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Abstract

In order to study moments of the Riemann Zeta Function, this paper looks at
lower order terms of a polynomial involved with the calculation of moments for
Random Unitary Matrices. Specifically, we will look at the coefficients of these
polynomials. First, an algorithm will be developed to work out formulas for these
coefficients, then we will find ways to approximate them.
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Chapter 1

Introduction

The moments for the Riemann Zeta Function have been a mystery for years. Itis
a long standing conjecture that the leading term has the form

T K
G raemn(el) e

but only the first few were known until recently. Herg, is number which we
knew little about until recently, and(k) is a product over primes. Keating and
Snaith [KS] suggested that the characteristic polynomial for a Random Unitary
Matrix as a model for the Riemann Zeta Function. The characteristic polynomial
for a Random Unitary Matrix is defined as

E{|Z.[**} = gifx(N)

Here, g, is known andf(z) is a polynomial with degre&?. It turns out that for
k=0,1,2,3,4, g = g;. Itis conjectured that, = g, for all £ for which the
moment is defined. If this is true then we can gain insight into the lower terms
of the moments of Zeta by studying the lower terms of the expression in (1.2).
This paper is primarily interested in the lower terms of the polynorfigd). Our
polynomial f(z) is defined as

k

fez) =[] Gz+i+i-1). (1.2)
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Expanding this product, we see

fi(2) = E+D(E+22E+3)% e+ e+h+ D) (2 + 2k 1)

The coefficients of this polynomiat,.(k) are polynomials that depend @én
This paper will concentrate on finding formulas o(%) and also on the behavior
of these coefficients as k gets large. I'd like to acknowledge Michael Rubinstein,
David Farmer, Brian Conrey, Steven Miller, and Chris Hughes for all their help
on this research project.



Chapter 2

Finding Formulas for ¢, (k)

2.1 ¢, (k) as Symmetric Polynomials

For a setv = {ay,a9,as....,a,} we can define the elementary symmetric poly-
nomials onx for all » > 1 as,

oy = Eai

7

09 = E a;aj

i#]

O3 = E a;a;ap

ik
onp — H Q;.
)

By (1.2), ¢, (k) can be represented as tHé elementary symmetric polyno-
mial, o, defined onthe set = {1,2,2,3,3,3,...,2k—2,2k—2,2k—1}. where
eachl < j <2k — 1, occursmin{j, 2k — j} times.



Soforz; € A,

co(k) = 1 (2.1)

Cl<k’) = 0122331-
CQ(IC) = O'QZZ.Iin

]

ae(k) = J] G+i-1). (2.2)

1<i<y<k

Therefore, by (2.1),

ak) = (1+2+2+3+3+3+-+2k—1)
= (P+2°+3+ -+ +k-Dk+1) 4+ +2k—1)

k k—1
= Zn2 + Zn(Zk —n)
n=1 n=1
= k.
Define the generating functiafi(¢) for eachc, (k) as

E(t) =Y e (k)t" =1+ ). (2.3)

r>0 i>0

This form of the generating function will be useful later on.

2.2 Power Sums

For each > 1, ther® power sump, on a set3 = {x1,z,, ..., x,} is defined
pr = Zx: (2.4)
=1



and the generating function foy. is

Pt)y=>Y pt™" = > 3 ajtr!

r>1 i>1 r>1

Z;

i>1

I T
- at 81— ot

i>1

We've made this simplification by noting that,., > -, z't" is a geometric
series. Looking back to (2.3) we see that:

P(—t) = %logE(t) = FE'(t)/E(t) (2.5)
and from (2.5) it follows that:

r

re(k) = Y (=1)""puce_n(k) (2.6)

n=1

Before | describe how to find general formulas for each coefficient | will prove

a basic fact about each(k)
Theorem 2.2.1.¢,(k) is a degree 3r polynomial in k.

