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Abstract The discovery of connections between the distribution efrgnlevels of
heavy nuclei and spacings between prime numbers has beesf tme most sur-
prising and fruitful observations in the twentieth centuriie connection between
the two areas was first observed through Montgomery’s workherpair correla-
tion of zeros of the Riemann zeta function. As its genertibpa and consequences
have motivated much of the following work, and to this day aéms one of the
most important outstanding conjectures in the field, it péesia central role in our
discussion below. We describe some of the many techniquisesunilts from the
past sixty years, especially the important roles playedlyerical and experimen-
tal investigations, that led to the discovery of the conioestand progress towards
understanding the behaviors. In our survey of these twasaveadescribe the com-
mon mathematics that explains the remarkable universgtyconclude with some
thoughts on what might lie ahead in the pair correlation obg®f the zeta function,
and other similar quantities.
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1 Introduction

Montgomery’s pair correlation conjecture posits that sepbL-functions behave
similarly to energy levels of heavy nuclei. The bridge bedwéhese fields is ran-
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dom matrix theory, a beautiful subject which has succelgsfinbdeled a large vari-
ety of diverse phenomena (see [BBDS, KrSe] for a great exaofiow varied the
systems can be). It is impossible in a short chapter to cdivéreatopics and con-
nections; fortunately there is no need as there is an extetiwrature. Our goal is
therefore to briefly describe the history of the subject &eccbrrespondences, con-
centrating on some of the main objects of interest and pastesses, ending with
a brief tour through aubsetbf current work and a discussion of some of the open
questions in mathematics. We are deliberately brief insatieat are well known or
are extensively covered in the literature, and instead Icdatgjreater lengths on the
inspiration from and interpretation through physics (s#eskamplef2.8), as these
parts of the story are not as well known but deserve to be footiistorical reasons
as well as the guidance they can offer).

To this end, we begin with a short introduction to random iratreory and a
quick description of the main characters studied in thiptéraWe then continue in
g2 with a detailed exposition of the historical developmémamdom matrix theory
in nuclear physics in the 1950s and 1960s. We note the pivol@lplayed by the
nuclear physics experimentalists in gathering data to etpipe theoretical conjec-
tures; we will see analogues of these when we get to the waheih970s and 1980s
on zeros ot -functions ing3.3. One of our main purposes is in fact to highlight the
power of experimental data, be it data from a lab or a compeataulation, and
show how attempts to explain such results influence the dpwent and direction
of subjects. We then shift emphasis to number theoffBirand see how studies on
the class number problem led Montgomery to his famous paietadion conjecture
for the zeros of the Riemann zeta function. This and relatsiktcs are the focus
of the rest of the chapter; we describe what they are, whajrpss has been made
(theoretically and numerically), and then turn to some apégstions. Most of these
open questions involve how the arithmeticlefunctions influences the behavior;
remarkably the main terms in a variety of problems are inddpat of the finer
properties ot-functions, and it is only in lower order terms (or, equivdlg, in the
rates of convergence to the random matrix theory behaviat)the dependencies
on these properties surface. We then concluddliwith current questions and some
future trends.
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DMS1265673. We thank our colleagues and collaboratorstieeyears for many
helpful discussions on these and related topics. One of ile(Mwvas fortunate to
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1.1 The Early Days. Statistics and Biometrics

Though our main characters will be energy levels of nucldizsros ol -functions,
the story of random matrix theory begins neither with physior with mathematics,
but with statistics and biometrics. In 1928 John Wishartlighled an article titled
The Generalised Product Moment Distribution in Samplemfe Normal Multi-
variate[Wis] in Biometrika (see [Wik] for a history of the journal,ivich we briefly
recap). The journal was founded at the start of the centurfyrapcis Galton, Karl
Pearson, and Walter Weldon for the study of statisticsedl& biometrics. In the
editors’ introduction in the first issue (see also [Wik])eyhwrite:

It is intended that Biometrika shall serve as a means not ohbpollecting or publishing
under one title biological data of a kind not systematicatiffected or published elsewhere
in any other periodical, but also of spreading a knowledgsuch statistical theory as may
be requisite for their scientific treatment.

The question of interest for Wishart was that of estimatiogaciance matrices.
The paper begins with a review of work to date on samples froiaviate and
bivariate populations, and issues with the determinatforoorelation and regres-
sion coefficients. After summarizing some of the work andrfolas from Fisher,
Wishart writes:

The distribution of the correlation coefficient was dedubgdiirect integration from this
result. Further, K. Pearson and V. Romanovsky, startingftbis fundamental formula,
were able to deal with the regression coefficients. Peaisdl925, gave the mean value
and standard deviation of the regression coefficient, wRdmanovsky and Pearson, in the
following year, published the actual distribution.

After talking about the new problems that arise when dealiity three or more
variates, he continues:

What is now asserted is that all such problems depend, inrgierfstance, on the determi-
nation of a fundamental frequency distribution, which Wi a generalisation of equation
(2). It will, in fact, be the simultaneous distribution innsples of then variances (squared

standard deviations) and tH‘épz_—l) product moment coefficients. It is the purpose of the
present paper to give this generalised distribution, anchtoulate its moments up to the
fourth order. The case of three variates will first be considen detail, and thereafter a
proof for the generah-fold system will be given.

