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ABSTRACT. In 2000 Iwaniec, Luo, and Sarnak proved for certain families of L-functions
associated to holomorphic newforms of square-free level that, under the Generalized Rie-
mann Hypothesis, as the conductors tend to infinity the one-level density of their zeros
matches the one-level density of eigenvalues of large random matrices from certain classi-
cal compact groups in the appropriate scaling limit. We remove the square-free restriction
by obtaining a trace formula for arbitrary level by using a basis developed by Blomer and
Mili¢evi¢, which is of use for other problems as well.

1. INTRODUCTION

Montgomery conjectured that the pair correlation of critical zeros up to height T of
the Riemann zeta function ((s) coincides with the pair correlation of eigenvalues of random
unitary matrices of dimension N in the appropriate limit as 7, N — oo. This remarkable
connection initiated a new branch of number theory concerned with relating the statistics of
zeros of ((s), and of L-functions more generally, to those of eigenvalues of random matrices.
While additional support for this agreement was obtained by the work of Hejhal on the
triple correlation of ((s), Rudnick and Sarnak [RS| on the n-level correlation for cuspidal
automorphic forms, and Odlyzko [OdI] [Od2] on the spacings between adjacent zeros of
((s), the story cannot end here as these statistics are insensitive to the behavior of finitely
many zeros. As the zeros at and near the central point play an important role in a variety
of problems, this led Katz and Sarnak [KS1] to develop a new statistic which captures
this behavior.

Definition 1.1. Let L(s, f) be an L-function with zeros in the critical strip py = 1/2+ivs
(note v7 € R if and only if the Generalized Riemann Hypothesis holds for f), and let ¢ be
an even Schwartz function whose Fourier transform has compact support. The one-level
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density is
v
= —logc 1.1
> 6 (3L 1ozey), (L.1)
Pf
where ¢y is the analytic conductor.

Their density conjecture [KS1, states that the scaling limits of eigenvalues of clas-
sical compact groups near 1 correctly model the behavior of these zeros in families of
L-functions as the conductors tend to infinity. Specifically, if the symmetry group is G,
then we expect

/ o(x)W1 (G / (T (G) (1)t (1.2)

where K(y) = 2% K (2,y) = K(x — y) + eK (x + y) for e = 0,41, and

W1(SO(even))(z) = Ki(z,x)
W1 (SO(odd))(z) = K_qi(z,z)+ do(x)
Wi(O)(a) = 3Wi(SO(even))(a) + 51Wi(SO(odd))(a)
Wi(U)(z) = Ko(x, )
Wi(Sp)(z) = Koi(z,x). (1.3)

While the Fourier transforms of the densities of the orthogonal groups all equal dp(y)+1/2
n (—1,1), they are mutually distinguishable for larger support (and are distinguishable from
the unitary and symplectic cases for any support). There is now an enormous body of work
showing the 1-level densities of many families (such as Dirichlet L-functions, elliptic curves,
cuspidal newforms, Maass forms, number field L-functions, and symmetric powers of GLo
automorphic representations) agree with the scaling limits of a random matrix ensemble;
see [AATLMZ], [AM|, DMT), [FiMil, [FT, [Gaol [GK], [Giil, [HM), [HR], ILS], [KST) [KS2], Mil, MilPel
[0S1],[0S2, RR] Rol [Rubll, [Rub2, [ShTe, [Yal, [Yo] for some examples, and [DM2, [ShTe]

for discussions on how to determine the underlying symmetry. For additional readings
on connections between random matrix theory, nuclear physics and number theory see
[BEMT-B, [Conl, [CFKRS], [FM, [For}, [KeSn1], [KeSn2], [KeSn3], [Meh|

We concentrate on extending the results of Iwaniec, Luo, and Sarnak in [ILS]. One
of their key results is a formula for unweighted sums of Fourier coefficients of holomorphic
newforms over all newforms of a given weight and level. This formula writes the unweighted
sums in terms of weighted sums to which one can apply the Petersson trace formula; it
is instrumental in performing any averaging over holomorphic newforms, since one can
interchange summation and replace the average of Fourier coefficients with Kloosterman
sums and Bessel functions, which are amenable to analysis.

A drawback of their formula is that it may only be applied to averages of newforms of
square-free level. One reason is that the development of such a formula depends essentially
on the construction of an explicit orthonormal basis for the space of cusp forms of a given
weight and level, which they only computed in the case of square-free level. In 2011,
Rouymi [R] complemented the square-free calculations of Iwaniec, Luo, and Sarnak, finding
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an orthonormal basis for the space of cusp forms of prime power level, and applying this
explicit basis towards the development of a similar sum of Fourier coefficients over all
newforms with level equal to a fixed prime power.

In 2015, Blomer and Mili¢evic¢ extended the results of Iwaniec, Luo, and Sarnak
and Rouymi by writing down an explicit orthonormal basis for the space of cusp forms
(holomorphic or Maass) of a fixed weight and, novelly, arbitrary level.

The purpose of this article is, first, to leverage the basis of Blomer and Mili¢evi¢ to
prove an exact formula for sums of Fourier coefficients of holomorphic newforms over all
newforms of a given weight and level, where now the level is permitted to be arbitrary
(see below, as well as Proposition for a detailed expansion). The basis of Blomer and
Mili¢evié¢ requires one to split over the square-free and square-full parts of the level; this
splitting combined with the loss of several simplifying assumptions for Hecke eigenvalues
and arithmetic functions makes the case where the level is not square-free is much more
complex. As an application, we use this formula to show the 1-level density agrees only
with orthogonal symmetry.

