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Abstract In 1845, Bertrand conjectured that for all integ&rs 2, there exists at
least one prime ir{x/2,X]. This was proved by Chebyshev in 1860, and then gen-
eralized by Ramanujan in 1919. He showed that formpy1, there is a (smallest)
primeR, such thatri(x) — 1(x/2) > n for all x > R,. In 2009 Sondow calle&, the
nth Ramanujan prime and proved the asymptotic behajor p2, (wherepn, is
the mth prime). He and Laishram proved the boumds < R, < pan, respectively,
for n > 1. In the present paper, we generalize the interval of istdyg introduc-
ing a parametec € (0,1) and defining theith c-Ramanujan prime as the smallest
integerR. » such that for alix > R., there are at least primes in(cx,x]. Using
consequences of strengthened versions of the Prime Nunftegerdm, we prove
thatR¢ exists for alln and allc, thatRgn ~ pn_asn— oo, and that the fraction
of primes which are-Ramanujan converges to-1c. We then study finer questions
related to their distribution among the primes, and seethieat-Ramanujan primes
display striking behavior, deviating significantly from eopabilistic model based
on biased coin flipping. This model is related to the Cramed@honhich correctly
predicts many properties of primes on large scales, but Bas bhown to fail in
some instances on smaller scales.
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1 Introduction

Forn > 1, thenth Ramanujan primevas defined by Sondow [S009] as the small-
est positive integeR, with the property that for anx > R,, there are at least
primes in the intervaﬂ%x, x]. By its minimality, R, is indeed a prime, and the inter-
val (3R, Ry] contains exactly primes.

In 1919 Ramanujan[Ral9] proved a result which implies tRaexists, and he
gave the first five Ramanujan primesRs= 2,11,17,29,41 for n=1,2,3,4,5,
respectively. The cad® = 2 isBertrand’s Postulatéproved by Chebyshev): for all
X > 2, there exists a primp with %x <p<x

Sondow proved tha®, ~ pon, ash — o (wherepy, is themth prime), and he and
Laishram[[La1D] proved the boungs, < R, < pan, respectively, fon > 1.

In the present article, we generalize the notion of Ramampijenes (for another
generalization, see Paksoy’s [Pa12] work on derived Rajaamrimes). Instead of
studying the interval§3x,x], we consider the intervalex x| for a fixed number
c e (0,1). Namely, thenth c-Ramanujan primés defined to be the smallest positive
integerR; n such that for anx > R;, there are at leastprimes in the intervalcx, x].
Here, too, the minimality implies th&,, is a prime andt(Rcn) — 1(CR.n) = n
(wherer(x) is number of primes at mos). Note thatR., n < Rg, n for ¢; < cp.
Whenc=1/2, we recoveRy o n = Rn, thenth Ramanujan prime. Thu:, < Ry
if c<1/2.

We also determine thedependence of the generalizations of certain results in
[S009/ LaTb, SNNT1].

We quickly review notation. We denote the numbercdRamanujan primes at
mostx by 1%(x), and letpm denote thg m|th prime. We write L{x) for the logarith-

mic integral, given by
X dt
-/ @

Li(x , Togt’

N2

By f(x) <« g(x), which we often write asf (x) = O(g(x)), we mean there exist
constantsg andC > 0 such that for alk > xo we have| f (x)| < Cg(x), while by
f(x) = o(g(x)) we mean that lin, f(x)/g(x) = 0.

The existence oR; » follows from the Prime Number Theorem; we give a proof
in Theoreni 2.2 off2. Our main result is the-dependence d®; .