In his honor the distribution of the sample covariance mafarising from a
sample from a multivariate normal distribution) is callée tWishart distribution.
More specifically, if we have amx p matrix X whose rows are independently drawn
from a p-variate mean 0 normal distribution, the Wishart distribats the density
of the p x p matricesX™ X.

Several items are worth noting here. First, we have an ensdibollection) of
matrices whose entries are drawn from a fixed distributiotthis case there are de-
pendencies among the entries. Second, these matricesar®ousodel observable
quantities of interest, in this case covariances. Finadlfis article he mentions an
earlier work of his (published in the Memaoirs of the Royal B@tological Society,
volume Il, pages 29-37, 1928) which experimentally confatreeme of the results
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discussed, thus showing the connections between expdraméitheory which play
such a prominent role later in the story also played a keyimtlee founding.

It was not until almost thirty years later that random mathigory, in the hands
and mind of Wigner, bursts onto the physics scene, and theiil ibe almost an-
other thirty years more before the connections with numibeoity emerge. Before
describing these histories in detail, we end the introducivith a very quick tour
of some of the quantities and objects we’ll meet.

1.2 Cast of Characters; Nuclei and L-functions

The two main objects we study are energy levels of heavy hoalghe physics
side, and zeros of the Riemann zeta function (or more gdpdrglinctions) on
the number theory side, especially Montgomery’s pair dati@ conjecture and
related statistics. We give a full statement of the pair @ation conjecture, and
results towards its proof, ifi8.2. Briefly, given an ordered sequence of events (such
as zeros on the critical line, eigenvalues of Hermitian ioa$; energy levels of
heavy nuclei) one can look at how often a difference is olexkrvhe remarkable
conjecture is that these very different systems exhibitlaimbehavior.

We begin with a review of some facts about the these areas, theories for
their behavior to how experimental observations were abthivhich shed light on
the structures, and then finish the introduction with sonmeshat the similarities
between these two very different systems. Parts of thaiose@s well as much of
42, are expanded with permission from the survey article| [Riiten by two of the
authors of this chapter for the inaugural issue of the opeasacjournal Symmetry.
The goal of that article was similar to this chapter, thouggré the main quantity
discussed was Wigner’'s semi-circle law and not pair cotiggia

Many, if not all, of the other survey articles in the subjeohcentrate on the
mathematics and ignore the experimental physics. Wheilingribe survey[[FM]
the authors deliberately sought a balance, with the irdargf sharing and elaborat-
ing on that vantage again in a later work to give a wider autbenmore complete
description of the development of the subjects, as otheoagpes are already avail-
able in the literature. We especially recommend to the ne@dédston’s excellent
survey articleNotes on pair correlation of zeros and prime numbsee [Go]) for
an extended, detailed technical discussion; the purpoieithapter is to com-
plement this and other surveys by highlighting other aspefthe story, especially
how Montgomery’s work on the pair correlation of zeros(d$§) connects, through
random matrix theory, a central object of study in numbeoithi¢o our understand-
ing of the physics of heavy nuclei.
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1.2.1 Atomic Theory and Nuclei

Experiments and experimental data played a crucial rolaiieeolving understand-
ing of the atom. For example, Ernest Rutherford’s gold faperiment (performed
by Hans Geiger and Ernest Marsden) near the start of theigtieicentury demon-
strated that J. J. Thomson’s plum pudding model of an atommggatively charged
electrons embedded in a positively charged region was, fatebthat the atom had
a very small positively charged nucleus with the electr@rsafvay. These exper-
iments involved shooting alpha particles at thin gold follMpha particles are he-
lium atoms without the electrons and are thus positivelygbd. While this positive
charge was responsible for disproving the plum pudding edeh particles could
not deeply probe the positively charged nucleus due to tbagtepulsion from like
charges. To make further progress into the structure oftthra & general, and the
nucleus in particular, another object was needed. A greatidate was the neutron
(discovered by Chadwick in 1932); as it did not have a netgdhahe electric force
would play an immensely smaller role in its interaction vittle nucleus than it did
with the alpha particles.

The earliest studies of neutron induced reactions showegdte total neutron
cross sectidhfor the interaction of low-energy (electron-volt, eV) nearts with
a nucleus is frequently much greater than the geometries presented by the
target nucleus to the incident neutron [FA]. It was also fbtirat the cross section
varies rapidly as a function of the bombarding energy of tieéddient neutron. The
appearance of these well-defimedonance# the neutron cross section is the most
characteristic feature of low energy nuclear reactions.

