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ABSTRACT. Given anL-function, one of the most important questions concerngatsshing at
the central point; for example, the Birch and SwinnertoreDgonjecture states that the order of
vanishing there of an elliptic curvé-function equals the rank of the Mordell-Weil group. The
Katz and Sarnak Density Conjecture states that this and b#tevior is well-modeled by random
matrix ensembles. This correspondence is known for manyliemnwhen the test functions are
suitably restricted. For appropriate choices, we obtaimnds on the average order of vanishing
at the central point in families. In this note we report ongrass in determining the optimal test
functions for the various classical compact groups foredéht support restrictions, and discuss how
this relates to improved rank bounds.

1. Introduction

1.1. Background. While the importance of random matrices in mathematics aladed disci-
plines had been noticed at least as early as Wishart’s W&i#] [in the late 1920s, for us in number
theory the story begins with the connections observed bytymmery and DysoriNlon] in the
1970s. Montgomery was studying the pair-correlation obgaf the Riemann zeta function, and
the behavior was identical to that of certain random matnseenbles which had been extensively
studied due to their applicability in nuclear physics. Byiecharacteristic polynomials (and their
eigenvalues) of the classical compact groups have beemvelos® model wellL-functions (and
their critical zeros). While we will concentrate on low4hgj zeros, i.e., zeros near the central point,
in families of L-functions, there is an extensive literature on otherstias, including:-level cor-
relations|Hej| RS], spacingsiDd1,[0dZ], and momentsCFKRS]. See Ha] for a brief
history of the subject andJon, [For, [KaSal, KaSa2[ KeSn1, KeSn2, KeShB3, Meh, MTB.]T
for some articles and textbooks on the connections.

In many of the earlier works on the correspondences betweshnmo subjects, the statistics
studied were insensitive to the behavior of finitely manyogerThis led to the introduction of a
new statistic, thex-level density, as often the zeros near the central pointeda¢ed to important
arithmetic quantities, with the Birch and Swinnerton-Dyenjecture (stating that the order of
vanishing of theL-function at the central point equals the rank of the Moredlil group of
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rational solutions) the most famous example. In this papecancentrate on thielevel density,
which we define in detail in[&1l.2. We report on recent resuttsifthe first author’s honors thesis at
Williams College, supervised by the second author, wheitdihg on methods introduced iffilIS]
optimal test functions are constructed for various statidor different support ranges. The main
application of these theorems are improved estimates oavérage vanishing at the central point
for families of L-functions. In addition to being of general interest, suesuits have important
applications (for example, ifi$] good estimates here are connected to the Landau-Siegel zer
guestion).

In the arguments below we concentrate on the limiting beiravAn important topic for fu-
ture research is to include lower order terms and determi@®ptimal test functions for various
regimes where the limiting behavior has not yet been reachiedse regimes are quite important
as they are the ones that can be investigated numericadlypféan the data gathered is at odds with
the limiting predictions as the rate of convergence is alajignslow. The prime example is that of
whether or not their is excess rank in families of elliptic\as (seeBMSW] for a nice summary
of data and conjectures); while earlier investigationsdatbd that such bias might persist, later
studies {V] went far enough to see the average rank drop, and new randanxmodels have
been introduced that have the correct limiting behavior sumtessfully model the observed be-
havior for small conductorddQHKMS1| DHKMSZ2]. There are now many results on lower order
terms in families, such a$8HKS| Mil2,1Yo1 ], and the hope is that the methods of this
paper can be extended to include these to refine estimatisiferconductors.

On a personal note, the second author investigated questiomates of convergence with Ram
Murty in (explicitly, proving effective bounds on families of dipcurves modulg (for p
prime tending to infinity) obeying the Sato-Tate Law). It @@asure to dedicate this work to him
on the occasion of his 0birthday, and we hope to report on extending our result todoarder
terms before his next big celebration!

1.2. n-Level Density. As alluded to above, the behavior of zeros far from the céptiat ex-
hibit a remarkable universality acrogsfunctions. Unfortunately it is significantly harder to dyu
one L-function’s zeros near the central point. The reason isttiexe are only a few normalized
zeros near the central point, and there is thus no posgibiliaveraging if we restrict ourselves
to just one object (in the extreme case of whether or not tfignction vanishes, we just have a
‘yes-no’ question). To make progress, we instead study dyarh L-functions. The Katz-Sarnak
philosophy [KaSal,[KaSa2 states that the behavior of a family atfunctions should be well-
modeled by a corresponding classical compact groups, hétlednductor in the family tending to
infinity playing the same roll as the growing matrix size; &ternative approaches to modeling
the behavior of zeros, sé€FZ1, [CFZ2,[GHK].