Theorem 1.1 (Asymptotic behavior of R;n) We have:

1. For any fixed &= (0,1), the rth c-Ramanujan prime is asymptotic to the-th
prime as n— oo, that is,

=1 2
More precisely, there exists a constght. > 0 such that

Ren— P | < Prcnloglogn )

for all sufficiently large n.
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2. In the limit, the probability of a generic prime being a efRanujan prime is
1—c. More precisely, there exists a const@gt such that for N large we have

w—(l—c)’

- BscloglogN
m(N) '

= ~logN (4)

The proof uses the Prime Number Theorem, and is givé@in

For example the first thirty-si%-Ramanujan primesare 2, 3,5,13,17,29, 31, 37,
41,53,59,61, 71,79, 83,97,101, 103, 107, 127, 131, 137,119 157, 173, 179,
191, 193, 197, 199, 223, 227, 229, 239, 251, and the firsytbixt%-Ramanujan
primes are 11, 29, 59, 67, 101, 149, 157, 163, 191, 227, 269,307, 379, 383,
419,431,433, 443, 457,563,593, 601, 641, 643,673, 701,788 827, 829, 907,
937,947,971, 1019.

We end with some numerical results about the distributiorc-&famanujan
primes in the sequence of primes, extending calculatiam {S§009] and Sondow,
Nicholson and No€ [SNN11] in the case- 1/2. For small values o, the length of
the longest run oé-Ramanujan primes among the primeg1°, 10°) is less than
expected (e.g., for = 0.05, we observe a longest run of length 97, but we expect
127). For values ot near 1 the opposite behavior is observed: the length of the
longest run is greater than expected (e.g.cfer0.90 we expect the longest run of
consecutive non-Ramanujan primes to have length 91, baidual length is 345).
The expected lengths were computed using a coin flip modalfixiéd probability
P:(n) of a prime in the interval10", 10"1) beingc-Ramanujan; seé [Sc90] for a
full description of the theory and results of such a model.

The authors thank the participants of the 2011 CANT confegéor many useful
conversations. The first, second and fourth named authaes peetially supported
by NSF grant DMS0850577 and Williams College (the first naangtior was addi-
tionally supported by the Mathematics Department of UrsitgrCollege London);
the third named author was partially supported by NSF graiM$0970067 and
DMS1265673.

2 Asymptotic Behavior of Generalized Ramanujan Primes

To simplify the exposition we use the Prime Number Theorelmviaghough weaker
bounds (such as Rosser’s Theorem) would suffice for manyeafetbults.

Theorem 2.1 (Prime Number Theorem) There is a positive constang < 1/2
such that

m(x) = Li(x) + O(x-exp(—yl\/@()) (X — 00). (5)

In particular, for some numbeng > 0 and x > 0, we have
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) —LiX¥)| <y

oGP x (X>Xo). (6)

Proof. See[[IK04] for a proof of[(b). Taylor expanding the exponatftctor in [3),
we see that it decays faster than any power of the logarithchtraus[(6) follows.]

We will also have occasion to use the following strengtheredion of Rosser’s
theorem (see for example page 233 of [BS96]):

|pm— (mlogm-+ mloglogm)| < m @)
for m> 6; however, for our purposes the following weaker stateroéieh suffices:
pm = mlogm+ O(mloglogm). (8)

The following result shows thaRamanujan primes exist. Later we’ll determine
their asymptotic behavior and study their distributionhie sequence of all primes.

Theorem 2.2 (Existence of R;y) For any ce (0,1) and any positive integer n, the
c-Ramunjan prime &, exists.

Proof. By Theoreni Z.ll and the Mean Value Theorenx,ig sufficiently large, then
for some point = yc(x) € [cx,X] we have

m(x) — m(cx) = Li(x) — Li(cx) + O(xlog°x)
= Li’(ye)(x—cx) + O(xlog °x)
(1—c)x

N logye

+O(xlog°x). )

Since logy; = logx — be, wherebe = be(x) € [0, —logc], we get

7(x) — 11(CX) MJFO( X ): (1_°)X+o( X ) (10)

~ logx—be log®x logx log®x

which is asymptotic td1 — c)x/logx asx — . Hencer(x) — rr(cx) > n, for all x
sufficiently large, and the theorem follows. O

Before proving Theoren 1.1, we derive some crude but usefuhts on logr: .
While we could derive stronger bounds with a little more wahle present ones give
sufficient estimates for our later analysisRfy.