In general, the low energy resonances were found to be glepaked (spacing
< 10 eV in heavy nuclei), and to be very narrow (width<.1 eV). These facts
led Niels Bohr to introduce theompound nucleusodel [Bd] that assumes the in-
teraction between an incoming neutron and the target nsii¢eso strong that the
neutron rapidly shares its energy with many of the targelawrs. The nuclear state
that results from the combination of incident neutron amgetinucleus may there-
fore last until sufficient energy again resides in one of theleons for it to escape
from the system. This is a statistical process, and a coraditietime may elapse be-
fore it occurs. The long lifetime of the statg) (on a nuclear timescale) explains the
narrow width () of the resonand@Also, since many nucleons are involved in the
formation of a compound state, the close spacing of the eerms is to be expected
since there are clearly many ways of exciting many nuclebins.qualitative model

1 A total neutron cross section is defined as

Number of events of all types per unit time per nucleus
Number of incident neutrons per unit time per unit drea

and has the dimensions of area (the standard unit isahg 10-2%cm?).

2 The width, I, is related to the lifetimer, by the uncertainty relatiofl = h/2mt, whereh is
Planck’s constant. The finite width (lack of energy defimjidgs due to the fact that a resonant
state can decay by emitting a particle, or radiation, wheeeatate of definite energy must be a
stationary state.
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outlined above has formed the basis of most theoreticari¢iens of low-energy,
resonant nuclear reactions [BW].

If a resonant state can decay in a number of different wayst{annels), we
can ascribe a probability per unit time for the decay into anctel,c, which can be
expressed as a partial widfj.. The total width is the sum of the partial widths, i.e.,
Iy=3%clc

The appearance of well-defined resonances occurs in heali imass num-
ber A > 100, say) for incident neutron energies up to about 100 keW,ia light
nuclei up to neutron energies of several MeV. As the neutrmmbarding ener-
gies are increased above these energies, the total craemsere observed to be-
come smoother functions of neutron eneligy[HS]. This is dugb effects: firstly,
the level density (i.e., the number of resonances per ueitggrinterval) increases
rapidly as the excitation energy of the compound nucleugieased, and secondly,
the widths of the individual resonances tend to increask initreasing excitation
energy so that, eventually, they overlap. The smoothedsimss sections provide
useful information on the average properties of resonar@ae of the most sig-
nificant features of these cross sections is the appearégress fluctuations that
have been interpreted in terms of the single-particle eadfithe neutron-nucleus
interaction [LTW]. Thesayiant resonanceform one of the main sources of exper-
imental evidence for introducing the successfptical modelof nuclear reactions.
This model represents the interaction between a neutromamatleus in terms of
the neutron moving in a complex potential well[ [OBJ] in whitle imaginary part
allows for the absorption of the incident neutron.

Experimental results show that, on increasing the bombgrdnergy above
about 5 MeV, a different reaction mechanism may occur. Famgde, the en-
ergy spectra of emitted nucleons frequently contain tooynégh-energy nucleons
compared with the predictions of the compound nucleus madthe mechanism no
longer appears to be one in which the incident neutron slitsresergy with many
target nucleons but is one in which the neutron interactl wisingle nucleon or,
at most, a few nucleons. Such a mechanism is terndirkat interaction which is
defined as a nuclear reaction in which only a few of the avkaldbgrees of freedom
of the system are involved [Au].

The optical model mentioned above, is an important example of a direct inter-
action that takes place even at low bombarding energies.indigent neutron is
considered to move in the mean nuclear potential of all th@emuns in the target.
This model also has been used to account for anomalies irptatra of gamma-
rays resulting from thermal neutron capturel[L, LL].

At even higher bombarding energies, greater than 50 MeV,teaymechanism
becomes clearer in the sense that direct processes are sh@mportant. The reac-
tions then give information on the fundamental nucleonlemit interaction; these
studies and their interpretation are, however, outsidetbpe of the present discus-
sion.

When a low-energy neutron (energyl0 keV, say) interacts with a nucleus the
excitation energy of the compound nucleus is greatly irsddy the neutron bind-
ing energy that typically ranges from 5 to 10 MeV. In the la@Qs, experimental
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methods were developed for measuring low-energy neutrahsrasolutions of a
few electron-volts. This meant that, for the first time in gohysical system, it be-
came possible to study the fine structure of resonances egiesdar above the
ground state of the system. The relevant experimental rdetae discussed ##.
Important information was thereby obtained concerningphaperties that char-
acterizes the resonances such as their peak cross seetasii; scattering widths,
and adjacent spacing. The results were used to test thepoadiof various nuclear
models used to describe the interactions. These modelsddrngm the Fermi Gas
Model, a quantized version of classical Statistical Meatgmand Thermodynamics
[B€], to the sophisticated Nuclear Shell Model [BW]. In th&dm 950s, all Statis-
tical Mechanics Models predicted that the spacing distidiouof nearest-neighbor
resonances of the same spin and parity in a heavy nucleus fmagbelA > 100,
say) was an exponential distribution. By 1956, the expemtaecvidence on the
spacing distribution of s-wave resonances in a number ofyheaclei indicated a
lack of very closely-spaced resonances, contradictingpthéictions of an expo-
nential distribution[[HH]. By 1960, two research groups [RB, [FLM] showed,
unequivocally, that the spacing distribution of resonangeto an energy of almost
2 keV followed the prediction of the random matrix model siged by Wigner in
1956 [Wig5]; in his model the probability of a zero spacingéso! It is a model
rooted in statistics, which interestingly is where our gton random matrix theory
began!