We briefly describe the main statistic studied, thtevel density (though we will report on
progress on the 1-level only here, s€&for additional results). For ease of exposition we assume
the Generalized Riemann Hypothesis, so givenlén f) all the zeros are of the form/2 +
i, With ;. real. Our statistic makes sense more generally, but we lasénterpretation of
ordered zeros and connections with nuclear physics; the os& of GRH is to extend the support
calculation for many of the number theory computations. \8&ueme the reader is familiar with
n-level densities; for more detail on these statistics seeséminal work by Ilwaniec, Luo and
Sarnak([LS]), who introduced them, oJAILMZ ] for an expanded discussion (which formed the

basis of the quick summary below).
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Let ¢(x) = [];_, ¢;(x;) where eachy; is an even Schwartz function such that the Fourier
transforms

(1.2) ggj(y) = f oj(z)e ™ dy
—0
are compactly supported. Thelevel density forf with test functiony is

(1.2) D,(f,¢) = h (LYjsg) = On (LpVinsr) s

i
where L, is a scaling parameter which is frequently related to thedootor. Given a family
F = unFn of L-functions with conductors tending to infinity, thelevel densityD,,(F, ¢, w)

with test functionp and non-negative weight functianis defined by

Dn )
(13)  Du(F éw) = lm Zfefﬁfwif )w ( f()f ¢

Frequently one choosésy to be either all forms with conductor equalAg or conductor at most
N.

Unlike then-level correlations of a family, which have a universal liras the height of the
zero tends to infinity, Katz and SarndkdSal,KaSa2 proved that the:-level density is different
for each classical compact group. They were able to obtased form determinant expansions;
while these expressions can be hard to usefar2 (see[HM] for a discussion on the benefits of
an alternative), they are very easy to use for the 1-level.

Let K(y) := 2 and K (v,y) := K(z — y) + eK (¢ + y) for e = 0, £1. If G is the family
of N x N unitary, symplectic or orthogonal families (split or notispy sign), then-level density
for the eigenvalues convergessis— oo to

0 o0
J J o1, .. xn)Whal(xr, ... xn)dey - - - dy,
0 Cw

o0 o0
(1.4) = J J Y1y Y)Wy - o Yn)dys - - - dyy,
—00 —00
where
Wm,SO(even) ('T) = det(Kl (xi7 'TJ'))Z'JSm
Winsodd)(z) = det(K_1(xs,25))ij<m + Z 6(zr) det(K 1 (i, 75))ij2k
k=1
1 1
Wm,O (ZE’) = 5 m,SO(even) (ZE’) + §Wm,SO(odd) (Ilf)
Wiu(z) = det(Ko(zi, 7)))ij<m
(1.5) Wisp(z) = det(K_1(2,25))ij<m-

While these densities are all different, for the 1-levelgignwith test functions whose Fourier
transforms are supported(n 1, 1), the three orthogonal flavors cannot be distinguished frach e

other in this regime, though they can be distinguished frloenunitary and symplectic.
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In many of the calculations it is convenient to shift to theifer transform side. Letting

1 if jul <1
(1.6) n(u) = <1/2 if|ul=1
0 if Ju| >1

andd, denote the standard Dirac Delta functional, for tHevel densities we have

W soten (W) = 3o(u) + 5n(u)
Wio(u) = 50(u)+%
Wosotan(u) = 8o(u) — znfu) + 1
Wosp() = dow) — n(w)
(1.7) Wig(u) = do(u),

Note that the first three densities agree ffor < 1 and split (i.e., become distinguishable) for
lu| = 1; alternatively, one could use the 2-level density whictiise$ to distinguish all candidates
for arbitrarily small support (se@il2]).