1.1. Harmonic averaging. Throughout we assume that k, N > 1 with k even. To state
our formula for sums of Fourier coefficients, we let H}(NN) denote the set of holomorphic
cusp forms of weight k and level N which are new of level N in the sense of Atkin and
Lehner, and let Af(n) denote its n'h Fourier coefficient (see the next section for more
details).

For any cusp form f, we introduce the normalized Fourier coefficients

N 1/2
Wyn) = (%) 1717 A (), (1.4)

where || f||> = (f, f). We then define

Ap n(m,n) = Z U, (m)¥,(n), (1.5)
gEBK(N)

where By (N) is an orthonormal basis for the space of cusp forms of weight k& and level N.
The importance of Ay y(m,n) is clarified by the introduction of the Petersson formula in
the next section.

Using the orthonormal basis By (V) of Milicevi¢ and Blomer, we then prove the following
(unconditional) formula.

Theorem 1.2. Suppose that (n,N) =1. Then

_ 2 !
> o) =t S I () X m st (1)
)

fEH} (N LM=N p2|M (m,M)=1

This formula may be immediately applied to variety of applications involving holomorphic
cusp form Fourier coefficients and L-functions. Rouymi uses his basis and formula to study
the non-vanishing at the central point of L-functions attached to primitive cusp forms;
we elect to apply our formula to generalize [ILS| Theorem 1.1] on the one-level density of
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families of holomorphic newform L-functions by removing the condition that N must pass
to infinity through the square-free integers.

1.2. The Density Conjecture. Before stating our results, we introduce the L-function
L(s, f) associated to a f € H}(N) as the Dirichlet series

L(s, f) = Z)\f(n)n_s. (1.7)
1

See Section 3 of [ILS] for the Euler product, analytic continuation, and functional equation
of L(s, f) (or its symmetric square); L(s, f) may be analytically continued to an entire
function on C with a functional equation relating s to 1—s. We now assume the Generalized
Riemann Hypothesis for L(s, f), and, for technical reasons, L(s,sym? f) as well as for all
Dirichlet L-functions (see Remark [[0]). Then we may write all nontrivial zeros of L(s, f)
as

I
oy = 5+ (1.8)

For any f € H}(N), we denote by c; its analytic conductor; for our family
c; = k*N. (1.9)

Towards the definition of the one-level density, we first define for a fixed form f

Di(f:¢) = Z¢(;_7J:_10gcf) (1.10)
s

where the ordinates ¢ are counted with their corresponding multiplicities, and ¢(z) is an
even function of Schwartz class such that its Fourier transform

o = [ " pa)e 2y (1.11)

has compact support so that ¢(z) extends to an entire function.
Our family F(N) is Hj(N), where the level N is our asymptotic parameter (and J =

Un>1F(N)). It is worth mentioning that |H}; (V)| Moo, 00; precise asymptotics are given
in Appendix[C] Then the one-level density is the expectation of Dy (f; @) averaged over our
family:

Dy(Hi(N); ¢) = m f;m Di(f;9). (1.12)

Iwaniec, Luo, and Sarnak [ILS| prove prove the Density Conjecture with the support of
¢ in (—2,2) and as N runs over square-free numbers. We prove the following theorem with
no conditions on how N — co.
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Theorem 1.3. Fiz any ¢ € S(R) with supp ¢ C (=2,2). Then, assuming the Generalized
Riemann Hypothesis for L(s, f) and L(s,sym? f) for f € H}(N) and for all Dirichlet L-
functions,

1 ! : = . x x)dx
ngamwfeﬂzmmum / @ M(0)(a)d (1.13)

where W1(0)(z) = 14160(x); thus the 1-level density agrees only with orthogonal symmetry.

Remark 1.4. While they are also able to split the family by the sign of the functional
equation, we are unable to do so. The reason is that for square-free level N the sign of the
functional equation, €y, is given by

ef = "u(N)Xp(N)N/2 (1.14)

(see equation (3.5) of [ILS]). By multiplying by 3(1 & €f) we can restrict to just the even
or odd forms, at the cost of having an additional A\;(IN) factor in the Petersson formula.
This leads to involved calculations of Bessel-Kloosterman terms, but these sums can be
evaluated well enough to obtain support in (—2,2). Unfortunately there is no analogue of
their equation (3.5) for general level (once the level has a p? or larger factor, then the level
does not determine the local representation and so doesn’t determine the root number).

Remark 1.5. We briefly comment on the use of the various Generalized Riemann Hypothe-
ses. First, assuming GRH for L(s, f) yields a nice spectral interpretation of the 1-level
density, as the zeros now lie on a line and it makes sense to order them; note, however,
that this statistic is well-defined even if GRH fails. Second, GRH for L(s,sym? f) is used
to bound certain sums which arise as lower order terms; in (page 80 and especially
page 88) the authors remark how this may be replaced by additional applications of the
Petersson formula (assuming GRH allows us to trivially estimate contributions from each
form, but a bound on average suffices). Finally, GRH for Dirichlet L-functions is needed
when we follow and expand the Kloosterman sums in the Petersson formula with
Dirichlet characters; if we do not assume GRH here we are still able to prove the 1-level
density agrees with orthogonal symmetry, but in a more restricted range than (—2,2).

The structure of the paper is as follows. Our main goal is to prove the formula for sums
of Hecke eigenvalues and then use this to compute the one-level density. We begin in §2
with a short introduction of the theory of primitive holomorphic cusp forms, as well as the
Petersson trace formula and the basis of Blomer and Mili¢evi¢. In §3 we find a formula for
Ay, n(m,n), which we leverage in §lto find a formula for A} y(n) (Theorem[L2). Using our
formula, we find bounds for A27N(n) in §8l culminating in the computation of the one-level

density in §6l (Theorem [L3]).