1.2.2 L-functions and Their Zeros

There are many excellent introductions, at a variety oflgwe number theory and
L-functions. We assume the reader is familiar with the basfdahe subject; for
more details see among others[Dal [Ed,HW [IK, MT-B, Se]. Tiseussion below
is a quick review and is an abridgement (and slight expansibjiEM], which has
additional details.

The primes are the building blocks of number theory: evetiggar can be written
uniquely as a product of prime powers. Note that the role gaayy the primes
mirrors that of atoms in building up molecules. One of the nmgortant questions
we can ask about primes is also one of the most basic: how nrangpare there
at mostx? In other words, how many building blocks are there up to argpoint?

Euclid proved over 2000 years ago that there are infinitelgynpaimes; so, if we
let 71(x) denote the number of primes at masive know lim_,., 77(x) = . Though
Euclid’s proof is still used in courses around the world (gnes a growth rate on
the order of loglog), one can obtain much better countsm(x).

The prime number theorem states that the number of primesoat xnis
Li (x) +o(Li(x)), where Lix) = f;dt/logt and forx large, Li(x) is approximately
x/logx, and f(x) = o(g(x)) means lim_. f(x)/g(x) = 0. While it is possible to
prove the prime number theorem elementaiiily [Erd, Sel23, miost informative
proofs use complex numbers and complex analysis, and lehé fascinating con-
nection between number theory and nuclear physics. Oneeafntbst fruitful ap-
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proaches to understanding the primes is to understand piepef the Riemann
zeta function{ (s), which is defined for Res) > 1 by

M s

29 =y < (11)

n=1

the series converges for B > 1 by the integral test. By unique factorization, we
may also write (s) as a product over primes. To see this, use the geometrisserie
formula to expandl— p~—%)~t asyp_, p ™ and note thah S occurs exactly once
on each side (and clearly every term from expanding the mtddwf the formn—s
for somen). This is called the Euler product gfs), and is one of its most important
properties:
© 1\ 1
{(s) = ZE = |'| <1—ES) . (1.2)
n=1 p prime

Initially defined only for Rés) > 1, using complex analysis the Riemann zeta func-
tion can be meromorphically continued to all@f having only a simple pole with
residue 1 as= 1. It satisfies the functional equation

§9) = Zs(s-1r () iz = £a-s) 1.3)

One proof is to use the Gamma functién(s) = J;° e 'tS 1dt. A simple change of
variables gives

/ x2S~ g gy — (5) /rem/2. (1.4)
0 2

Summing oven represents a multiple @f(s) as an integral. After some algebra we

find
r (;)Z(s) - /1mx%5*1w(x)dx+/lmx*%5*1w ()—1() dx, (1.5)

. 2 . . .
with w(x) = S 5_, e ™ ™. Using Poisson summation, we see

1 1 11 1
“’(;) = —5t =32 +x2w(x), (1.6)
which yields
_1g E B 1 /oo 14 L1g1
T2 F(Z)Z(S) = 73(3—1)4_ A (X254 X 2% 2)w(x)dx, (1.7)

from which the claimed functional equation follows.

The distribution of the primes is a difficult problem; howewee distribution of
the positive integers is not and has been completely knongite some time! The
hope is that we can understafid1/n° as this involves sums over the integers, and
somehow pass this knowledge on to the primes through the grdduct.
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Riemann[[Ri] (se€CI, _Ed] for an English translation) olveeta fascinating con-
nection between the zeros §fs) and the error term in the prime number theorem.
As this relation is the starting point for our story on the raentheory side, we de-
scribe the details in some length. One of the most natunagjthio do to a complex
function is to take contour integrals of its logarithmiciglative; this yields informa-
tion about zeros and poles, and we will see latel in (1.1 %weacan get even more
information if we weigh the integral with a test function.dre are two expressions
for {(s); however, for the logarithmic derivative it is clear that skould use the
Euler product over the sum expansion, as the logarithm obduymt is the sum of
the logarithms. Let

e .
Aln) = logp ifn= p_ for some integer (1.8)
0 otherwise
We find s I . “ A(n)
S _ _§gogpp - _ n
9 " 2 1-ps 4w (9)

(this is proved by using the geometric series formula to evflt — p~5)~! as
S ko 1l/p°% collecting terms and then using the definitior’df)). Moving the neg-
ative sign over and multiplying by?/s, we find

1 0 e, 1 7 x\sds
zile q9s S m g VG S @

where we are integrating over some line(§e= c > 1. The integral on the right
hand side is 1 ih < x and 0 ifn > x (by choosingx non-integral, we do not need
to worry aboutx = n), and thus give§ -,/ (n). By shifting contours and keeping
track of the poles and zeros §fs), the residue theorem implies that the left hand
side is

X— Z E; (1.11)

p:fp)=0 P

the x term comes from the pole df(s) ats= 1 (remember we count poles with a
minus sign), while the® /p term arises from zeros; in both cases we must multiply
by the residue, which i /p (it can be shown thaf(s) has neither a zero nor a
pole ats= 0). Some care is required with this sum Sa&/|p| diverges. The solution
involves pairing the contribution from with p; see for examplé [Dal].

