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ABSTRACT. Many problems in additive number theory, such as Fermasstheorem
and the twin prime conjecture, can be understood by exagsums or differences of
a set with itself. Afinite sel C Z is considered sum-dominan{il+A| > |A—AJ. If
we consider all subsets ¢, 1,...,n—1}, asn — oo itis natural to expect that almost
all subsets should be difference-dominant, as additionrisnsutative but subtraction
is not; however, Martin and O'Bryant in 2007 proved that aitdes percentage are
sum-dominant as — oc.

This motivates the study of “coordinate sum dominance” €8 C (Z/nZ)?, we
call S :={z+y: (z,y) € V} acoordinate sumsetadd := {x —y : (z,y) € V}a
coordinate difference set, and we Sdys coordinate sum dominant|i| > |D|. An
arithmetically interesting choice 6f is Ha(a;n), which is the reduction module of
the modular hyperbol&l;(a;n) := {(z,y) : xy = amod n,1 < x,y < n}. In 2009,
Eichhorn, Khan, Stein, and Yankov determined the sizesarfidD for V = Hy(1;n)
and investigated conditions for coordinate sum dominakié¢e extend their results to
reducedi-dimensional modular hyperbold; (a; n) with a coprime ton.
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1. INTRODUCTION
Let A C NU{0}. Two natural sets to study are

A+A = {z+y:z,yec A}
A—A = {z—y:x,y€ A} (1.2)

The former is called the sumset and the latter the differesate Many problems in
additive number theory can be understood in terms of sum #fetahce sets. For
instance, the Goldbach conjecture says that the even namieater than 2 are a subset
of P + P, whereP is the set of primes. The twin prime conjecture states theatethare
infinitely many ways to write 2 as a difference of primes (ahdstif Py is the set of
primes exceedingV, Py — Py always contains 2). If we letl,, be the set of positive
n'" powers, then Fermat's Last Theorem séys + A4,,) N A,, = 0 for all n > 2.

Let |S| denote the cardinality of a sét A set A is sum dominant ifA + A| >
|A — A|. We might expect that almost all sets are difference dontisizxce addition
is commutative while subtraction is not. However, in 2007rfifeand O’Bryant [MO]
proved that a positive percentage of sets are sum dominanif we look at all subsets
of {0,1,...,n — 1} then asn — oo a positive percentage are sum dominant. One
explanation is that choosing uniformly from {0, 1, ..., n — 1} is equivalent to taking
each element from O ta — 1 to be in A with probability 1/2. By the Central Limit
Theorem this implies that there are approximatel elements in a typical, yielding
on the order ofn?/4 pairs whose sum must be one »f — 1 possible values. On
average we thus have each possible value realized on theafrdg8 ways. It turns
out most possible sums and differences are realized (thectegh number of missing
sums and differences are 10 and 6, respectively). Thus retstase close to being
balanced, and we just need a little assistance to push a $e&tirig sum-dominant.
This can be done by carefully controlling the fringesAf(the elements near 0 and
n—1). Such constructions are the basis of numerous resulte iftetldl; see for example
[ICMZ] MPR,[Zh1[Zh2].

This motivates the study of “coordinate sum dominance” amgiless sets such as
(Z/nZ)?. GivenV C (Z/nZ)* we callS := {x + vy : (z,y) € V} a coordinate
sumset and) := {z —y : (z,y) € V} a coordinate difference set, and we says
coordinate sum dominant |5| > |D|. An arithmetically interesting choice df is
Hs(a;n), which is the reduction module of the modular hyperbola

Hy(a;n) :={(z,y) : xy = amodn,1 < x,y < n}, (1.2)

where(a,n) = 1. Eichhorn, Khan, Stein, and Yankdv [EKSY] determined thedca
nalities of S and D for V' = H,(1;n) and investigated conditions for coordinate sum
dominance. Seé [MV] for additional results on related peaid in other modular set-
tings.

The modular hyperbolas i .(1.2) have very interesting stings as is evidenced in
Figurell. See Figures 1 through 4 [of [EKSY] for additionalrepdes.