As stated earlier, the Katz-Sarnak Density Conjecture as tthe behavior of zeros near the
central point in a family of_-functions (as the conductors tend to infinity) agrees withtiehavior
of eigenvalues near 1 of a classical compact group (as thexnsate tends to infinity). There is
now an extensive body of work supporting this for numerouslias and various levels of support,
including Dirichlet characters, elliptic curves, cuspidawforms, symmetric powers 6fL(2) L-
functions, and certain families @%L(4) andGL(6) L-functions; see for exampl®M1]
[ER-GR![FiM] El] Gaol (G} HM] HR| [LS,/KaSa2| LM,/ Mil1, MilPe, /0 S1,/0S2| RR, R0, Rub,
IYal, [Yo2]. This correspondence between zeros and eigenvaluessallsyat least conjecturally,
to assign a definite symmetry type to each familyZefunctions (seeldM2] ShTe] for more on
identifying the symmetry type of a family).

1.3. Main Result. One of the most important applications of tiievel density is to estimate
the average order of vanishing 6ffunctionsL(s, f) at the central point in a family; this is the
analytic rank, and is denotdthnk(f). While in some families it is natural to use slowly varying
weights (such as the Petersson weights for families of hotphic cusp forms), with additional
work these weights can often be removed (3EE]).

If we assume GRH for our family of.-functions, then all critical zeros have real part 1/2.
Further, if our test functiom is non-negative, then in thielevel density we obtain an upper bound
for the average rank by removing the contribution from atbsenot at the central point:

_ Dgery W(f)Rank(f
(1.8)  lim S )

In practice, we can only establish thdevel density for test functions with restricted support.

On the number theory side, the goal is to verify the corredpane for as large of support as
4

90) fiwm,amdx _ fwa@)m@)dy.



possible, as we can then uge{1.8) to bound the rank:

2 0y)Wialy)dy

¢(0)
Note that instead of trying to increase the support for thevét density we could shift to studying
higher level densities. While this gives us better boundsigh vanishing at the central point, the
probability of vanishing to order or higher decays like, /r", unfortunately,, grows withn and
the result is worse than the bounds from the 1-level densitgrhallr (which are the ones we care
about most); seéHM].

Using the Paley-Wiener theorem to note the admissible testions are the modulus squared
of an entire function of exponential type 1 (or its Fouri@misform as a convolution), Plancherel’'s
theorem to convert to an equivalent minimization problend some Fredholm theory, in Appen-
dix A of [ILS] the optimal test functions are computed for the 1-levelsitgrfor the classical
compact groups under the assumption that the support ofdbadf transform is contained in
[—2,2]. Our main result is to generalize these computations t@tagpport and higher.

(1.9)  lim AveRank(Fy) <
N—w

THEOREM 1.1. Let ¢ be an even Schwartz test function such ﬁm@q)@) c [—20,20], with
o = s/2. Then for2 < s < 3 the test function which minimizes the right hand sid¢lo8)is given

by ¢ = gg.s * gg.s. Herex represents convolutiogg s(z) = gg.(—x), andgg . is given by

€1,G,s COS <lf‘> lz] < s/2—1
lzl _ (w+1)
cos< ) s/2—-1<|z| <2—15/2
(1.10)  gso(even),s(2) = AsO(even),s 3 2 4 / | /
c1\/g§SSIII<\[>+ngs 2—3/2<|x|<s/2
LO |Jf| 8/2
and
- x| < s/2
1.11 Jx) = { 1s/2
( ) go,( ) {0 2] > 5/2
forG = O, and
fcl,gsCOS (l—\/—|> 7| <s/2-1
=] | (r— )) - -
+ 2-1<|z[ <2 2
(1.12) go.(2) = Ao ! cos( s/ | s/
,(:1\/5681H<\[>+03g3 2_3/2<|JI|<S/2
(0 x| = s/2

for G = SO(odd) or Sp. Here, thec; g and \g are easily explicitly computed, and are given later

in 5.9) G.10) G.11) (.12) and5.13)

For the rest of the paper, we let o0=s/2. Unless otherw se
stated, 1 < o < 1.5, corresponding to the range for s.
This notation is slightly at odds with other works in the

literature, where the support of ¢ is contained in (—o,0)
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and for us it is (—20,20); we have elected to proceed this
way as the natural object is g, and the support of ¢ is
doubl e that of g.

Moreover, the optimal functiong ;, along with its coefficients,g , and its scaling factokg s,
all depend ors. As this will be clear from equations (5.9) o (5113), to slifypthe notation we
often omit the subscript or o, as these are fixed in the analysis.

To help illustrate the main theorem, we include plots of thgroal g for the groups SO(even),
SO(odd), and Sp below in Figué 1, and the plots for the cpareding optimal) in Figurel2; we
do not include the optimal plots for the mixed orthogonakcas the resulting is constant.