2. PRELIMINARIES

In this section we introduce some notation and results to be used throughout, much of
which can be found in .
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2.1. Hecke eigenvalues and the Petersson inner product. Our setup is classical.
Throughout k, N are positive integers, and k is even. We consider the linear space Si(N)
of cusp forms of weight k and trivial nebentypus for the Hecke congruence group I'g(V).
Each f € Si(N) admits a Fourier development

= Zaf(n)e(nz), (2.1)

n>1

where e(z) := €?™* and the af(n) are in general complex numbers, though as we only
consider forms with trivial nebentypus, our Fourier coefficients are real.

It is well known that Sk(N) is a finite-dimensional Hilbert space with respect to the
Petersson inner product

(f.9) = / (g 2dedy, (22)
To(N)\H

where $) denotes the upper-half plane $ = {z € C : (z) > 0}. Given a form on T'o(M),
it is possible to induce a form on T'o(N) for M | N. We call such forms for which M < N
“old forms”; the ones not induced from a form with M < N are called the “new forms” or
“primitive forms.” Occasionally we will write the inner product with a subscript such as
(f,g)n to indicate we are considering f and g as forms on I'o(N), when perhaps (f, g)um
might make sense as well.

Atkin and Lehner [AL|] showed that the space Si(N) has a canonical orthogonal decom-
position in terms of newforms. Let H} (M) be the set of newforms of weight k and level M
(typically we choose M to be a divisor of N). Then

= P P s (2.3)

LM=N feH} (M)
where S (L; f) is the linear space spanned by the forms
fielz) = £5f(tz) with €| L. (2.4)

Though the forms f|,(z) are linearly independent, they are not orthogonal.
If f e Hi(M) then f is an eigenfunction of all Hecke operators Ths(n), where

TN = = aZ (4 )k/z > f(“”b) (25)

(mod d)
(a,M)=
For a fixed f € Hj (M), let A¢(n) denote the eigenvalue of Thr(n); i.e.,
Tu(n)f = Ap(n)f (2.6)

for all n > 1. The Hecke eigenvalues are multiplicative; more precisely, they satisfy the
following identity for any m,n > 1:

Apm)Ap(n) = > Ap(mn/d?). (2.7)
([ciz‘,(z\?)ﬂ
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We normalize so that
af(l) = 1. (2.8)
Then af(n) and A\f(n) are related by
ag(n) = )\f(n)n(k_l)/z. (2.9)

Deligne showed that the Weil conjectures imply the Ramanujan-Petersson conjecture for
holomorphic cusp forms, and then proved them. As a consequence, for f € Si(N) we have
the bound

[Ar(n)] < 7(n), (2.10)
where 7(n) is the divisor function, and if f € H;(M) and p | M, then
1 .
5 ifp|[N
Ap(p)? = (P 2.11
s(v) {0 if p2 | N. 1)

We recall the definition ([4) of the normalized Fourier coefficients Wr(n) attached to
any cusp form f:

r(k—1\"% .
v = | ————= . 2.12
) = (=) I st <5 o 212
Let Bi(N) be an orthogonal basis of Si(/N). Then
|Br(N)| = dimSg(N) =< v(N)k (2.13)
where
v(N) = [Co(1) : To(N)] = N[Ja+1). (2.14)
pIN
From the Atkin-Lehner decomposition, we also deduce
dim Sp(N) = > (L) [HA(M)]. (2.15)
LM=N
Recall Definition ([L3) of Ay n(m,n):
A n(m,n) = Z U, (m)Wy(n). (2.16)
gEBK(N)

The importance of A n(m,n) is established by the Petersson trace formula.
Proposition 2.1 (Petersson [P]). For any m,n > 1 we have

Apn(m,n) = §(m,n) + 2mi* Z c1S(m,n;e) 1 (
¢=0 (mod N)

47“/%) . (217)
c
Though the quantity Ay y(m,n) is basis independent, we would like to compute with the
Petersson trace formula using an explicit basis B (IN) to average over newforms. However,
as remarked, the spaces Si(L; f) do not have a distinguished orthogonal basis. Therefore,
to produce a basis Br(N), we need a basis for the spaces Si(L; f). Iwaniec, Luo, and
Sarnak [ILS|] write down an explicit basis when N is square-free. As we will see in the next
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section, Blomer and Milic¢evié have recently obtained a basis for arbitrary level N.
Our first key idea, a kind of trace formula for sums of Hecke eigenvalues over newforms in
the case N is arbitrary, is an explicit computation with this new basis. Our second key
idea on the one-level density of the L-functions L(s, f) for f € H}(N) uses our first key
idea in an essential way to reduce the problem to the one already treated by Iwaniec, Luo,
and Sarnak.

To H} (M) we often associate xo.as, the trivial character mod M:

Xosm () = xoj (n) ( .) (2.18)
xo:m(n) =0 otherwise.

2.2. An orthonormal basis for S;(N). For f € H};(M) consider the following arithmetic
functions, which coincide with the ones defined in [BM| up to a few corrections [BM2)].

b)A; (D)
ri(e) = - % ZXOMbg 7/5' ZXOM . (2.19)

where f1¢(c) is the multiplicative function given implicitly by

piy(c) (2.20)
or explicitly on prime powers by
, “Arlp) J=1
pr(’) = {xom(p) j=2 (2.21)
0 j>2
and
=S 7"0”‘:(74). (2.22)
r|b
For ¢ | d define

re(d)/2(d/O12B(d)E) (d/0)Y2(rs(d)a(d))!/?