Proof. We'll use a proof by induction. We see thatk) = 1 andc,(k) = &3
satisfy this claim. Now assume that for all> 1, ¢, (k) is of degree 3r-3.
For our particular set A, we are able to write the power sum as

pn o= 1"+2x2" 433"+ +EkxkE"+ (k-1 x(k+1)"+
4 (26— 1)

= > k- )

Here,p,, is a degree. + 2 polynomial ink. Using the recursion relation from
(2.6), we see by the induction hypothesis,,, (k) has degre@&r — 3n so taking
then = 1 term, the highest degree inis 3r.

0



2.3 Finding ¢, (k) through Interpolation

The recursion derived in the previous section is slow computationally. Since the
complexity of the power sums grows so fast, findipgk) for » = 300 would

take an extremely long time. To speed up their calculation, we shall construct the
polynomials through interpolation.

Definition 2.3.1. The Lagrange Interpolating Polynomial

Given the pairgzy,v1) ... (x,11, Yni1), ThelLagrange Interpolating Polyno-
mial is then'" degree polynomial that passes through these given points. Given
these points, one can construttr) by

n+1

P(x) =) Pi(x) (2.7)
j=1
where
n+1 T — 1
P)= 1] —Fw (2.8)
i>1,i4j Li = L

Knowing that eaclr,. (k) is a polynomial with degre8r, we need to collect
3r 4+ 1 data points to construct each polynomial. These data points are obtained
by expanding out our original polynomial in 1.2. As a simple example, lets find
c1(k) using this formula. By the previous theorem, we know thét) will be of
degree 3, which means we will need 4 data points. The points will be of the form
(k,c1(k)). We obtain the data points by pulling the coefficient off #é ! term
in fx(x). We see:

filz) = x+4+1

fo(x) = 2"+ 82° + 2327 + 287 + 12

f3(x) = 2% +272% + 31827 + 214225 + . ..

fa(x) = 2+ 642" + 19002 + 4347202 + . ..

Our data points here afé, 1), (2,8), (3,27), (4,64). Using the Lagrange In-



terpolating formula:

a(k) =

.
—
v
~—~
Sy
N—

~ s
MR e
R e
N

= k.

Since the coefficients irf,(z) grow extremely fast, computing them is diffi-
cult. To simplify the interpolation we can take advantage of the fact that when
is eveng, (k) is an even function and when r is odd(k) is an odd function.

So,
er(—k) = (—1)"¢, (k). (2.9)

Also, whenk = 0, fo(z) = 1, soc,(0) = 0 for all » > 0. These facts allow you to
double your collection of data points.

2.4 Truncating fi(z)

Expandingf:(z) becomes very difficult for larget due to the number of terms
involved. This makes collecting data points for interpolation time consuming. To
solve this problem, we need to trunc#t€z) so it only includes the terms we need
to interpolate the polynomial. Namely, if we are seekin@k), then we need only
the first R terms of f;(z). Using the symmetry of(z), we can writef;(z) as

fer1(2) = +DE+2)%.. e+ +E+ 1) (2.10)
+(z 42k — 1)*(z + 2k)* (2 + 2k + 1)
= () e+k+1D)2(z+E+2)2. .. (2 +2k) (2 + 2k + 1)2.11)

Now define

g(2) = (z+k+1%z+k+2)%. .. (2 +2k)*(z + 2k + 1). (2.12)

8



We now have the recursion:

Jer1(2) = fe(2)gr(2). (2.13)

When collecting data points fag(k), one only needs the firdt terms of each
frx(2). We can write

R
fr(z) =D an(k)2 T+ J(2) (2.14)
Where -
k2
J(z)= > elk) (2.15)
r=R+1

We see all terms in (2.15) have degree less than or eqéalta? — 1, so they
are of no use to us in the interpolation process. Looking at the recursion defined
in (2.13), we can write

R

fin(z) = O (k)" 4+ J(2)gu(2)

=0

<

¢r (k)2 T gu(z) + T (2)gn(2).