Lemma 2.3 For any ce (0,1), there exist constan{8, c > 0 and N. > 0 such that,
foralln > N,

(1_ Bzcloglogn (11)

Bzcloglogn
< < ki )
logn )Iogn < logRcn < (1+ logn

logn
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Proof. We first show that the following inequality holds for suffiotly largen:

2n | 2n
1—c¥1-¢
The lower bound follows from the trivial observation that< R: for all c and
all n, and Rosser’s Theorem [Rd38], which states tHagn < py.
To obtain the upper bound, we show that there exists a cargan0 such that
for largen we haveR:, < achlog(acn). (It is trivial to find such a constant if we
allow o to depend om andc, but for our applications we need a bound independent
of n, though it may depend on)
From [10), we see that, for sorhg ; (which may depend oabut is independent
of n), if x> Ny, then

nlogn < Rep < (12)

2(l-c) x

m(x) — m(cx) > 3 Togx

(13)

We now show that )
Oc=0Cp = ——
(] 1 1_¢

suffices to hav®. , < acnlog(acn). To see this, take > cinlog(cin). Then a ng
is increasing whew > e, we have

2(1-c) x
3 logx

2(1-c) cinlog(cin)
3 log(cinlog(cin))

N Iogjlrz)g(cln)) ' -
3(1+ )

log(cin)

m(x) — m(cx) >

As limy_,e 'ol%g’)?y =0, there is amN ¢ such that for alh > N, c we have

4 o1 Iog(log(cln)).

3 log(cyn)
TakingNz ¢ = max(Ny ¢, N c), we see that fon > N3 we have
x> cinlog(cin) = m(x) — m(cx) > n. (15)
Thus forn sufficiently large § > Na ¢) we find that
Ren < cinlog(cin), (16)

which completes the proof di{IL2).
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Taking logarithms in[(12) yields

log(nlogn) < logR:n < log (ﬂclogf). a7)

The rightmost term is

2n 2n IoglognJrIog1 c+Iog|og1 c
log (Elogm) = (1 logn

logn

(1+ Pzcloglogn 'ogn> logn, (18)

IN

logn

for somef, c > 0 and alln sufficiently large, say > N4 c. The leftmost term ir((17)
is

B loglogn Bocloglogn
log(nlogn) = <1+ logn )Iogn > <1_W logn. (19)

TakingN; := max(N3 ¢, Na ), the proof of the lemma is complete. O

We now turn to the proof of Theorem 1.1. We first prove the ctairasymptotic
behavior (part 1 of the theorem), and then prove the limifegcentage of primes
that arec-Ramanujan is_f—c (part 2 of the theorem).

Proof of Theore 111, part Bincen(Ren) — (CR:n) = n, takingx = Repy in (10)
and multiplying by(1— ¢)~tlogRc » yields

Ren
rlC)chn Rc,n+O<IOgRQn). (20)

Equivalently, there is a constapt. such that

Ren

— < —
T I0gR —Ren| < e @)
On the other hand, using the bounds onRgg from (I1), we find that
‘— logRch — —— Iogn < %Cﬁz’clog logn. (22)
Form > 20, from [7) we have
|pm— mlogm| < 2mloglogm; (23)

we use this wittm= "< and note
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logn

‘ n n — 04(n). (24)

| _
1—cOgl—c l1-c

We now bound the distance froR; s to P by the triangle inequality and the
above bounds:

|Ren

’ch |Ochn

‘ Iochn——Iogn

Io n A lo A
g —C g1—c l1-c

< Bg’cnlog Iogn (25)

X

logn— [

(as each of the four terms@nloglogn), with the first term’s bound following from
usingR¢n < nlogn in (20)). As(nloglogn)/pn — 0, we seeR: is asymptotic to

(LI O

Proof of Theore 111, part Peuristically, if R. , were exactly the-th prime, this

would mean that one out of eve&ﬁ—c primes isc-Ramanujan, and thus the density
of c-Ramanujan primes amongst the prime numbers would-be. We now make
this heuristic precise.