The Riemann zeta function vanishes whengwés a negative even integer; we
call these therivial zeros. These terms contribugg_ , x 2¢/(2k) = —% log(1—
x~2). This leads to the following beautiful formula, known as éxglicit formula

X ¥ 1
p 2

p:Re(p)€(0,1)
{(p)=0

log(1—x"2) = S A (1.12)

n<x



12 Contents

If we write n asp", the contribution from alp" pieces withr > 2 is bounded by
2x1/2logx for x large, thus we really have a formula for the sum of the primes a
mostx, with the primep weighted by log. Through partial summation, knowing
the weighted sum is equivalent to knowing the unweighted.sum

We can now see the connection between the zeros of the Riersdariunc-
tion and counting primes at most The contribution from the trivial zeros is well-
understood, and is just% log(1—x~2). The remaining zeros, whose real parts are
in [0,1], are called th@on-trivial or critical zeros. They are far more important and
more mysterious. The smaller the real part of these zer@§9f the smaller the
error. Due to the functional equation, howeveg {p) = O for a critical zergo then
{(1—p) =0 as well. Thus the ‘smallest’ the real part can be is 1/2. Thihe
celebratedRiemann Hypothesis (RH)hich is probably the most important mathe-
matical aside ever in a paper. Riemahn [CI| [Ed, Ri] wroten@tated into English;
note when he talks about the roots being real, he’s writiegtlots as 12+ iy, and
thusy € R is the Riemann Hypothesis):

One now finds indeed approximately this number of real roadtisimthese limits, and it is

very probable that all roots are real. Certainly one wouldhafor a stricter proof here; |
have meanwhile temporarily put aside the search for thés atime fleeting futile attempts,
as it appears unnecessary for the next objective of my iiga&in.

Though not mentioned in the paper, Riemann had developadifictéormula for
computing the zeros of (s), and had checked (but never reported!) that the first
few were on the critical line Rg) = 1/2. His numerical computations were only
discovered decades later when Siegel was looking througim&in’s papers.

RH has a plethora of applications throughout number thendyraathematics;
counting primes is but one of many. The prime number theosamfact equivalent
to the statement that Re) < 1 for any zero o (s), and was first proved indepen-
dently by Hadamard [Had] and de la Vallee Pouskin [dIVP] &8@. Each proof
crucially used results from complex analysis, which is hasdirprising given that
Riemann had showr(x) is related to the zeros of the meromorphic funct{ds).

It was not until almost 50 years later that Erdds |Erd] antb&wg [Sel2] obtained
elementary proofs of the prime number theorem (in other sjopdoofs that did
not use complex analysis, which was quite surprising as iinegmnumber theorem
was known to be equivalent to a statement about zeros of aneephic function).

See [Gol4] for some commentary on the history of elementaopfs. It is clear,

however, that the distribution of the zeros of the Riemarta faenction will be of

primary (in both senses of the word!) importance.

The Riemann zeta function is the first of many similar funt$idghat we can
study. We assume the reader has deémnctions before; in addition to the surveys
mentioned earlier, see also the introductory remarkis i8 [IRS]. We can examine,
for the real part o6 sufficiently large,

L(s f) = i afn(sn); (1.13)
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of course, while we can create such a function for any sequgéman)} of suf-
ficient decay, only certain choices will lead to useful okgewhose zeros encode
the solution to questions of arithmetic interest. For exiayipwe chosea; arising
from Dirichlet characters we obtain information about pgsrin arithmetic pro-
gression, while taking; (p) to count the number of solutions to an elliptic curve
y? = x3 + Ax+ B modulop yields information about the rank of the group of ratio-
nal solutions.

Our previous analysis, where many of our formulas are duakimg the loga-
rithmic derivative and computing a contour integral, sugig¢hat we insist that an
Euler product hold:

(s T) = iafn(:) — ] Lels (1.14)
n= p prime

Further, we want a functional equation relating the valueshe completedL-
function ats and 1— s, which allows us to take the series expansion that originall
converges only for real part agflarge and obtain a function defined everywhere:

A(s,f) = Lu(s f)L(s, f) = gA(1—51), (1.15)
whereg;, the sign of the functional equation, is of absolute valuant

d

Lp(s f) = ]'|1(1— ari(pp®) "

|=
S
2

n
Loo(s, f) AQSHI'( +af;j), (1.16)
=1
with A # 0 a complex numbeQ > 0, ar;j > 0 andy|_; ar;j(p)” = ar(p¥). For
‘nice’ L-functions, it is believed that the Generalized Riemann dilgpsis (GRH)
holds: All non-trivial zeros real part equal to 1/2.