I
-
||M::
o

Here,gx(2) has degreek + 1 and.J(z)gx(z) has highest degree
(k*—~R—1)+(2k+1) = (k+1)>— R—1, so all terms in/(z)gx(z) have no
useful data infy.,1(z). This leaves us with the truncated polynomial

R
Qri1(2) =D (k)2 " gi(2) (2.16)
r=0

Define C,,(Q) to be the coefficient of**~" in the polynomialQ. Starting with
Q1(z) = z + 1, we can define a recursion of truncated polynomials as

Qri(2) = Y Cr(Qu(2)gi(2)2" " (2.17)

So now we have a truncated versiornfpfz) where all terms with degree lower
thank? — R — 1 are removed. Using the recursion we just developed, 600 terms of
fx(z) were obtained for each k up to 1000. Using these points, the first, 300
were interpolated.



Chapter 3

Determinant Equation for ¢, (k)

While the interpolation algorithm is successful for producing polynomials for the
coefficients, it starts to slow down when> 300. The purpose in this section is to
develop a non-recursive formula fan k) involving a determinant of power sums.
We will this new formula will give us the ability of approximating(k) for large

k

Looking back to (2.6) we are able to use properties of symmetric functions [Mc]
to write ¢,.(k) as a determinant.

Lemma 3.0.1.

rle. (k)

Proof. This can be shown by induction. We see that

b1
D2
b3

Pr—

Dr

1 0 0

b1 2 0

P2 P1 3
1 Pr—2 DPr-3
DPr—1 Pr—2

Cl(k) =k = ‘pl"

10

D2

(3.1)



Let

w10 0 0
P2 D1 2 0 ce 0
ps p p 3 ... 0
Pr = . . . . .
Pr—1 Pr—2 DPr-3 ... eor—1
DPr Pr—1 Pr—2 ... D2 P

For simplicity, letF, = (1). Assume(r — j)!c,_;(k) = det(P,_;) forall 1 < j <
r — 1. We must show that this implieg')!c,(k) = det(P,.). Considerdet(P,).
Expanding by minors on the rightmost column, we see that

det(P.) = pydet(Pr_1) — (r — 1)(pedet(Pr—2) — (r — 2)(psdet(Pr_3) — ...
—2(py_odet(Ps) — (p—1det(Py) — p,)) ...)
= prdet(Pr_q1) — (r — D)padet(Pr_2) + (r — 1)(r — 2)ps det(P,_3)
()T - Dl

= §:¢4y4m%55%dauaﬁ) (3.2)

By induction,det(r — j) = (r — j)!¢,—;(k). So,

j=1

r

S = et = ) = (= DU (B B

j=1 j=1

Finally, by (2.6),

r

(r =D (=1 "pjer—j(k) = (r = Dl -rep(k) = rle, (k). (3.4)

j=1
]

Now we have an expression for(k) involving only power sums, which are
easy to express in terms of Bernoulli Polynomials. This form will enable us to
approximate, (k).

11



3.0.1 Eigenvalues forP,

For larger, computing the determinant in (3.1) is very difficult. Since the deter-
minant of a matrix is also the product of its eigenvalues, studying the behavior of
the eigenvalues af, would give us insight inta@,. (k).

Lemma 3.0.2. The characteristic equation faf, can be written as:

r

r

det(P, — \I) = -1 A" det(Py,). 3.5
P~ A1 = D2y () de(e) 35)
Proof. Again, we shall prove this by induction. We see that

det(PL— M) =1|p1— A =-A+m (3.6)

satisfies this claim. Now assume for &l j < r — 1, (3.5) holds. We’ll show
this implies that it holds foj = r. Consideret(P, — AI):

P — A 1 0 0 0
P2 p1—A 2 0 0
D3 P2 pr—A 3 0
. . . (3.7
Pr—1 Pr—2 Pr—3 r—1
Dr Pr— Pr—2 P2 PL— A