Write d = dyds where dy is square-free, ds is square-full, and (dy,d2) = 1. Thus p || d
implies p | di and p? | d implies p? | do. Then for £ | d define

é‘d(g) = é‘éll((dlv ))é‘ ((d27 ))7 (2'24)
and let f |; (2) be defined by f |, (2) = £¥/2f(£z). Blomer and Milicevi¢ prove the following.
Proposition 2.2 (Blomer and Milicevi¢ [BM, Lemma 9|). Let

= S l®f e (2), (2.25)

o)d
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where N = LM and f € H;(M) is Petersson-normalized with respect to Petersson norm
on level N. Then {fy:d | L} is an orthonormal basis of Si(L; f).

We record the following identities, which are useful to later prove Proposition 31l For
prime powers, {;(¢) simplifies as

a@) =1, @) = (1) (1= xou () /p?)) "
&p) = (P2 & (") = 2A6,00%)
S0 = i@, G0 = P00, (2.26)

In addition, we will make use of the following lemma. Originally stated in the context of
square-free level, the same proof holds in general.

Lemma 2.3 (Iwaniec, Luo, Sarnak [ILS| Lemma 2.5|). If f is a newform of weight k and
level M | N, then

_ v(N)p(M
(o = o M 5 gy (2.27)
where @ is the Euler totient function, and
Z(s, f) = Z)\f(nQ)n_s. (2.28)
1
It is often convenient to work with the local zeta function
Zn(s, f) == > A, (2.29)
e

If f € H{(N), then one deduces from (ZII]) that the local Euler factors of Z(1, f) are given
by
(1 + %) prip)~t i piN
-1 -1
Zp(1, f) = (1 + %) (1 _ %) ifp|| N (2.30)
1 it p2 | N,

where p¢(c) is the multiplicative function

2 2
prlc) = ZM(b)b(éjfb?) = H (1—1)(%@) > . (2.31)

blc ple
Assume now that N = LM and f € H;(M), and, writing
p(L, M) = ]9 (2.32)
pPIIL
p|M

note that
Zimypran (s, f) = Zn(s, f). (2.33)
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Specializing to s = 1, we find

2
H o) = Zn(1, ) ] <p2p_1>. (2.34)

p){p\L p?|M
M=1

90(
We also note that if pt M, then rs(p) = pp(p), and if p | M, then r¢(p) = 1 — X(p)?/p.

3. A FORMULA FOR Ay y(m,n)

In this section we provide an explicit formula for Ay y(m,n) in terms of Hecke eigen-
values. We begin with a result about the coefficients inherited from the orthonormal basis
defined in Proposition Note that if f(z) € Hj (M) has Fourier expansion

= Zaf(n)e(nz), (3.1)
n>1
then
= Y &Of e (2) = > &) f(tz), (3.2)
¢ld ¢ld

so the coefficients of the Fourier expansion of fy(z) are given by
ap,(n) = > O Pag(}). (3.3)
£)(d,n)

Let N = LM and let f be a newform of weight k and level M. Let f' = f/||f||n so
that f’ is Petersson-normalized with respect to level N. Then by Proposition 2] the set
{f} - d| L} is an orthonormal basis of Si(L; f). Let

(V) = U U U (3.4)

LM=N feH} (M) d|L
be our orthonormal basis for S (NN), and note that

)\f(n)n(k_l)/z

af/(n) = T (3.5)
We have
12 M 1
Agn(m,n) = (k= Du(N) 2= (M) refn Z(1,f)
DN D IRGEEVICON N PRGN R (3.6)

d|L \/|(d,m) £|(d,n)
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We now give an explicit formula for Ay x(m,n) in terms of Hecke eigenvalues. Assume
(m,n, N) =1 and let

Salmn; f) = | Y &0 ()| | DD @ ap(3) (3.7)

£)(d,m) L) (d,n)
for d | L | N, and note that
Balmonif) = Y Eall)&a(la)(Cal) A (BIAF(E). (3.8)

L1|(d,m)
l2](d,n)

We can rewrite the formula ([B.6]) as

12 M 1 _ .
Apn(m,n) = =S > ) > 7 f)Z:d(m,mf). (3.9)

L=~ % feH! (M) 7L

Using the multiplicativity of Fourier coefficients, one readily obtains that if (¢1,¢3) = 1,
and ¢105 | m, then

(A = Ar(m)As(gg)- (3.10)
Using the multiplicativity of £;(¢) and this identity, one finds that if (g1,¢92) = 1,
Egi(m,n; f) - Ego(myn; f) = Ap(m)Ap(n)Zg,g,(m,n; f). (3.11)

This allows us to reduce to the case of studying Z,e(m,n; f). Applying BII) to (B8]
yields

12
A = —
BN (1) = T
M 1 —w =
Z 200 Z 70 (Ap(m)Ap(n))' ) H <Z Ed(m,n; f))a (3.12)
=y eM) L= Z(1,f) . <
LM=N fEH} (M) p*||L dlp
with w(n) the number of distinct prime factors of n.
The task clearly becomes to understand the quantity

dlpe

The following proposition achieves this. To simplify notation, we introduce the following
symbols. Put

&, (a) = {q ala (3.14)

1 otherwise.

(3.15)

1 ¢ a; for some @
A (ar,az,...,ay) = { | a;

0 otherwise.
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Proposition 3.1. Suppose (m,n,N) =1. Then

2
Apn(m,n) = = —121)N Z H <p2p_1> Z ZZJ\f((ﬁafJ;) (Ap(m)Ap(n)) @1

LM=N p2|M feH; (M)

x [Trs) TT Voo (mins f)
p|L p*||L
M

(3.16)
where
. B . ; (p)2 XO;M(p)
Voo (m,n; f) = Ap(m)As( )(1"’ (1 + xor(0)/p)2 - r(p) p2-rf(p)(1—X0;M(P)/P2))

+ Bp(nm)Ay(m/dep(m))Ap(n/dy(n))
y < —\s(p) N —As(p)xo;01(p) >
ri(p) (1 +xom()/p)  p-rp(p) (1 = x0,0(P)/P?)
XO;M(p) >
re(p) (1 = xo.n(p)/p?)