L L d L L L L
-1.0 -05 0.0 05 10 -1.0 -05

FIGURE 1. Plots of the optimabg with o = 1.2 (and thuss = 2.4). Left: Op-
timal SO(even) function. Middle: Optimal Sp function. Rigl®ptimal SO(odd)
function.

-5 = 10 -10 5

FIGURE 2. Plots of the optimad with ¢ = 1.2 (and thuss = 2.4). Left: Op-
timal SO(even) function. Middle: Optimal Sp function. Rigl®ptimal SO(odd)
function.

As an immediate corollary we obtain the following bounds be &verage rank. We isolate
these upper bounds below. The record for largest supporthtorl-level density are families
of cuspidal newformsILS] and Dirichlet L-functions (though see alsddM] for Maass
forms), where we can take < 2. It is possible to obtain better bounds on vanishing by u#ieg
2 or higher level densities, though as remarked above irtipesihie reduced support means these
results are not better than the 1-level for extra vanishitbecentral point but do improve as we
ask for more and more vanishing (s&€M]).

COROLLARY 1.2. Let F be a family ofL-functions such that, in the limit as the conductors

tend to infinity, the 1-level density is known to agree withgbaling limit of unitary, symplectic or
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orthogonal matrices. Then for every> 0 in the limit the average rank is bounded above by

[ 4v2sin(L(3-20)) +2(0—1) sin( 1 (~20+7+3) ) +sin( (20+7-3)) (V2(o+1) tan (22 ) +2)

8v/2sin(%(3-20)) +8(c—1) sin( 1 (—20+7+3)) +4v20 sin( 1 (20+7— 3))tan(ﬁl
~2(0—1) sin( % (20+7-3) ) —4v2sin( % (3-20) ) +sin( L (~ 20+7r+3))(\/_(0 S)tan(”T>+2)
(1.13) ¢+ 8(c—1) sin( % (20+7—3)) +8v2sin( 1 (3-20)) —4v/2(0—2) sin (4 (~20+7+3)) tan( 1)
6(c— )bln( (20+7— 3)+4\/§5m(%(3 20 ))+51n( (= 20’+7T+3))( (5—30) tan(”T) ) G — SO(Odd)
8(o— 1)%111(% 20+7-3)) +8v2sin( % (3-20)) —4v2(0—2) sin (1 (~20+7+3)) tan 7) N

41 G = 0.

G = SO(even)

G = Sp

/\

REMARK 1.3. We only listg and not the optimal test functions or their Fourier transfa
above, as we do not need either function for the computafitmednfimum[ILS] show that given
the g associated to the optimal function, the infimum is given by

1

7, g(x)dx’

where the integral above exists and is nonzerdlb¥7)and (2.4), both established later.

(1.14) inf(G,0) =

A natural choice for a test function is the Fourier pair

(1.15) ¢<x>=(w)2, 5@):%( —@) f ly] < 20

20Ty 20

this is the function used for the initial computation of age rank bounds ifllLS] and are optimal
for o = 1. For the group$O(even), Sp, SO(odd), and forl < ¢ < 1.5 the functions we find
provide a significant improvement for the upper bounds omemerank over the pair (1.15). We
illustrate the improvement in Figuié 3, which is much easigirocess tharm (1.13).

1.4. Sketch of Proof. The first step in our proof is to note that it foIIowE from theldja
Wiener theorem and Ahiezer’s theorem that the admissiloletfonse, with supp(¢) = [—20, 20]
satisfy

(1.16) o(y) = (9+9)(y),

where

(1.17) g(y) =g(-y)  supp(y) < [-0,0], g € L*[—0,0];
see Appendix A oflLS]. We will sometimes refer to an “optimal’. By this, we mean theg that

satisfies[(1.16) an@ (L1 7) for the optingaht a fixed level of support.
The broad strategy of the proof of Theoreml 1.1 is to use anabgeequation fromILS] to
show (non-constructively) that for all € R*, there exists a unique optimal test function with

supp(g/bf) = [—20 20] that minimizes the functional

S_ (x)dz
¢(0> '
We then find a collection of necessary conditions that leawsith precisely one choice faf.
More explicitly, our argument proceeds as follows.