LetN be an integer, and chooseso that| - | = N, sonis essentially1—c)N.
For eachN we need to show that the number@Ramanujan primes at moisitis
((1—c)+o0c(1)) m(N), whereoe(1) — 0 asN — oo. LettingDc(N) = 1(pn) /TT(PN)
(the density of primes at mogly that arec-Ramanujan), to prove the theorem it
suffices to show

loglogN

De(N) - (1-0)] < 228

, (26)

which we now do.
From Theoreri I11(1), we knoR , is asymptotic tqpn. Specifically, from[(2b)
we find
pn —PBacnloglogn < Ren < p.n_+ Bacnloglogn. (27)

Asn= (1—-c)N with c < 1, letting
an = pn—PacNloglogN, by = pn+BscNloglogN, (28)

we findR;n € [an, bn] for someBs .

Note D¢(N) is largest in the case wheR , = ay and every other prime up to
pn is c-Ramanujan, and it is smallesti; , = by and no other prime iffian, bn]
is c-Ramanujan. We show that the number of primegin by is small relative to
m(pn) =N

mibn) — man) _ BS,CH(N)'O%EEN loglogN

Ny 7(N) = PocTogn (29)
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as this tends to zero witN, the limiting probabilityD:(N) must exist and equal
l-c

We now prove[(29). We trivially modify equatioris (9) abd](1@ingby anday
instead oft andcx, and find, for someyy € [an, bn], that

m(bn) — mi(an) = Li’(QN)(bN—aN)JFO(lO;’;\IaN)
~ 2PacNloglogN O( by ) (30)
logay log®ay

Using Rosser’s theorem (séé (7)), we find< 2NlogN anday > %NIogN for N
large, implying that

Bs.cNloglogN

o)~ maw) < BT

(31)

for someps¢. Dividing by 7(N) = N completes the proof of Theordm1.1. [J

3 Distribution of generalized Ramanujan primes

3.1 Numerical Simulations

In this section we numerically explore how todRamanujan primes are distributed
among the primes, extending the work of Sondow, NicholsahNwoe [SNNT1].

In Table[1 we checked to see if numerical simulations forousst and primes
up to 1@ agree with our asymptotic behavior predictions.

We see the computations agree with our theoretical redidte the ratio is closer
to 1 for small values o€, which is plausible as we have mard&kamanujan primes
as data points in this same interval.

We also looked at runs of consecutkamanujan primes and non-Ramanujan
primes in the sequence of primes; our results are summairizéable[2. The ex-
pected length of the maximum run was computed using a bir@wiia flip model.
Specifically, letLy be the random variable denoting the length of the longest se-
quence of consecutive heads obtained from tossing a cdinprababilityP:(N) of
heads\ times, with the tosses independent. We have (see [Sc90jdqrpof)

N logN /1 log(1—-PR(N))+y
EIN ™ fogr1/R) (2 109(1/Pe(N)) )
Var(Ly) s +i+r2(N)+oc(N), (32)

~ 6lo? (1/R(N)) ' 12
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Probability of a prime being-Ramanujan
¢ |Expected densifActual densityRatioR. / P
0.05 0.95 0.9346 1.0181
0.10 0.90 0.8778 1.0280
0.15 0.85 0.8236 1.0353
0.20 0.80 0.7709 1.0413
0.25 0.75 0.7192 1.0470
0.30 0.70 0.6688 1.0513
0.35 0.65 0.6181 1.0567
0.40 0.60 0.5687 1.0607
0.45 0.55 0.5197 1.0641
0.50 0.50 0.4708 1.0681
0.55 0.45 0.4226 1.0712
0.60 0.40 0.3745 1.0749
0.65 0.35 0.3270 1.0774
0.70 0.30 0.2797 1.0800
0.75 0.25 0.2326 1.0821
0.80 0.20 0.1853 1.0869
0.85 0.15 0.1519 1.0897
0.90 0.10 0.1013 1.0955

Tablel Expected density af-Ramanujan primes amongst the prime numbers from Thelor@m 1.
and actual computed density or@Ramanujan primes less tharf1®atio of largest-Ramanujan
prime in this interval to its asymptotic value from Theorled. 1

wherey = 0.5772... is the Euler-Mascheroni constant afrd(N)| < .00006.
HereP:(N) is the ratio of the number af-Ramanujan primes to the total number
of primes in the interval10°,10°], andN = 71(10°) — 71(10°) is the total number of
primes in the interval.