In the sequel, coordinate sumsets will be the only type ofsairdiscussed. Hence
we may drop the premodifier “coordinate” without fear of aagibn. Fora relatively
prime ton, we define the sumseét(a; n), the difference seb,(a; n), and their reduced
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FIGURE 1. (a) Left: H,(51;2%). (b) Right: H,(1325; 482).

counterparts as

So(a;n) {z1 4+ 29 : (x1,22) € Ha(a;n)}

Dy(a;n) = {xy —xg: (21,29) € Hy(a;n)}

So(a;n) = {x1 +xymodn: (z1,1) € Ho(a;n)}

Do(a;n) = {x1 — a9 modn: (21, 22) € Hy(a;n)}. (1.3)

From a geometric viewpoin#S,(a; n) counts the number of lines of slopel that
intersectH,(a; n), and#Ds(a;n) counts the number of lines of slope 1 that intersect
Hs(a;n). When the ratio

ca(a;n) == $£55(a;n) /#Ds(asn) (1.4)

exceedd, we have sum-dominance & (a; n).
A d-dimensional modular hyperbola is of the form

Hy(a;n) == {(x1,...,2q) 21 xg=amodn,1 < xy,...,xq4 <n}, (1.5)
where(a,n) = 1. We define the generalized signed sumset as
Symya;n) ={xy +---+ 1 — - —xgmodn: (z1,...,14) € Hy(a;n)}, (1.6)

wherem is the number of plus signs itz + --- & 2,4. In particular,Sy(1;a;n) =
Dy(a;n) andSy(2; a;n) = Sy(a;n).

The goal of this paper is to extend resultsiof [EKSY] to theagahtwo-dimensional
modular hyperbolas in_(1.2), and to investigate the higlimedsional modular hyper-
bolas defined in[(115). We prove explicit formulas for thed@aalities of the sumsets
Sy (a;n) and difference set®,(a;n) (Theorems$3]3 and 3.6). This allows us to an-
alyze the ratioss(a; n) (Theorems$ 318 £ 3.12), thus providing conditionscoandn
for sum dominance and difference dominance of reduced raotyiperbolas?, (a; n).

For example, a special case of Theofen 3.9 shows thatif11l andn = 3!7¢ with

t > 2, thency(a;n) > 1, i.e., we have sum dominance. A special case of Thebrem 3.12
shows that whem is a fixed power of 4, we have sum dominance for more #igf

of thosen relatively prime toa. Ford > 2 and positive integers whose prime factors

all exceed 7, we prove in Theordm#.1 thas,(m; a;n) = n. This means that each
such generalized sumset consists of all possible valuesnnod., all possible sums
and differences occur.
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2. COUNTING PRELIMINARIES

In this section we present some counting results that areatéa proving our main
theorems. Many of these are natural generalizations oftseBom [EKSY], so we
refer the reader to the appendices of [BELM] for detailecofso

Throughout this papep, always denotes a prime. The following proposition reduces
the analysis of the cardinalities 6f,(m;a;n) to those ofS,(m; a; p'), wherep' is a
factor in the canonical factorization of

e
[

Proposition 2.1. Letn =[], p
Then

* be the factorization of into distinct prime powers.

k
#Sa(myasn) = [ #Sa(m;a;p). (2.1)
=1
The proof is given in Appendix A.1 of [BELM].
LemmdZ.2 cuts our work in half, as once we understand theetumesimmediately
have results for the corresponding difference set.

Lemma 2.2. We haveS,(a;n) = Dy(—a;n).

Proof. We showS;(a;n) C Dy(—a;n); the reverse containment is handled similarly.
Let 7 € Sy(a;n). Then there existérg, yo) € Ha(a;n) such thatryy, = a mod n and
zo + yo = 7 mod n. Since(zg,n — yo) € Ha(—a;n) andr = oy — (n — yo) mod n,
we see that € Dy(—a;n). O

Lemma 2.3. We have2k mod pt) € Dy(a;p') < (k* + a) is a square modulp’. The
map f (k) = 2k mod p' defines a bijection

f:{k:k*+aisasquarenod p',0 < k < p'} — Dy(a;p') (2.2)
whenp > 2. If p = 2, thenf defines a bijection
f:{k:k*+aisasquarenod 2,0 < k < 27!} — Dy(a;2"). (2.3)

See Appendix A.2 of [BELM]. By Lemma 2.2, a similar result {8rin place of D
follows by replacing: by —a.
3. CARDINALITIES OF Sy(a;p!) AND Dy(a;p')

In this section we compute the cardinalities%fa; p') and D (a; p'). We then give
conditions oz andn for sum dominance and difference dominancéfeta; n).

3.1. Case 1. p = 2. We isolate a useful result that we need for the proof of the nex
lemma.

Proposition 3.1 (Gauss[[Ga]) For ¢ > 1, any integer of the fornt*(8n + 1) is a square
mod 2.