We end our introduction to our main number theoretic objetisterest by not-
ing that [1.IR) is capable of massive generalization, resttpiothe_-functions but
we can multiply [1.P) by a nice test functiag(s) instead of the specific function
x%/s. The result of this choice is to have a formula that relatesssaf ¢ at zeros
of our L-function to sums of the Fourier transform @fat the primes. For example
(see Section 4 of[IL!S]) one can show

y A hd v (logpY logp
¢(=——logR) = —— -2 as(p )(p( , (2.17)
% (27‘[ ) logR %‘/Zl ( logR / pY/2logR

whereR is a free scaling parameter chosen for the problem of irtieres-
2¢(0)logQ+ 311 Aj with

o 1 2mix
Aj = '/mcp (af;,- +Z+@?) P(x)dx (1.18)
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and the Fourier transform is defined by

o) = [ gtxe v (119)

1.2.3 From the Hilbert-Pélya Connection to Random Matrix Theory

As stated earlier, the Generalized Riemann Hypothesistagbat the non-trivial
zeros of the a-function are of the fornp = 1/2+ iy, with y, real. Thus it makes
sense to talk about the distribution between adjacent zénmaind 1913, Poblya
conjectured that thg, are the eigenvalues of a naturally occurring, unbounded,
self-adjoint operator, and are therefore f®ahter, Hilbert contributed to the con-
jecture, and reportedly introduced the phrase ‘spectrardéscribe the eigenvalues
of an equivalent Hermitian operator, apparently by anal@ily the optical spectra
observed in atoms. This remarkable analogy pre-dated hieésg's Matrix Me-
chanics and the Hamiltonian formulation of Quantum Mecbsiy more than a
decade.

Not surprisingly, the Hilbert-Polya conjecture was calesed so intractable that
it was not pursued for decades, and random matrix theoryinedan a dormant
state. To quote Diaconis [Dil]:

Historically, random matrix theory was started by statistis [Wi$] studying the correla-
tions between different features of population (heightight income...). This led to cor-
relation matrices with(i, j) entry the correlation between tligh and jth features. If the

data were based on a random sample from a larger populatiese correlation matrices
are random; the study of how the eigenvalues of such samplesdke was one of the first
great accomplishments of random matrix theory.

Diaconis [Di2] has given an extensive review of random matreory from the
perspective of a statistician. A strong argument can be premeever, that random
matrix theory, as we know it today in the physical sciencegan in a formal math-
ematical sense with the Wigner surmise [Wig5] concernirgsipacing distribution
of adjacent resonances (of the same spin and parity) in teeaittions between
low-energy neutrons and nuclei, which we describe in gretitin §2.

2 The ‘Birth’ of Random Matrix Theory in Nuclear Physics

Below we discuss some of the history of investigations oftheleus, concentrating
on the parts that led to the introduction of random matriotlgego the subject. As
mentioned earlier, this section is expanded with permisiiom [EM]. Our goal is

3|f vis an eigenvector with eigenvalueof a Hermitian matrixA (SoA = A* with A* the complex
conjugate transpose & thenv (Av) = v* (A*v) = (Av)*v; the first expression i& ||v||> while the
lastisA ||v|[2, with ||v]|?> = v*v= S |vi|? non-zero. Thug = A, and the eigenvalues are real. This is
one of the most important properties of Hermitian matriesst allows us to order the eigenvalues.
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to provide the reader with both sides of the coin, highlighthe interplay between
theory and experiment, and building the basis for applbcetito understanding ze-
ros ofL-functions; we have chosen to spend a good amount of spabesa ¢éxper-

iments and conjectures as these are less-well known to therglenathematician
than the later parts of our story.

While other methods have since been developed, randomxntiadory was the
first to make truly accurate, testable predictions. The g@iigea is that the behavior
of zeros ofL-functions are well-modeled by the behavior of eigenvahfasertain
matrices. This idea had previously been successfully useatbtel the distribution
of energy levels of heavy nuclei (some of the fundamentaempnd books on
the subject, ranging from experiments to theory, includERBIPW,DLL, [Dy1,
[Dy2,[FLM, [ERG [Forl FKPT, Gau, HH, HR B, Hu. Mehl, Meh2, MG, WTPa /T,
[Wig1, [Wig2,[Wig3 | Wig4| Wigh| Wigh]). We describe the devetoent of random
matrix theory in nuclear physics below, and then delve intrarof the details of
the connection between the two subjects.