+ *p2 (n, m)/\f(m/&pz (m))/\f(n/&pQ (n)) <

(3.17)
if a > 2 and
Vye (m, n; f) AA>M<>G+pu+mM@m¥4ﬂm> (3.18)
—A
+ dy,(nm)N g (m /ey (m)) N p (1 /ey (1)) <rf(p) (1 +];<(fz)\4(p)/p)>
if a=1.

(Note that the cases p | m and p | n are mutually exclusive. Thus the formulas given by

BI7) and ([B.I8]) are well-defined.)
Proof of Proposition[31. Using ([B.12]), we write

Akw(m,n)
12 M 1
T T 5y o0 | B, 7 M T e
_ 12 M 1 m n 1—-w(L)
& —1u(N) LJ‘;N (M) feHzg%M (1, 1) (Ap(m)Ag(n))
< 1T e rs) T Voo (mons f
p|L p*||L
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e S () X 2 gy

LM N p2|M fEH; (M)
X H rr(p H Vpa(m,n; f).

p|L p*||L
pIM

The second line follows from the first as p { M implies that 7¢(p) = ps(p). To conclude
the proof, we need to obtain the correct expressions for Vja(m,n; f). These are proved in

Appendix [A] O

As the formula given by (B is unwieldy, we assume (m, N) =1 and (n,N) =1 for the
remainder of the paper. We have the following useful lemma:

Lemma 3.2. Write LM = N. Fiz f € H;(M). Then if (n,N) =1 and (m,N) =1 we

have

Apm)A ) B T rr ) T Voo tmons f)

p|L p*||L

pIM
= Am)Ar(n) I (pf—il) I1 <p2pi1>. (3.19)

p*|L p|L
ptM pl|M

We give the proof in Appendix [Bl Proposition Bl and Lemma imply
Lemma 3.3. Suppose (m,N) =1 and (n,N) =1. Then

Apn(m,n) = (k—121)NH (p > >y ZN(llf"; Fm)As(n).  (3.20)

p2|N LM=N feH}: (M)

4. BETWEEN WEIGHTED AND UNWEIGHTED SUMS
We now introduce the arithmetically weighted sums, as defined in [ILS| (2.53)],

Apymmn) = 3 Ap(m)As(m)Zn (1L, f)

(4.1)
FeT(V) Z(1, f)

This allows us to state one of our main results, which generalizes Iwaniec, Luo, and Sar-
nak [ILS|, Proposition 2.8] and Rouymi [R], Proposition 2.3].

Proposition 4.1. Suppose (m,N) =1 and (n,N) = 1. Then

2
Apx(m.n) = ﬁ 11 <]%> S OY apymta) (42)

p2|N LM=N ¢|L>
(6,M)=1



ONE-LEVEL DENSITY FOR HOLOMORPHIC CUSP FORMS OF ARBITRARY LEVEL 14

and
. k—1 ! _
Ak,N(m7 n) = T Z M H ( > Z ¢ lAk,M(mgzv ’I’L), (43)
LM=N p2|M £|L*®
| (Z,J‘\/I):l

where M’ denotes the square-free part of M and N" denotes the square-full part of N.

Proof of Proposition [{.1 We first prove ([£.2). Note the following: (m, N) =1and (n,N) =
1imply (m,M) =1, (n,M) =1, and (¢{,m) = 1.
These observations together with Lemma B3] imply

12 Z )3, N Zu (L f) |
Apn(m,n) = mﬂ <p > > D L/pLMZ( L7 = Ap(m)Ag(n)

p2|N LM=N feH} (M)

- OGS S (X v 28 D

9

2N LM=N feH} (M) (L
(¢,M)=1
— _1NH< — > SN AL (P ). (4.4)
P LM=N f|L*>
(E,M):

We are now ready to prove ([3]) using Mobius inversion. We begin with

—1
LS MH< ) S A (e, )

LM=N p \M Z|L°°
(2, M)
- S I () X e I
12 -1 — 1 M p?—1
LM=N p2|M e|L°o p2|M
(6,M)=

< S Y )

QW=M feH; (W)

I VEDY (Z (@) 2T o)

LM=N QW=M feH; (W) é\Loo
(t.0M)=
_ Z Z Z ZN 1 f Ap(m)Ag(n). (4.5)
LM=N QW MfEH*
Let
ON(W) = L)) (46)
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Interchanging orders of summation yields

Doou@) Y OnW) = D ONW) Y u(l) = Afn(m,n), (4.7)

LM=N QW=M W|N L|ﬂ
w

as the Mébius sum vanishes unless W = N and On(N) = A} y(m,n). O

One of our primary applications of Proposition f1]is to obtain a formula for pure sums
of Hecke eigenvalues. We define the pure sum

Nin() = Y Apn) (4.8)
JEH(N)
and prove Theorem from the introduction, which we restate here for convenience.