(1) We show that certain optimality criterion Q?npresented inlLS] holds for allc € R*

(heresupp(¢) « [—20, 25]).
(2) We show thay is smooth almost everywhere, where g = ¢ andsupp(g) < (—o,0).
7
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FIGURE 3. Comparison of upper bounds. The larger bound is from usiegub-
optimal naive guess$ (1.115), the lower is from using our tssfubm (1.13B). Left:g
= SO(even). Middleg = Sp. Right: G = SO(odd).

(3) Our kernels give us a series of location-specific integgaiations. Using the previous
smoothness result, we convert those to a system of locapeniic delay differential
equations.

(4) We solve this system to find arrparameter family in which our solution lives. To find
this solution, we incorporate symmetriesgof namely that it is even.

(5) Incorporating more necessary conditiongjowe reduce the family to a single candidate
function — by our existence result this is ogrfrom which we obtain our optimal test
function¢.

From the list above, we will accomplish gdal 1 inl 82, goal 2[8) §oal3 in §4.11, godll4 in

§4.2, and godIl5 in[85. The proof of the optimal functionsgoe O is significantly easier than
the proofs for the other functions. We include a brief probfios fact at the end of[83. Finally,
we conclude with some remarks about how these results aceimsgimber theory, and discuss
ongoing and future research.

2. Extension of the Conditions offILS!

Our first step is to state and extend an optimality criteriogg analogous to that in Appendix

A of [ILS] (we will state it in [2.4)). Following their arguments, week to minimize the functional

(2.1)  R(g) =

(I +Kg)g,9)
g, DI




wherel is the identity operator,

(e

(22)  Kgog(x) = | mg(z—y)g(y)dy,
and -
m(SO(even))(€) = 31(-11(©
m(SO(odd))(€) = 1 Lli_1n(e)
mSP)(E) = —3 1)
23) m(O)(e) = 5

wherel|_, 1y is the indicator function for the intervgh-1, 1].
LEMMA 2.1. The operatorKy , is compact for alb € R*, and all choices o§.

PROOF As the functions in[{2]3) are all clearly it¥ ([—o, o), they are trace class and there-
fore compact. O

It follows that the operatoi/ + K, ) satisfies the Fredholm alternative for@land allo € R™.
Applying the arguments fromllLS]] shows that for allc the operator/ + K, is still positive
definite. Thus there is somesuch that

(24) (I+Kgs)(g) = 1.

Again, following the arguments ofl[S], one can show that thig indeed minimized(2]1). This
completes the first step.
We are now ready to find the optimal functions e O.

LEMMA 2.2. For G = O, and for anyo € R*, the optimal test function for the minimization of

(@.18)is

25) o) - sin(20mz)\ 2
' o (14 o0)mx
and the associated upper bound on average rank is
1 1
(2.6) % + 3

PROOF— OPTIMAL FUNCTIONS FORG = O. Using the criterion[{214), we can find the opti-
mal functions forG = O for all o € R*. Trying constant functions, witlkg = %I[fw], we see
that

1

2.7) g(x) = {_

0 x| > o

lz| <o

satisfies[[Z14). By[{1.16) and(1]17), we knaw= g+ g. Thus¢ = (F'(g))?, whereF~!
denotes Fourier inversion. Two quick calculations yieldfand [2.6). O
9



3. Smoothness Almost Everywhere

We now show that for an optimal such thatg = ¢ = ¢, g must be Lipschitz continuous. Then
we show that such a function is differentiable almost evémsng, using a theorem of Rademacher.
First, we show thag is bounded.

LEMMA 3.1. LetngS Fourier transform of the optimal function, supported|in2o, 20|, theng
(in the sense ofl.16)and (I.17) is bounded.

PROOE We show that

(e

B1) h(x) := mg(z —y)g(y)dy

—0

is bounded. We know thate L?([—o,c]). By the Cauchy-Schwarz inequality, we have

o

(3.2)

mg<x—y>g<y>dy' < gllyz (e =),z < oo,

and thush is bounded.

By (2.4), we know that for the optimal we haveg + h = 1. As h is bounded the optimal
must bounded. O

PROPOSITION3.2. For anyo € R™, the optimalg is Lipschitz continuous.