The next result is used in investigating some of the casesiebent 3.3.

Lemma 3.2. Writem = 4b+r with0 < r < 3. Fort > 5, k* + 3+ 8m is a
squaremod 2! if and only ift = +(4r + 1) mod 16.
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Proof. We only prove the case = 0, as the other proofs are similar. First assume
thatk? + 3 4+ 8m is a squarenod 2¢. Reducingmod 32, we have that? + 3 + 8m =
k?+3 mod 32, which implies that = 1 mod 16. Conversely, assume thiat= 16/+1
for somel € Z. Thenk? + 3 + 8m = (161 & 1)? + 3 + 8(4b) = 2561 + 321 + 4 +
32b = 4(8(81*> + 1 + b) + 1) mod 2'. Hence, by Proposition 3.%* + 3 + 8m is a
squaremod 2°. O

Theorem 3.3. Fort > 5,

(¥+(_1§t71+3 a="T7mod 8

#Dy(a;2") = 2t=3 a=1,5mod 8
\2t—4 a =3 mod &
(?ﬂL(_gtil—l—?} a=1modS&

#S5(a;2") = 2t3 a=3,7mod 8 (3.1
k2t—4 a =5 mod 8.

Moreover,#3S,(a; 16) = 2 for all a, and whent < 3, we have#S;(a; 2°) = 1 with the
exception tha#S5;(a; 8) = 2 whena = 1 mod 4.

Proof. The claim fort < 4 can be checked by direct calculation, so assumes. By
Lemmal2.2, it is enough to prove the claims about the caritjnal D, (a;2!) when
a =1,3,5mod 8 andS;(a; 2") whena = 1 mod 8.

We refer to the Appendix A.3 of [BELM] for the proofs of the s for D, (a; 2¢)
whena = 1,5 mod 8 and for S5(a; 2t) whena = 1 mod 8, since these proofs are
straightforward generalizations of proofs in [EKISY].

It remains to prove the result for the difference set whien3 mod 8. Writea = 3+
8m. We consider only the case where= 0 mod 4, since the cases = 1,2,3 mod 4
are proved similarly and lead to the same result. By Lemmiav@e2see that ifn =
0 mod 4, then

#{k: k* +3 +8misasquaremod 2", 0 < k < 271}
= #{14+161:0<1 <2+ #{15+161: 0 <[ < 277} = 2174 (3.2)

By Lemmd 2.8, we know
#D(a;2") = #{k:k*+3+8misasquarenod 2', 0 < k < 271} (3.3)
Hence# Dy (a;2!) = 2172, O

3.2. Case2: p > 2. For this subsection, we adopt the following notation fror{f]:

Siy(a;p") = {kmodp':k*— aisasquarenod p', pt(k* —a)}
SY(a;p") = {kmodp':k*— aisasquarenod p, p|(k* —a)} (3.4)
By LemmdZ.3,

#S5(a;p') = #Sh(a;p") + #55(a;p') (3.5)
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Lemma 3.4. Letp be an odd prime. Then

(p—Dp'~!

p=Up" ~ a) — 1
ar/ .oty 2 p
#52(a'ap ) - (p_g)ptfl a _ 1 (36)
2 p )
See Appendix A.4 of [BELM] for the proof.
Lemma 3.5. Letp be an odd prime. If(g) = —1, then#5%(a;p") = 0 and thus
. _ o) a) _
#S(aip!) = 20 (2) = 1,
o3 (=) 1)
Shapt) = L— 42 : 3.7
See Appendix A.5 of [BELM] for the proof.
Theorem 3.6. Fort > 1 andp > 2,
(=3~ | pt=t 3 D" a) _
#5 (a t) _ 2 +p+1+2+ 2(p+1) P =1
2(a, p B(pt) a) = 1
2 p
(p=3)p'" | pt 3 (D)) a) _
%+Z+1+5+Tﬂ”) p =1mod 4, o) =1
4Dy(a.p') %pt) p =1 mod 4, % =—1
2(a,p = t—1 _ t—1
(p—3) i (=D (p=1) - a) _
it et ey p=3modd (T) =1
o(") — a\ _
\ 5 p = 3 mod 4, o) =1
(3.8)
Proof. The result follows from Lemmas 34, 3.5, dnd|2.2. O

Corollary 3.7. For p = 1 mod 4, ¢3(a; p*) = 1.