Although we are assuming the probability of a prime bairigamanujan to be
constant throughout the interval, the probability actua#iries because the density
of c-Ramanujans is greater in some intervals than others. lili8gls paper [Sc90],
the probabilityP is constant as it represents the probability of getting al lvelzen
performing biased coin tosses. In Table 2, we take the iat¢t@°, 10°] because the
density will vary less than over the entire inter{AIN). The expected probability of
a prime being &-Ramanujan prime is just the ratio of the numbec-dtamanujan
primes in the interval10®, 10°] to the total number of primes in that interval.

We notice that forc near %2, runs of non-Ramanujan primes are longer than
predicted. Also striking is the large discrepancy in thegtérof the largest run for
expected versus actuelRamanujan primes for small values ©{and the related
statement foc near 1).

While the discrepancies for extreme valueg afre the largest, it is important to
note that the variance in the coin flip model, though boundddpendent ol with
respect td\ (see[(3R)), does vary significantly with respectténdeed, the closer
cisto 0 or 1, the larger is the probability of either bem&amanujan (for smat)
or non¢-Ramanujan (for large). As such, the variance here can be on the order of
107 or higher, explaining the very large deviations at the beigig and end of the
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Length of the longest run if.0°, 10P) of
c-Ramanujan primgdlon-Ramanujan primes
¢ |Expected Actual |Expected Actual

0.0§ 127 97 4 2

0.19 70 58 5 3

0.1§ 49 42 6 6

0.20 38 36 7 7

0.25 30 27 9 12
030 25 25 10 12
03§ 21 18 11 18
0.40 18 21 13 16
045 16 19 14 23
050 14 20 16 36
0.5 12 16 19 39
0.6 11 17 22 42
0.65 10 13 25 53
070 9 14 30 78
0.75 8 11 37 119
080 7 9 46 154
085 6 10 62 303
090 5 11 91 345

Table2 Length of the longest run of (non-)Ramanujan primegliep, 10°)

table. However, even accounting for this, the deviatiorwéten twice the variance,
which is an exceedingly large deviation.

Consider the case af= 0.8. If we look at thec-Ramanujan primes in the in-
terval [1,10°] we see the density is 0.1852. In the inter{@l10%], the density is
0.1830, and in the interval 0°, 10°] the density is 0.1856. As such, it is clear that
the probability of being-Ramanujan is almost constant in the interjdalP, 10°],
and difference in the expected longest run differs by at rhatpending on which
probability we use for a prime beingcaRamanujan prime.

3.2 Description of the algorithm

To computec-Ramanujan primes, we make slight modifications to the &lgor
proposed in[SNN11] for generating 0.5-Ramanujan primés. dlgorithm is iden-
tical, with the exception of two minor details. We first regrihe description of the

algorithm from [SNNZI1].

To compute a range of Ramanujan prinRegor 1 <i < n, we perform simple calculations
in each intervalk/2,k] for k= 1,2, ..., ps,_1. To facilitate the calculation, we use a counter
sand a listL with n elementd.;. Initially, sand allL; are set to zero. They are updated as
each interval is processed.

After processing an interva will be equal to the number of primes in that interval, and
eachL; will be equal either to the greatest index of the intervaléasgrocessed that con-
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tain exactlyi primes, or to zero if no interval having exactlgrimes has yet been processed.

Having processed intervlil- 1, to find the number of primes in intervalwe perform two
operations: add 1 tsif kis prime, and subtract 1 frosif k/2 is prime. We then update the
sth element of the list ths = k, because nowis the largest index of all intervals processed
that contain exactlg primes.