2.1 Neutron Physics

The period from the mid-1930s to the late 1970s was the gaddgnof neutron
physics; widespread interest in understanding the physitise nucleus, coupled
with the need for accurate data in the design of nuclear segcmade the field
of neutron physics of global importance in fundamental ptsygechnology, eco-
nomics, and politics. 11,21 we introduced some of the early models for nuclei,
and discussed some of the original experiments. In thissewete describe later
work where better resolution was possible. Later we willvslimw a similar per-
spective and chain of progress holds in studies of zeroseoRtbmann zeta func-
tion! Thus the material here, in addition to being of intélesits own right, will
also provide a valuable vantage for study of arithmetic ctisje

In the mid-1950s, a discovery was made that turned out to Feaaveeaching
consequences beyond anything that those working in thedieliil have imagined.
For the first time, it was possible to study the microstruetfrthe continuum in a
strongly-coupled, many-body system, at very high exdtaénergies. This unique
situation came about as the result of the following facts.

e Neutrons, with kinetic energies of a few electron-voltgjigxstates in compound
nuclei at energies ranging from about 5 million electrotts/to almost 10 mil-
lion electron-volts — typical neutron binding energiesh&unatically, see Figure
.

e Low-energy resonant states in heavy nuclei (mass numbesedegrthan about
100) have lifetimes in the range 18 to 10-1° seconds, and therefore they have
widths of about 1 eV. The compound nucleus loses all memoth@fway in
which itis formed. It takes a relatively long time for suffiait energy to reside in
a neutron before being emitted. This is a highly complexijstieal process. In
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Fig. 1 An energy-level diagram showing the location of highly-iéxd resonances in the com-
pound nucleus formed by the interaction of a neutrgnyith a nucleus of mass numb&r Nature
provides us with a narrow energy region in which the resoesrare clearly separated, and are
observable.

heavy nuclei, the average spacing of adjacent resonantygédally in the range
from a few eV to several hundred eV.

e Just above the neutron binding energy, the angular momebégurrer restricts
the possible range of values of total spin of a resonah¢g= | +i + |, wherel
is the spin of the target nucleuds the neutron spin, ands the relative orbital
angular momentum). This is an important technical point.

e The neutron time-of-flight method provides excellent egyegsolution at ener-
gies up to several keV. (See Fifk][Fi] for a review of timeflight spectrometers.)

The speed, of a neutron can be determined by measuring the tirtteat it takes
to travel a measured distanéen free space. Using the standard result of special
relativity, the kinetic energy of the neutron can be deducsdg the equation
En = Eo[(1-V3/c) Y21
= Eo[(1-#/t3c?) 1?1, (2.1)
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whereEg ~ 939553 MeV is the rest energy of the neutron and 2.997925 108
m/s is the speed of light.

If the units of energy are MeV, and those of length and timeraeters and
nanoseconds, then

En = 939553(1— 11.1264967/t2) /% — 1] MeV. (2.2)

It is frequently useful to rearrange this equation to give thtiot,/¢ for a given
energyEn:

tn/l = 3.3356404\/1— (939553/(Ep+ 939553))2. (2.3)

Typical values for this ratio are 72.355 ns/m t&y =1 MeV and 23.044 ns/m for
E, =10 MeV.
At energies below 1 MeV, the non-relativistic approximatio (Z.3) is adequate:

(tn/ONR = 1/ Eo/2EnC? = 72.298/\/Ey us/m. (2.4)

In the eV-region, it is usual to use units g6/m: a 1 eV neutron travels 1 meter
in 72.3 microseconds. At non-relativistic energies, the eneegplutionAE at an
energyE is simply:

AE ~ 2EAt/tg, (2.5)

whereAt is thetotal timing uncertainty, ande is the flight time for a neutron of
energyE.

In 1958, the two highest-resolution neutron spectroméiettse world had total
timing uncertaintie?\t ~ 200 nanoseconds. For a flight-path length of 50 meters
the resolution wadE ~ 3 eV at 1 keV.

In 238U 4 n, the excitation energy is about 5 MeV; the effective resofufor a
1 keV-neutron was therefore

AE /Eqfrective ~ 6-1077 (2.6)

(at 1 eV, the effective resolution was about 1.
Two basic broadening effects limit the sensitivity of thethual.

1. Doppler broadening of the resonance profile due to therthlemotion of the
target nuclei; it is characterized by the quandty: 0.3,/E/A (eV), whereA is
the mass number of the targetHf= 1 keV andA = 200,96 ~ 0.7 eV, a value
that may be ten times greater than the natural width of thenasce.

2. Resolution broadening of the observed profile due to th fiesolving power
of the spectrometer. For a review of the experimental methused to measure
neutron total cross sections see Firk and Melkoriian [FMghnl[Ly] has given
a detailed account of the theory of neutron resonance ogexti

In the early 1950s, the field of low-energy neutron resonapeetroscopy was
dominated by research groups working at nuclear react¢msy Were located at
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National Laboratories in the United States, the United img, Canada, and the
former USSR. The energy spectrum of fission neutrons pratiuce reactor is
moderated in a hydrogenous material to generate an enhflogeaf low-energy
neutrons. To carry out neutron time-of-flight spectrosctipy continuous flux from
the reactor is “chopped” using a massive steel rotor with $iite through it. At
the maximum attainable speed of rotation (abou0R0 rpm), and with slits a few
thousandths-of-an-inchin width, it is possible to prodpekses each with a duration
approximately Jusec. The chopped beams have rather low fluxes, and therkéore t
flight paths are limited in length to less than 50 meters. HEsolution at 1 keV is
thenAE = 20 eV, clearly not adequate for the study of resonance sgseainout 10
ev.