Expanding by minors on the right most column, we get an expression similar to

what we've seen fodet(P,). So,

det(P. — AI) = (py—A)det(P—y — ) — (r — 1)(pa det(Pr_o — AI)
—(r—2)(psdet(P,_3 — AI) -+ — 2(p,_odet(Py — A\
—(pr—1det(Pr = AI) —py))...)
= prdet(P._y — X)) — (r — 1)padet(P._o — AI)
+(r —1)(r —2)psdet(Pr_z — M) -+ (=1)""(r = 1)!p,

= (N det(Po = AN + ) (-1)"p; EZ :3:

det(Pr_j - )\])

Jj=1

12



By the induction hypothesiglet(P,_; — AT) = /-7 (1) () N~ det(P;). So
we now have,

r—1

det(P, —AI) = Y (1)~ z+1<rz ))\T i det(P — i)

1=0

+ Z i(—l)*“-lw e
_ mz () denm)

+3 (=1, E: — 3: <;_ j,) det(Po_;)).

—J

Note that

=il ) = e (o) G

Now, det(P, — AI) becomes

T

Sy (" der()

sy (T Sy, D e, ),
m—1/ 4 (m —j)!

Finally, by (3.2), this becomes

ZAT (1) det (P )((%1) + (7;__11))
—Z ( )X” " det(Py,).

]

Note that by using (3.1), we can write the characteristic polynomial in terms
of ¢, (k):

det(P, — \) = 7! Z m>‘cm(l<:). (3.8)

13



With the characteristic polynomial f@#,., we can now solve for the eigenval-
ues of the matrix in terms df. Solving for the case when = 2, we get the 2
eigenvalues to be:

Vg BT
V6

3.0.2 Approximating Eigenvalues ofP, using Polynomials

Whenr > 5, we can no longer solve explicitly for the roots of 3.5. Because of
this we are going to have to develop approximations for the eigenvalués.for

Lemma 3.0.3.Each eigenvalue aP, approachk? ask — oco.

Proof. By dividing P, through byk?, the upper half of the matrix approaches zero
ask grows. This tells us that for large

det(P, — XI) — (K> = \)" =0
= A=k

and since, (k) is the product of the eigenvalues, we see

k3r

cr(k) ~

(3.9)

rl’
]

It would be useful to come up with a better approximationfdk) than just its
leading term. Consider the case wher 9. Since we know that each eigenvalues
approacheg?, we should considek; — k2 to study how this difference behaves
as a function of.. This graph shows the 9 eigenvaluesifwith k* subtracted
off:

14



Figure 3.1:\; — k3 for Py. We see that 8 of these eigenvalues are symmetric about
k3.

There are eight eigenvalues symmetric aboutlf we close in on the: axis
then we see there is also a linear term:

1000 2000 3000 4000 5000
- 2500

- 5000
- 7500
-10000
-12500
- 15000
-17500

Figure 3.2: One\; — k? is a linear function of. It turns out that if- is odd, one
eigenvalue will always bé? plus a linear term.

If » is odd, then we see this one linear term when we subtradt®offThe
others are symmetric abokt. If you letr be even, then each eigenvalue is sym-
metric about:?.

A conjecture is that each eigenvaluefofcan be approximated by +ak?+-bk-+c,
for some constants, b, c. This would mean that we can write eaglik) as the

15



product ofr eigenvalues, each of which are cubic functions. The values of these
constants are different for each eigenvalue and also for each valud=of even

r, each eigenvalue is symmetric abatt meaning that if\; = &2 + (a;(r)k* +
bi(r)k + c;(r)) is an eigenvalue thek; = k3 — (a;(r)k* + b;(r)k + c;(r)) is also

an eigenvalue. For odd we see similar behavior with the exception that one of
the eigenvalues i8® plus a linear term, like we saw in 3.0.2. Here we have a plot
of the eigenvalue evaluated at various k up to 5000.