3.3. Ratios for d = 2. Now that we have explicit formulas for the cardinalities of
the sum and difference sets, the next natural object to stuthe ratiocs(a; n) of the
size of the sumset to the size of the difference set. By CamdlB.7, we only need to
consider the prime factors efwhich are congruent t® mod 4, since the primes which
are congruent td mod 4 do not changes(a;n). Whenp = 3 mod 4, it is sufficient

to evaluater,(a;p') in the case wher(%) = 1, sincecy(—a;p') is the reciprocal of

02(a§pt)-

Theorem 3.8. For p = 3 mod 4 and< ) =1,

a
p

[t/2)-1

ap) = 1-2 )

1=0

9
o(pt)

1
— + (3.9)

p2



COORDINATE SUM AND DIFFERENCE SETS OE-DIMENSIONAL MODULAR HYPERBOLAS 7

Proof. By Theoreni 3.5,

o o~ (=3 Pt 3 (=D 1)) :
co(asp’) = ( 2 +p—|—1+2+ 2(p+1) o(p)/2
2 t—1
p-2p—1 ()" (p-1)+3p+3
_ " ) 3.10
1 0+ o) 249
Therefore,
2 —2p  (=D)"'p-1)+p+1
co(a;p) —1— —— = +
e R S PES Ve
LS 1 N
_ 19 ~_— 9 — . (3.11
p2 -1 % p22+1 ; p22+1 ( )
O

Theorem 3.9. Letp < ¢ be primes, both congruent Bomod 4, and lets,t > 2. If a
is a squaremod p, thenc,(a; p'q®) < 1, so we have difference dominanceu I not a
squaremod p, thency(a; p'q®) > 1, so we have sum dominance.

Proof. It suffices to prove the first assertion, for then the secoridfeliow by taking
the reciprocal. By Theorem 3.8;(a;p") < 1. If a is a squarenod ¢, then also
ca(a; ¢°) < 1, so thatey(a; p'q®) = co(a; p')ea(a; ¢°) < 1, as desired. Finally, assume
thata is not a squarenod ¢. Then it remains to show tha(—a; ¢°) > cz(a;p’). By
Theoren3.B¢»(a; p') is monotone decreasing in Therefore it suffices to show that
limg o co(—a; q°) > coa;p?). This inequality is equivalent té — 2¢/(¢*> — 1) >

1 — (2p —4)/(p* — p), so we must show thdp — 2)/(p* — p) > q/(¢*> — 1). Since
the right member is a decreasing functionypit suffices to prove this inequality when
q = p + 4, and this is easily accomplished. O

It is not hard to show that the conclusion of Theotenh 3.9Istiltls in the case = 1,
t > 2. However, the inequalities are reversed in the ¢asdl, s > 1.

The next three theorems are straightforward generalizatib results from [EKSY],
S0 we omit the proofs.

Theorem 3.10. Let N, = [, p;,» Wherep; is the i prime that is congruent t&
modulo4. Fix a perfect square relatively prime to all of they;. Then
ca(a; Ny) =< loglog N, (3.12)
and for anyt > 2,
ca(a; N}) = (loglog N;) ™" (3.13)

Theorem 3.11. Fix an integera. Letn run through the positive integers relatively prime
toa. Then

(1)

< ca(a;n) < loglogn, (3.14)
log logn
(2)

lim supcy(a;n) =oo and lim inf cy(a;n) =0, (3.15)

n— o0 n— o0
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3)
: #5(a;n) . #S(asn)

1 A 1 T . .

lim sup D (ain) oo and Jim inf D(ain) 0 (3.16)
Theorem 3.12. For a fixed nonzero intege, let £/, denote the set of positive integers
n relatively prime toa such that 1) =1 for every primep = 3 mod 4 dividing n.
LetCo(L) = {n € E, : c2(a;n) > L}. DefineE,(z) = {n € E, : n < x} and
Co(L,z) = {n € Cu(L) : n < z}. Then the lower density ¢f,(L) in E,, defined by
liminf #C, (L, x)/#E,(z), satisfies the inequality

o H#C(L,2) ( 1)
lim inf ————= > K, 1——=, 3.17
T—$00 #ECL(,I‘) - H p2 ( )
where the product is over all primgs= 3 mod 4 for which (%) =1, and where
1 a =0 mod 2
K, — 63/64 a=1mod 8 (3.18)

31/32 a=5mod8
15/16 a =3 mod 4.

Furthermore, for any constarit > 0, the lower density of',(L) in E, is positive.