After allintervals have been processed, theRisf Ramanujan primes is obtained by adding
1 to each element of the likt

We need to make two modifications to handle the case of gemétiast, we need
to adjusts when incrementing corresponds to a changerick). In [SNN11], the
choice ofc = 0.5 guarantees that the quantityattains all the integers. As such, to
determine whethem(ck) is incremented whekis incremented, it sufficed to check
whether the quantitgk was prime or not. Unfortunately, for mamyit is the case
that not all integers are of the forok for some integek. To correct for this, we
check if the interva(c(k— 1), ck] contains an integer. If the interval does contain an
integer,m, we check ifmis prime and adjust accordingly.

The second adjustment is with respect to the upper bound fose®.,. We
propose the following technique to obtain a crude upper dal@pendent on.

Using the following version of the prime number theorem ([E&&Sc62])

X

- < mx) for67<x,  m(x) < 5 fore¥?<x  (33)

logx— 3 logx— 3

we have the following lower bound on the number of primes @itttterval(cx, x|,
for x > max(67,e%2/c):

X CX

logx— 4 logx—A -

m(x) — r(cx) > f(x), (34)

where we define the positive constét= —(logc — %). It follows that an upper
bound forR:» can be obtained by finding ag such that, for alk > xp, we have
f(x) >n.

To determine when this bound is monotonically increasing, aalculate the
derivative to be

/ - |OgX— %’ |ng_ (A—l— 1)
o) = (logx— $)2 - (logx— A)2 (35)

and determine for which valuesfs f’(x) nonnegative. Making the substitution
u=logx— 3, we obtain the inequality

(U—1)<U—<A—%>)2—c(u—<A+%>)uz >0 (36)
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This is a cubic inequality (with leading coefficient-lc which is positive for all
valid c), with trivially calculable roots, the greatest of which wenoteuc. Then,
for all x > e%+2, the functionf (x) is monotonically increasing.

As such, the lower bound(x) is both valid and monotonically increasing for

X > max(67, e3/2/c, e“ch%) =: Mc. Given a fixedng, we can solve numerically for

Xo by solving f(Xp) = ng. Provided thatg > M, we see thaky is a valid upper
bound forR¢,. For largec, this crude upper bound is computationally inefficient,
even for smalh. Furthermore, this upper bound is crude enough that f010.5, it
is often more efficient to use the more carefully derived ufyoeinds forc = 0.5 in
[So09] (namelypzn), sinceRc, n < R, for ¢1 < co.

These numerical calculations were performed in MATLAB.

4 Open problems

In [So09], explicit bounds foR, are derived. For instange, < R, < pan. This
result should be generalized®Rg . An interesting question is to find good choices
of a; andbe such thatpa.n < Ren < ppcn for all n. Of course, using variations on
Rosser’s Theorem (sele [RoSt62]), we can (and do, partigitaSection 3.2) de-
rive bounds that work for large and then check by brute force whether these upper
bounds hold for lowen. However, this tells us nothing about the optimal cha@ge
andb, that hold for alln. Along these lines, another project would be to finddhe
andn-dependence in the asymptotic relatRyy = P well enough to predict the
observed values in Tadlé 1.

For a given primep, for what values ot is p a c-Ramanujan prime? There are
many ways to quantify this. One possibility would be to fix adminator and look
at all rationalc with that denominator.

Finally, is there any explanation for the unexpected digtion ofc-Ramanujan
primes amongst the primes in Table 2? That is, for a givencehafic, is there some
underlying reason that the length of the longest consesutin of c-Ramanujan
primes or the nort-Ramanujan primes are distributed quite differently than e
pected? The predictions were derived using a coin-tossodenThis is similar to
the Cramer model; while this does correctly predict manyprbes of the distribu-
tion of the prime numbers, it has been shown to give incomaestvers on certain
scales (see for example [MS99]).

Seehttp://oeis.org/ A104272 for links to recent work on these prob-
lems by Christian Axler, Vladimir Shevelev, Anitha Sringan, and others.
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