Theorem Suppose that (n,N) = 1. Then

bt = St 3w T (52

LM=N p2|M

-1
> Z m A (m?,n). (4.9)

(m,M)=1

Proof. We remove the weights in ({I]) by summing m_lA;N(m%n) over all (m,N) = 1.
On one side we have

S m At = Y met Y AmOAMZN(LS)

(m,N)=1 (m,N)=1 feH*(N) Z(1.1)
= Z ( f Z Z €m 1)\f 62 )\f( )
FEHE(N) —1 (N>
_ 7(n) 1y 2
- Z(l,f)zr M
FEHF(N) r>1
— Z Ap(n
FEHZ(N)
= Apn(n). (4.10)
On the other hand we have, using [@3)), for (n, N) =1,
> mT Agn(m?,n)
(m,N)=1
k1 - 1
_ —1F 2
= Z moe Z MH <p _1> Z ZAk,M((mE) .n)
(m,N)=1 LM=N p2|M oL>=
(6,M)=1
k-1 -
:TZ MH( 1) Z Z—Akaé) n)

LM=N p2| M =1 Z\L‘”

(6,M)=
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k—1 P? - 1 2
= — LYM —A . 4.11
o 2 roM ]l <p2—1> 2 plka(m?im) (4.11)
LM=N p2| M (m,M)=1
This completes the proof. O

5. ESTIMATING TAILS OF PURE SUMS

One might inquire about the convergence of the innermost sum in Theorem (L2]). It is
assured by the holomorphy of L(s,sym? f), but is not absolute (see [ILS p. 79| for a full
discussion). For this reason, following [ILS| §2], we begin our work towards the Density
Conjecture by splitting

rn(n) = A y(n) + APy (n) (5.1)
where

_ 2\ L
) = S8 S e [T (G5) X m A, 652

LM=N PRIV (mAD=1
L<X m<Y

and Af°y(n) is the complementary sum. Here X,Y > 1 are free parameters.
We consider sequences A = {a,} that satisfy

> Mlgag < (nkNY* (5.3)
(g;nN)=1

for all f € H;(M) with M | N such that the implied constant depends only on e. The
sequence we need for our application, given by

ag = pPlogp  ifg=p<Q, (5.4)

and a, = 0 elsewhere, satisfies this property provided log Q < log kN; see [ILS| p. 80| for
more details.

Lemma 5.1. Suppose (n, N) =1 and that A satisfies (5.3). Then
Y AFy(ng)a, < EN(XT'+YVA(mENXY).

5.5
(g,;nN)=1 ( )
Proof. Suppose (¢,nN) = 1. By Lemma [B.3] we write
Pvng) = > uL) D Ap(ng)
KLM=N feH} (M)
L>X
+ Y wll) D> A(ng)Rp(KM;Y) (5.6)
KLM=N FEH}: (M)
L<X
where Zienr (L. 1)
Rp(KM;Y) = B0 N =iy (m?). (5.7)
ZOL1)  ich=1

m>Y
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By the Riemann Hypothesis for L(s,sym?(f)) we have
Ry (KM;Y) < Y V2(kKMY)*. (5.8)
Combining this fact with the Deligne bound for |)\f(n)| we have

Z Aanqaq_ Z Z Ap(n Z )‘f

(g,nN)= K%J\;[;N fEH* (M) (g,nN)=
+ Y L) > NMRAEMY) > Ag)
K%J\éf)?N feH*(M (¢;nN)=1

< Y w@)HE(M)|r(n)(nkN)*

KLM=N
L>X
+ ) u)HE(M) |7 (n)Y TV (kK MY )* (nkN)®
KLM=N
<
k—1 .
< Z (L) 19 @(M)7(n)(nkN)
KLM=N
L>X
-1
+ > ( >cp(M)T(n)Y_l/Z(k;KMY)a(nkN)E
KLM=N
L<X
< Y ERMENYF+ > ENY T V2(RKMY) (nkN)®
KLM=N KLM=N
L>X L<X
< EN(X7' 4+ Y V2)(nkNXY). (5.9)
This establishes the lemma. U

We now substitute the Petersson formula (Proposition 1)) for each instance of Ag pr(m?,n)
to obtain an exact formula for A} y(n) in terms of Kloosterman sums.

Proposition 5.2. Suppose (n,N)=1. Then

() = 5Y(m2=")k1_21"_1/2 Z L)M H <p _1>

-1

LM=N p2|M
L<X
k-1 -
—_— LYM
P S o T (55)
LM=N p2|M
L<X
drm~/n
-1 -1 2 .
Z m~'2mik Z ¢ - S(m* n;e)Jr_1 ( . >,
(m,M)= ¢=0 (mod M)

m<Y
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where

(5.10)

Sy (m2,n) = 1 ifn :7.712 and m <Y,
0 otherwise.

We recover the bounds for |H; (V)| given by Martin in [Mal Theorem 6(c)| and use them
to prove the following proposition in Appendix [Cl

Proposition 5.3. We have that as kN — oo

eI (1- 1

)+0(<kzv>2/3) < ) < Lo+ o (k).

2 12

p=p

(5.11)

6. THE DENSITY CONJECTURE FOR H}(N)

Fix some ¢ € §(R) with éb\ supported in (—u,u). We reprise some basic definitions from
the introduction.
To a holomorphic newform f, we associate the L-function

o0
L(s, f) = Z)\f(n)n_s. (6.1)
1
Assuming the Riemann Hypothesis for L(s, f), we can write its non-trivial zeros as
1.
ey = 5+ (6.2)
We are interested in the one-level densities of low-lying zeroes. We recall the definition of
Dy(f;¢) in [LID):
v
Di(fi0) = Yo (Lloger), (6.3)
s

where ¢y is the analytic conductor of f which in our case is k’N. We also introduce a
scaling parameter R which we take to satisfy 1 < R < k?N.
Iwaniec, Luo, and Sarnak [ILS| §4] establish that for f € Hj(N)

Y

D(fi0) = B(0) = P(Fi0)+ 0 (55 ) (6.4
where
B(9) = 3(0) + 56(0) (65
and
PU) = Y\ ook ) ZEL (6:6)

ptN
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Note that their argument does not depend on N being square-free. The Density Conjecture
concerns the average over H}(N), so we consider the sum

Bi(g) = Y. Dilfi9). (6.7)
FEH](N)