2000 3000 4000 5000

-1.5-10" |

-2.5-10 |

Figure 3.3: Fitting a degree 2 polynomialXp— k? gives a very accurate approx-
imation.

Numerically, it seems feasible to fit a cubic polynomial to each eigenvalue. As
a start, consider the following:

e (k) = H by

= ﬁ E? 4 a;(r)k? + bi(r)k + ¢;(r)

=1

efietho )

(3.10)

16



As k gets Iargebflf—;) + cjf;') approaches zero quickly, so we can writék) in
the approximate form

k?"“f[(l + “i]ir)). (3.11)
=0

This means finding values of(r) would be a good start to approximating k)

for larger values of k. The hope is that using this formula will not only model the
behavior ofc,. (k) for fixed r, but also if we let- be a function ofc. For example,
we would be able to study the behaviorpf_ ;. (k), wherey is a number between

0 andl.

17



Chapter 4

Lower Terms of ¢, (k)

Using the eigenvalues d@f. we shown that the leading term 6f.(k) is

k3r
rl’

(4.1)

In this section we will use our determinant formula to produce more terms of
¢ (k). It seems that we can express (3.1) as

r—1
. r r—1
det(P,) =pi+ Y (j—1)- (j)pl )R; (4.2)
j=2
where
0 1 0 0 0
pp 0 2 0 0
ps p2 0 3 0
R, = .
Pr—1 Pr—2 DPr-3 ... eor—1
DPr Pr—1 Pr—2 ... D2 0

Using (2.6), we can deduce that if r is evep(k) will have the form

r_q

e (k) = D k™ (4.3)
=0

18



and if ris odd,

3r—1

er(k) = ik (4.4)
1=0

Here, eachy; is a constant that depends on We see that the second highest
degree of:.(k) will be £*"—2. We would like to write

k37"

(k) = = + k" 2+ 0K ), (4.5)

rl

In order to do this we need to find. To start, consider a truncated version/f

p 1 0 0 ... 0
P2 P 2 0o ... 0
b3 D2 D1 3 ... 0
1 : : : :
T = 4 : - 4.6
7 r! Pi Pi-1 Pi—2 .. .. 7 (4.6)
0 pi pie1 ... eoi—1

So for eachi < j < r, p; is replaced with0 in P,. It turns out that the
determinant of this matrix will match the firstterms ofc,.(k) exactly. So, if
3r
n <%
2 )

det(Tnﬂ«) — Z/yik?)r—?i + O(k?)T—Q(n-‘rl))' (47)
=0
This implies thatlet(7}) is a good approximation far. (k) for largerk.
To find~;, we can use (4.2) to expand dlit, and then collect terms @ 2.

Note thatR; in this case will bel; with a zero replacing each diagonal entry. In
det(T»,,), we are only interested in terms with degége2. So using (4.2),

Y\ —
det(T,) = pj— (2>]9§ “pa + O(pi~"p3)

— k?)r _ (;) gk3r—2 + O(k3r—4)

19



So,

7
=100 —2)! (4.8)
and
1
o (k) =~ o det(T5,)
Tr!
k?ﬂ“ 7 3r—2 3r—4
Tl 12(r — 2)!]‘C + O™,
Using this same method with; ., we deduce that
1 1 49
= 4.
78 <12(7’—2)! T2 —3) +288(r—4)!) (4.9)
So, we get this better approximation g«(k):
k37“ 7 3r—2
1 1 49 4
" 4.11
+(12(r—2)!+2(r—3)!+288(r—4)!)k (4.11)
+O(k3 ) (4.12)

Until now, only~; and~, are known, but more can be found by examining (4.2).
Perhaps a conjecture can be made once more of these terms are worked out. It
would be interesting to considey for higher; since they will provide asymptotics

of ¢, (k). This is another open problem that is worth pursuing.

20
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