PROOFR Using [2.4) and applying the maximum modulus inequality,see that for, z, €
[_07 U]l

9(1) — gle2)| = f (mg (1 — y) — mg(zs — y))g(y)dy

—0

< f " Img(as — y) — mg(ea — y)ll9(y)Idy

—0

(3.3) < Jax g | Img(a1 —y) — mg(z2 — y)|dy.
We now analyz€e[(313). Notice that for all choicesmf in (2.3), the integrand is bounded by
1/2. We will examine the region of integration. Without laggenerality we may assumeg > x
Note that our integrand vanishes everywhere except fram{x; — 1, x5 + 1} tomin {z; + 1,0}
and again frommax {—o,xo — 1} to min {z; — 1,22 + 1}. Thus the region of integration has
measure at moshin {2(x; — z3), 4}, and the integrand vanishes outside of a set of measure at
most2(z; — z3).
We may now revise the inequality iﬂZB.S):

lg(z1) — g(22)| < nax l9(y )| Img(xl —y) —mg(zs — y)|dy

ye[—o,0]

(3.4) < max |9( w1 — 23],
ye[—o

< max lg(y)|2ln — o)) @

completing the proof thaf(x) is a Llpschitz continuous function. U
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We use a theorem of Rademacher to show that our fungtisrdifferentiable almost every-
where.

THEOREM 3.3 (Rademacher (see Theorem 3.1.6F&fd])). Let = R" be open. Iff : Q@ —
R is Lipschitz continuous, thehis differentiable almost everywhere(n

We immediately obtain the following.
COROLLARY 3.4. For all 0 € R*, the optimalg is differentiable almost everywhere.

PROOF Letg(z) beg(z) restricted to(—o, o). The result forg(x) follows from Proposition
[3.2 and Theorerh 3.3. Thusis differentiable almost everywhere {0, o), which is almost
everywhere if—o, o]. O

Finally, we show that each sugtis in fact infinitely differentiable almost everywhere.
LEMMA 3.5. The optimaly is infinitely differentiable almost everywhere.

PROOF We proceed by induction. Our base case, thastonce-differentiable, is established
by Corollary{3.4. For the inductive step, we assume ghatk-times differentiable.
Note that for any choice of,, we have

b fi(z,0) fa(x,0)
8.5 g(r) =1- <a17g J 9(y)dy + asg J g(y)dy + asg J g(y)dy> :

a c1 )

where then; are scalars ang;(z, o) is either a constant or a smooth functiorzofin particular,
for o > 1 at least one of th¢; is a smooth function of. We know thaty is continuous. By the
fundamental theorem of calculus and the chain rule, theesgpon on the righthand side 6f (B.5)
is k + 1 times differentiable. This completes the proof of the irtckecstep, and thug is smooth
almost everywhere. O

4. A System of Integral Equations

To establish our integral equations, we first show that thisvad g is even.
LEMMA 4.1. The optimaly is even.

PROOF. The key to this proof is that any choiceaf from (2.3) is even. We show that—x)
also satisfied (214) and so must be equal.tds m is even, we have

o(~x) +f m(z — )g(—y)dy = g(—a) +f m(z + y)g(y)dy

—0 —0

= g(—x) + r m(—r —y)g(y)dy

—0

(I + Kg.0)(9)(—),

which is equal to one. By uniqueneg$z) = g(—z) andg is even. O

(4.1)

By the results of the previous section, finding the optizﬁeﬁbr 2 < 20 < 3involves finding

the optimalg for 1 < ¢ < 1.5. We claim, (momentarily without justification) that thenedhree
11



intervals of importance in our study of this function. These

Jl = [0,0’—1]
Jy = o —1,2—0]
4.2 J3 :=[2—0,0]

As g is even, it suffices to fing on [0, o], which means finding on all of the intervals above.
Examining the kernels i .(2.3) and the requiremént] (2.4) see that forr € .J;, the optimalg
satisfies

re+1 11—z

(4.3)  g(x) + azg 9(y)dy + azg f

JO 0

(e

o(y)dy + arg f o(y)dy = 1,
0

and forx € J, or J3, we have

ro o

(4.4)  g(z) a2 | g(y)dy+a1,gj 9(y)dy = 1.

z—1 0
In equations[(4]13) and (4.4), we note thal; = 0 for G = SO(odd) and1 for G = SO(odd) and
asg = 1/2for G = SO(even) and—1/2 for G = Sp orG = SO(odd).