Substituting (6.4 into the above we find that

log log kN
Bi(0) = [HEV)| B(@) - 930) + 0 (g ()| 5250 ) (6:5)
where
(s « o\ (logp\ 2logp
Pi(o) = MZNAk,NW (k)g R) Tl B (6.9)

In order to establish that as kN — oo that the main term of By (¢)/ |H;(N)| is E(¢), we
need to establish that P} (¢) = o(ke(IN)). This is sufficient because |H}(N)| < ko(N), as
we showed in Proposition B3]

We can now write

~(logp 2log p
TH0) = 3 (Ma) + A0 & (0 ) . (6.10)
o logR) \/plog R
We first bound
~ (logp 2logp
APy (p)o < > . 6.11

Let a4 be as in (0.4) for ¢ < R* and 0 for ¢ > R" (the latter is due to the appearance
of &5\, which is zero for P > R"). We see that this sequence satisfies the condition on @
in the definition (5.4)), and since ¢ is of Schwartz class, we may apply Lemma B with
X =Y = (kN)? for small positive § to find

o~

ZAz?N(p)¢<logp > 21060 o EN(XL LY V) ENXY) = o(kp(N)). (6.12)

o logR /) \/plog R
Next we must estimate the other term from (6.10]),
~(logp 2logp
M6 = 3 M (Er) . (6.13)
o logR/) \/plog R
To begin, define
) 4mm ~(logp 2logp
rn(mic) = 2mi 2 pe) iy | —— : 14
Qhntmic) = 2ri* 3 St i) () o (k) ks G

Then we apply Lemma to each instance of A} 5. Note that the first term in Lemma
disappears because p is never a square. Then, moving the initial summation over p { N
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into the expression, we can rewrite in terms of QZ.N(m; c):

i = Lol S o [T (G2) 2 o 5 g

LM=N p2|M (m,M)= e=0(M)
L<X m<Y
(6.15)
Iwaniec, Luo, and Sarnak §6] prove the bound (which still holds for N not square-free)
Qkn(mic) < F(z)mP?(kN)® (log 2¢) 2, (6.16)

where z = 4mm\/P/c, P = R* with some v’ < u, and 5(z) = 2% if 3z < k; this bound
appears after their equation (6.17), and uses GRH for Dirichlet L-functions (they expand
the Kloosterman sums with Dirichlet characters). In order to apply this bound we need to
secure 12rm P2 < ke (s0 as to satisfy a condition on an estimate for the Bessel function).
Noting that m < Y and ¢ > M > N/X, it suffices to have 127 XY PY/2 < kN. Taking
logarithms, this becomes a condition on u, namely

2(1 — 26) log (kN)

6.17
log(k2N) (6.17)
For w in this range we can apply the estimate (G.186]) to find
N E—1
Mi(9) = 12 Z u(L)M
LM=N
L<X
- —1o—k,  pl/2 -2
X H < 1) Z m- Z ¢ 27" mP*(kN)*(log 2c)
p?IM (m,M)= e=0(M)
m<Y
= EeLokpragyye S owmm I] el Z Z L(log 2¢)~2.
12 2 —_1
LM=N P2 M M)=1 c=0(M
L<X m<Y
(6.18)
Trivial estimation plus the bound
> L _ 2 (6.19)
——— il _
iy c¢(log c) M
yields
logp\ 2logp k=1, kpis2
A, ~——27kp2(kN 6.20
Z <logR> Vplog R < 12 (kN)"X (6.20)

which is o(kp(N )) for e +26 < 1/2.
Thus by taking § sufficiently small and applying the combined estimates for the completed
sums, ([6I2) and ([G20), we have established that P} (¢) = o(kp(N)) where ¢ is supported
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n (—u,u) and

2log kN
— 21
log k2N’ (6:21)

which implies the following.

Theorem 6.1. Assuming the Generalized Riemann Hypothesis for L(s, f) and L(s,sym? f)
and for all Dirichlet L-functions, the Density Congjecture holds for the family Hi(N) for
any test function ¢(x) whose Fourier transform is supported inside (—u,u) with u given

by ©6.21).

We immediately obtain the following.

Theorem [I.3l Fiz any ¢ € S(R) with supp ¢ C (=2,2). Then, assuming the Generalized
Riemann Hypothesis for L(s, f) and L(s,sym? f) for f € H;(N) and for all Dirichlet L-

functions,

lim S Difi0) = /_Oo 6() W1 (0)(x) da (6.22)

*
N—oo ‘H feH*(N
where W1(0)(z) = 1—|—§50(x); thus the 1-level density agrees only with orthogonal symmetry.

APPENDIX A. SIMPLIFYING Vpa(m,n; f)

Definitions needed in the appendix can be found in Section Bl We have the following:
ZEd(m,n;f) = Ei(m,n; f) +Zp(m,n; f) + -+ Epo
d|p>

= GMEMAMAr(n) + Y &0)EL) (1) P A (BINF(E)

Zl'(p7 )

L2|(pn)
+ Z fp2(€1)§p2(52)(5162)1/2)\]”(%))\1”(%), (A1)
41](p?m)
£2|(p?,n)

where the remaining summands vanish for the following reason: Suppose p | m. Then
p| (m,L)so (m,n, N) =1 implies that p{n. Then if ¢y | (p,n) we must have fo = 1, and
similarly if p | n; hence §,5(1) vanishes for § > 3. Thus we have

Voo (m,n; f) =) Ea(m,n; f)
d|p>
= Ap(m)Ag(n) +&(1)*Ap(m)As(n)
+ & (nm)&,(p)&p(1)p 1/2)‘f(m/“p(m)))‘f(n/“p(n))
+ & (1A (m)A£ () + By (nm)& (p)E,2 (1) 2N (/e (m)) A (1 /oy ()
+ 2 (1, 1) 62 ()€ (1)pA g (1) oy () ) A (1 oy (n)
= Ap(m)Ap(n)(1+&(1)* +&,2(1)%)
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+ W (nm)A g (m/dey(m))A s (/e (1)) /D(Ep(P)Ep(1) + &2 (P)€p2(1))
+ 8,2(n,m)E,2 (PP)E,2(1)pA s (m /2 (M)A f (1) o2 (1))
As(p)? X0, (p
= Ar(m)A¢(n) <1 + b+ xo;A;Ep;/p)z () p2ri(p) (1 — )503\/[(29)/]92))
+ Wy (nm) A (m/dop(m)) A g (r/dop(n))
( —Ar(p) L —A@xom(p) )
ry(p) (L + X0 (p)/p)  pry(p) (1 — xo;m(p)/P?)

