a function of several variables.
FindMinimum([{f, cons}, {{x, xa}, {¥, ¥}, ...}] searches for a local minimum subject to the constraints cons.
FindMinimum({f, cons}, [x, », ...}] starts from a point within the region defined by the constraints. >

FindMinimum [
{D2[x, v, 2], %x*2 + y*2 + 242 == 1},
{{x, .6}, {y, -6}, {z, .3}}]

{1.80631, {x— 0.658882,
v 0.723174, z - 0.207108})

(* Third method:

measure distance by 1 — cos(angle) *)
D3[x , ¥ , 2z2_] =2 » 13 %

Sum[ (1 - {x, v, z}.p[1i]), {i, 1, 3}]
Expand [D3[x, v, 2]]
78 -40x -42vyv -24 z
lambda = SQrt[2042 + 2142+ 1242]

V985

20. / Sqrt [985]
0.637253



MilitaryTroubleSpotsLagrangeMuit.nb |9

D3[20. / Sqgqrt[985],
21./Sqrt[985], 12./Sqgrt[985]]
15,2306

(* Third method:
measure distance by 1 — cos(angle) %)

D4[x_, v , Z2_] := | |

1342 » Sum[Cross[{x, v, z}, p[i]] .

Cross[{x, ¥, 2z}, p[i]], {i, 1, 3}]

Expand [D4 [x, v, 2]]

329%% - 264Xy +322y*-72x2z-96yz+ 363 z2
Expand[{D[D4[x, vy, z], x],

D[D4[x, ¥, z], Y], D[D4[x, ¥, z], z] }]
{658x-264vy-72 z,

-264x+644y-96z, -72x-96y + 726 z}
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NSolve|
{{658x-264y-72z, -264x+ 644y -96 z,
-72x%-96y+726z} == 2w {xX, ¥, Z},
XA2 +yA24+ 242 = 1}, {w, %X, ¥, 2}]
{{w- 458.27, x> 0.69845,
v > -0.709518, z - 0.0935518},
{w- 458.27, x> -0.69845,
v —>0.709518, z->-0.0935518},
{w->381.095, x> -0.27837,
v - -0.148919, z - 0.948859},
{w-381.095, x> 0.27837,
v - 0.148919, z > -0.948859},
{w-174.635, x> -0.659301,
v > -0.688772, z > -0.301521},
{w—>174.635, x> 0.659301,
y - 0.688772, z—-> 0.301521}}
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D4[0.6984499726061706 ",
-0.7095179344272434",
0.09355178508471927" ]

D4[0.6593007671819094",
0.6887724929072444",
0.30152106295860254" ]

458.27

174.635