For example, if: is an odd power of 2, then the lower densitylin (3.17) exce&és.9
Note that if the conditior(%) = lis replaced b)(%) = —1 throughout the statement

of Theoren{ 3.12, then by Lemnia R.2, (3.17) holds with the uadity c;(a;n) > 1
replaced by (a;n) < 1.

4. CARDINALITY OF Sy(m;a;n) FORd > 2

We now turn our attention to modular hyperbolas with highienehsion ¢ > 2).
Suppose thap > 7 for every primep dividing n. Then Theorenh 4]1 shows that the
higher dimensional generalized sumsgtgn; a; n) all have cardinality:. In particular,
this cardinality is the same for every valuef i.e., there is no dependence on the
number of plus and minus signs.

Theorem 4.1. If the prime factors of: all exceed 7, thed:S,(m; a;n) = n.

Proof. Let ¢ = p' for a primep > 7. By Propositior 211, it suffices to prove that
#S4(m; a;q) = q. We will show that for every, coprime tog and every mod ¢, the
system of congruences

r1+---+x4 = bmodyg

r1-xg = amodg (4.2)

has a solution. This suffices, becauseould be replaced by — z; for any collection
of subscripts. If (4.1) can always be solved far= 3, then it can always be solved for
anyd > 3, by settingr; = 1 for i > 3. Thus assume that= 3.
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Solving (4.1) is equivalent to solving the congruenggb — = — y) = a mod q for
r,y € (Z/qZ)*. Replacingy by y~! and then multiplying byy, we see that this is
equivalent to solving

2 +2(y ' —b) +ay =0mod q. 4.2)
The quadratic polynomial im in (4.2) has discriminant
(—day® + b?y* — 2by + 1) /9> (4.3)

Let R(y) € (Z/pZ)[y] denote the cubic polynomial i obtained by reducing the nu-
merator in[[4.B)mod p. To solve[4.R), it remains to show that there exists (Z/pZ)*
for which R(y) is a non-zero squanaod p; this is because a non-zero squared p
is also a squarenod ¢ (see p. 46 of [IR]).

Suppose for the purpose of contradiction that no term intine s

pi (M) (4.4)

y=1 p

is equal to 1. Then sincB(y) has at most 3 zeros {iZ /pZ)*, we have

p—1
S = <M> =w — p, (4.5)
0 p

y—
for somew € {1,2,3,4}.

Let D denote the discriminant ak(y). ThenD = 16a(b* — 27a) mod p, and so
D vanishes if and only i: = (b/3)® mod p. When D vanishes, it follows that
(Z/pZ)* andy = 3/(4b) is a simple zero of(y). We conclude thaR(y) cannot equal
a constant times the square of a polynomial#ypZ)[y]. Therefore (see equation
(6.0.2) in [BEW]) we can apply Weil's bound to conclude thét < 2,/p. Together
with (4.8), this yields

p—2yp<w<A4, (4.6)
which contradicts the fact that> 7. O

We remark that the conditions > 7 cannot be weakened in Theorém]4.1. For
example,[(4.2) has no solution wher= ¢ = 2, b = 0 anda = 1; whenp = ¢ = 3 and
b=a=1,whenp=¢=5,b=1anda = 2; and wherp = ¢ =7, b = 0 anda = 3.

5. CONCLUSION AND FUTURE RESEARCH

We generalized work of [EKSY] on the modular hyperbéia(1, n) by examining
more general modular hyperbolég;(a;n). The two-dimensional case (= 2) pro-
vided interesting conditions anandn for sum dominance and difference dominance.
On the other hand, for higher dimensiodsx 2), all possible sums and difference are
realized when the prime factors ofall exceed 7.

The following are some topics for future and ongoing redearc

(1) We can study the cardinality of sumsets and differente &fethe intersection
of modular hyperbolas with other modular objects such agtafimensional
modular hyperbolas and modular ellipses. $Seel[HK] for warkhe cardinality
of the intersection of modular circles aity(1;n).
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(2) Extend Theorerin 3.9 by estimating a; n) in cases where has more than two
prime factors of the formdk + 3.

(3) Extend Theorem 4.1 by finding the cardinality of the gatized higher dimen-
sional sumsets in cases where210) > 1.

(4) In higher dimensionsd(> 2), nearly every sum and difference is realized for
Hy(a;n). The situation becomes more interesting if we replaigéa; n) by a
random subset chosen according to some probability disioib depending on
d. If S andD denote the corresponding sumset and difference set, wénean t
compare the random variablgsS and#D.
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