4.1. Conversion to Location-Specific System of Delay Diffential Equations. Lemmd3.b
justifies differentiation offl(4]3) an@(4.4) under the intgigns, which gives the following system
of location-specific delay differential equations:

(4.5)  g'(z) + azgg(z +1) —azgg(l —x) = 0
(4.6) g'(x+1) —azgg(r) = 0,
where [[4.5) holds for: € J;, and [4.6) holds fox: + 1 € J, or J;.

4.2. Solving The System.
LEMMA 4.2. The optimaly satisfies
¢y COS (i> + ¢y sin (i> if xeJ;
@7)  gla) = AN -
clalg\/ﬁsm (W) - 02a2,g\/§cos <W) +cg fzeds
for somec; € R.

Before proving this lemma, it is important to note the folloggsymmetry among our intervals.
We first set some notation. dfis a number and is an interval,

48) a—1 :={x:z=a—y,yel}
Note that/; is one of the intervals defined in
(4.9 1-—J, < Js.
We also mention that
(4.10) 1—Jy = Jo,

though we will not use this fact until later.
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ProoF. Differentiating [4.B8) yields
(4.11) ¢"(x) + g (x+ 1)+ angg’ (1 —2) = 0.
Because of the symmetiy (4.9), we may use equalioh (4.4) trthex + 1 and1 — = terms. This
gives us the following equation:
(4.12) ¢"(x) + a3g(g(x) + g(—2)) = 0.
By Lemmd4.1ly is even. Moreoveky, g = +1/2. So, for any grouy, (4.12) simplifies to

(@.13) ¢"(x) + 5o(x) = 0,

which is a standard differential equation and easily salvedsolution, which applies tg on J;,
is 1 cos(1/v/2) + ¢y sin(x/+/2) for some constants, c,. We find the three parameter family for
on J; by applying [(4.6) to this result. O

Note that because of the symmetry (4.10), the associatey déferential equation on interval
two is different. Itis

(4.14) ¢'(z) —azgg(1 —x) = 0.

LEMMA 4.3. The delay differential equatio@.14) has a unique one-parameter family of so-
lutions in the clas€’?. That family is

2
(4.15) ¢ cos (Oéggﬂ? — (%))
with c € R.

ProoOF. Differentiate [4.14) to obtain

(4.16) fo(z) = —ongfo(l—x) = —asgfg(x) = —ifg(l“),

where we obtain the second equality by applylng (¢.14)(d — «). The third equality is simply
a subsitution forv, g. However, equatior (4.16) is a standard linear differéetiaation that has a
two-parameter family of solutions given by

(4.17) ¢ cos <g> + o sin (g) .
We now apply [(4.14) to narrow this family down to a one-parndéamily. The differential
equation[(4.T4) and trigonometric angle addition formyjiaéd the relation

% <—01 sin <%> + ¢y cos <g>) = Qg (cl cos (%) + c9sin (%)) cos (g)
(4.18) + g (01 sin (%) — ¢y COS <%)) sin (g) )

In order for the expression above to vanish, we need the cimeffs oncos(z/2) andsin(z/2) to
both be zero. This translates into the requirement that ¢lotoy zl be in the nullspace of the
2
matrix
(4.19) 2a9gcos(1/2)  2angsin(1/2) — 1
' 2a9gsin(1/2) +1  —2angcos(1/2) -
13



Note the matrix in[(4.19) has determinant
(4.20) —4aj g(sin®(1/2) + cos*(1/2)) +1 = 0

becausev, g = +1/2. We know from [LS] that for eachG the function in[(4.15) is a solution to
(4.12). From our determinant argument, we know all soltitmthat differential equation are all
scalar multiples of a single nonzero solution, complethegroof. O

5. Finding Coefficients

Substituting values faw; ¢ for i = 1, 2, we find

|z

ClgCOS(l/‘—>+ngSIIl(T) z] < 0—1
(51) gSO(even)(x) = ASO(even) CO5<I;I W%) oc—1 < |ZL’| < 2-—0

ng

0\1/_9 Sln(\é) — 5 Cos (Tl) +c3 2—0 < |z|] <o
for G = SO(even) and

1. COS <%> + Cag sin (%) lz] < o—1
(5.2)  gg(x) = AgK cos ('%' + M;”) c—1< |z £ 2-0
,%gsln<:”—*21>+02—’2gcos<71>+03 2—0 < |z|] <0

for G = SO(odd) or Sp.
LEMMA 5.1. There exist unique, computable coefficients \g (for i = 1,2,3) so that the
functions(t.1)and (5.2) satisfy(/ + Kg,) = 1 and are thus optimal.