+ sz (n, m))\f(m/&;ﬂ (m))/\f(n/*;ﬂ (n)) <rf(p) (1XE;A)2[0(-219\4)/(]9)/292)> '
(A.2)

and now (BI8) follows by removing the contribution from the p? terms.

APPENDIX B. VERIFICATION OF LEMMA

Lemma B.1 (Lemma B2). Write LM = N. Fiz f € H;(M). Then if (n,N) =1 and
(m,N) =1 we have

Apm)A () T rr) T Voo tmons f)

p|L p*||L
pIM

= v IT (G25) T (555) - @
wio

Note that the conditions (m,N) =1 and (n,N) = 1 imply that if p | L then p { m and
ptmn. Thus by Proposition B, Appendix [B] [ZI1]), and ([231]), we have

(vom) o 11 (zw f))
re(p Zalm,n;
X (m)A; () L e

2
= Xp(m)As(n) [ ro) | 1+ Af(f(’)) 5
p<1+—X°;¥p> r5(p)

pl|L
ptM

A (p)2 Xo::m (p)
< [ reo) [ 1+ ! + ]
lejlé“ ! ( P (1 4 XO;IIV)I(P))27,f(p) p2rf(p) (1 _ (XO;J\Z/)I(p))2> )
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X H 1+ /\f(p)Q p) )

plIL P (1 4 XO;IIV)I(P)> Tf(p)

)‘f(p)z XO;M(p)
. H bt Xo; 0 (P) 2 + 2 1 xo.m (P) \o
P?|L p (1+ T) re(p) P 7“f(P)( - (=5) )

2
= )\f(m))\f(n)Hrf(p) 1+ )\f(p)z
plIL p<1+%> rf(p)
pIM

Ar(p) Ar(p)?
Af(m”f(”);% (1 (pf+1> p(lf—l— 1)
)\f(p) )‘f(p)2 1 1
H( Sl ee)
M P
Ar(m)As ) 121L<1+p21_ :) I (1+ )
ptM pllM
2
Ap(m)Ag(n) 1:[L <p2p_ 1) 11 <p2p— 1>
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ApPPENDIX C. ESTIMATES FOR |H}(N)|

In this section we recover the main terms of some bounds of Martin on the cardinality
of the set Hy(N). Since Af(1) = 1, we see that A} (1) = [HE(N)|. So, in order to
determine the cardinality of H}(N) it suffices to have an estimate of A} (1). Taking one
term ¢ = 1 from Lemma 5.1 we find that ’

Xn(n) < kN <X‘1 + Y—1/2) (nkNXY)E. (C.1)
Next we turn to evaluating A} (1).

_ 2\t
o) = 52 X o [T () X m et (C2)

LM=N p?|M (m,M)=1
L<X m<Y

An application of Weil’s bound for Kloosterman sums and a crude bounding of the Bessel
function in the Petersson formula (Proposition 1)) yields an estimate such as Corol-
lary 2.2|, which we reproduce now. For any m,n > 1,

Agar(m,n) = 6(m,n) + O ( (M) (m,n, M)s((m. n)) ( mn )1/2 log 2mn) ,

MES (m, M) + (n, M))"2 \ i + kM
(C.3)
where the implied constant is absolute. When n =1 and m <Y we find
Mem!te
In our case this gives that
k—1 2\ XY2Y (ENY )¢
/ _
it = Pt 3w T () o (W - (@9
LM=N p2|M

We now turn to the evaluation of
1
n(N) == > w@M ] <1 — —2> . (C.6)
LM=N p2|M b

Let M" denote the square-full part of M and let g(M) = M /{pp(2), which is multiplicative.
Then n = p x g is multiplicative as it is the Dirichlet convolution of two multiplicative
functions and we can compute directly the value of n on prime powers:

p(1-1) ifo=1
') = (vt (1-1-%) if v = 2 (C.7)
p(1-%)(1-1) ifv>2
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It is also useful to establish a bound relating n(N) to ¢(N). By inspection we have that
n(N) < ¢(N). Then as the ratio n(p”)/¢(p”) is minimized when v = 2 and as

2 oy _ PP-p—1 - 1_
n°)/e®°) = g 1 SR (C.8)

we find that

I (1- 1) < 0w < o), (©9)

S P —p
Now combining (CJ) (C3H) and (CH), we find that

() = ) (1 e (—ﬁiﬁ )) Lo (XLVUNYY
+0 (k:N (X—1 + Y‘1/2) (kNXY)e) . (C.10)

Taking X = YV/2 = k3/2L N3/7 then gives

tn() = a0 ((kN)). 1)

which recovers the tight asymptotic bounds given on |H}(N)| in [Mal Theorem 6(c)]. Com-
bining this with ([C.9)) we establish the following.

Proposition C.1 (Proposition 5.3). We have that as kN — oo

%S"W)HQ%; >+O<<kN>2/3) L -

— “Se(N) +0 <(/<;N)2/3> .

(C.12)
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