PROOF We use[(24) and Lemnia 8.5 to find more necessary conditiorsich agg. In
particular, we impose the three relations:

(5.3) x_)l(}frfll)fgl,g(x) = lim  gg(x)

z—(o—1)*
(5.4) (I + Kg)(gg)(0) = (I + Kg)(gg)(-5)

(5.5) (I +Kg)(gg)(0) = (I + Kg)(gg)(0)-

The first gives continuity, the second and third ensure that K ,) is constant; however, they
do not ensure itis 1. That is accomplished by usiggo appropriately scale down the function.
This gives us the matrix equations

cos ”—\;51 sin (%) 0 o gl —1)
(5.6) coS ”—\;51 0 0 (02) = ( g2(0 —1) )
. ( _ ga( o)

o—1)— g2~



for G = SO(odd) or Sp. Here,g, is gg restricted ta/,.

Expanding these matrices along the their third columns,eeelsat

(5.8)  |Aso(even)| = |Asopdaysp = cos (U—\;;) sin (U\/_;),

which are both nonzero fdr < ¢ < 1.5. Solving the matrix equations, we obtain

B o—1 N 1( 1 ) o—1
C1,50(even) = COS 5 1 ) | sec \/5

C2,50(even) = 0
1 1 g—1
1 sin (1(—20 + 37 + 3)) tan <W>
5.9 = sin( =(2 _
( ) C3,50(even) s <4( o+ 37 3)) + \/5
and
= coS 1_U+1_7T sec o1
e > 1 2
Co.g = 0
3 1 o—1
1 sin (1(20 + 37 — 3)) tan <W)

5.10 = sin|=(=2 _
(5.10) & ¥e sin <4( U+37r+3)) 7

for G = SO(odd) or Sp.

We currently haveé! + Kg,)(gg) = ¢ for some constant. Here,gg is the unscaled optimal
function. As some of oue; g are nonzero and the operatdr+ Kg, o) is positive definite, this
constant is nonzero and it can therefore be scaled to be omefind/the correct scaling factor

by computing((I + Kg,)(gg)(0))~!, setting that equal td; in (51) and [ER). From these
computations, we find

oo = 30+ 3 [ Ty
—  2v2sin ( (3— 20)) (0 — 1) sin (i(—za - 3))
(5.11) + %sm G(za +m— 3)) <V§(s + 1) tan <%) + 2)
for G = SO(even), and
NERT

—  —2v/2sin (i —20) ) + (0 —1) cos G(za + 31 — 3))
(5.12) + %sin G 20 + T+ 3)) (\/5(0— — 3)tan <U—_1> + 2)



for G = Sp, and

o = Amf Go(y)dy

—0

—  Agp+4(c —1)sin G(za +T— 3)) +44/2sin G(z& - 20))

(5.13) —2v/2(0 — 2) sin G(—za ++ 3)) tan (“7_21)

for G = SO(odd), completing the proof. O

6. Conclusion and Future Work

In [E] we include similar calculations f& < o < 4. We conjecture that these methods will
provide solutions for al € R*. In this pursuit, there are two important steps. The firsblgiag
the system of delay differential equations. This gives allfaof solutions. The second is taking
the output of that system and finding the correct system ohtoys that give us the coefficients
to pick our optimalg out of that family. Preliminary calculations suggest thessel step will be
more difficult than the first; however, even solving the firstigem in general, or providing an
algorithmic approach, is important progress as it redulcegptoblem to an optimization over a
finite-dimensional space, as opposed to an infinite dimeasmne.

While currently the best results (assuming no more than GBthowing agreement between
number theory and random matrix theory for the 1-level dgrase only forsupp(gg) < (—=2,2),in
some cases larger support is attainable through additamsaimptions. One example is the slight
improvement for cuspidal newforms ifiLS] under their Hypothesis S. Another are families of
Dirichlet characters, where Fiorilli-Millef{iM] improve up to(—4, 4) under some weak assump-
tions about the distribution of primes in residue classeth(stronger ones arbitrarily large support
is attained). Thus there are already situations where weyagnfully employ these new optimal
test functions in these expanded regimes.

Additionally in [E] we hope to generalize these arguments tortHevel densities, and then
either there or in future work examine the slight modificatameeded in the optimal function if
we have lower order terms.
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