In 1952, there were only four accelerator-based, low-gnegytron spectrom-
eters operating in the world. They were at Columbia Univgiisi New York City,
Brookhaven National Laboratory, the Atomic Energy Rese&stablishment, Har-
well, England, and at Yale University. The performancesete early accelerator-
based spectrometers were comparable with those achietied etactor-based fa-
cilities. It was clear that the basic limitations of the meatchopper spectrometers
had been reached, and therefore future developments iretdevfduld require im-
provements in accelerator-based systems.

In 1956, a new high-powered injector for the electron gurmeftiarwell electron
linear accelerator was installed to provide electron pwgi¢h very short durations
(typically less than 200 nanoseconds) [FRG]. The pulsedroedlux (generated
by the {/, n) reaction) was sufficient to permit the use of a 56 metehfflgath; an
energy resolution of 3 eV at 1 keV was achieved.

At the same time, Professors Havens and Rainwater (piomets field of neu-
tron time-of-flight spectroscopy) and their colleagues @u@bia University were
building a new 385 MeV proton synchrocyclotron a few milesth@f the campus
(at the Nevis Laboratory). The accelerator was designe@ity out experiments
in meson physics and low-energy neutron physics (neutrensrgted by the (p, n)
reaction). By 1958, they had produced a pulsed proton bedamduiration of 25
nanoseconds, and had built a 37 meter flight path [RORH, DRRH hydroge-
nous neutron moderator generated an effective pulse widdha@ut 200 nanosec-
onds for 1 keV-neutrons. In 1960, the length of the flight patis increased to
200 meters, thereby setting a new standard in neutron tirfleght spectroscopy

[GRPH].

2.2 The Wigner Surmise

At a conference on Neutron Physics by Time-of-Flight, heldGatlinburg, Ten-
nessee on November 1st and 2nd, 1956, Professor Eugenenflignibel Laureate
in Physics, 1963) presented his surmise regarding theatieakform of the spacing
distribution of adjacent neutron resonances (of the sarmeasyl parity) in heavy
nuclei. At the time, the prevailing wisdom was that the spgdistribution had a
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Poisson form (see, howevelr, [GP]). The limited experimetéta then available
was not sufficiently precise to fix the form of the distributtisee [[Hu]). The fol-

lowing quotation, taken from Wigner’s presentation at tbeference, introduces
the concept of random matrices in Physics, for the first time:

Perhaps | am now too courageous when | try to guess the distnibof the distances be-
tween successive levels. | should re-emphasize that [thetihiave differeng-values (total
spin) are not connected with each other. They are entirelggandent. So far, experimental
data are available only on even-even elements. Theollgtitia situation is quite simple if
one attacks the problem in a simple-minded fashion. Thetguess simply ‘what are the
distances of the characteristic values of a symmetric mafith random coefficients?’

We know that the chance that two such energy levels coinsidefinitely unlikely. We

ajq a1z

consider a two-dimensional matrix,
azy a2

>, in which case the distance between two

levelsisy /(a1 — ag2)2 + 4a§2. This distance can be zero onlyaif; = a2 andai» = 0. The

difference between the two energy levels is the distancepoira from the origin, the two
coordinates of which aréa;1 — ax2) andag,. The probability that this distance &is, for
small values ofS, always proportional t& itself because the volume element of the plane
in polar coordinates contains the radius as a factor....

The probability of finding the next level at a distar@aow becomes proportional ®dS
Hence the simplest assumption will give the probability

M 2exp(—Tp2
5P exp( 2P 82) sds 2.7)

for a spacing betweeBandS+dS

If we putx = pS= S/(S), where(S) is the mean spacing, then the probability distribution
takes the standard form

p(x)dx = 7—2Tx exp(—1¢/4) dx, (2.8)
where the coefficients are obtained by normalizing both tha and the mean to unity.

The form of the Wigner surmise had been previously discussedVigner
[Wig1], and by Landau and Smorodinsky [LS], but not in theispf random matrix
theory.

The Wigner form, in which the probability of zero spacing &@, is strikingly
different from the Poisson form

p(x)dx = exp(—x)dx (2.9)

in which the probability is a maximum for zero spacing. Tharicof the Wigner
surmise had been previously discussed by Wigner hinfseljI§viand by Landau
and Smorodinsky [[S], but not in the spirit of random mattieory.

It is interesting to note that the Wigner distribution is &sial case of a general
statistical distribution, named after Professor E. H. WedidVeibull (1887-1979), a
Swedish engineer and statistician [Wei]. For many yeaesgihtribution has been
in widespread use in statistical analyses in industriels as@erospace, automotive,
electric power, nuclear power, communications, and lismiancd The distribution

4n fact, one of the authors has used Weibull distributionméalel run production in major league
baseball, giving a theoretical justification for Bill JarhBgthagorean Won-Loss formula [Mil3].
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gives the lifetimes of objects and is therefore invaluablgtiudies of the failure rates
of objects under stress (including people!). The Weibudlgability density function

is
k /x\k

Wei(ck A) = & (X) 7lexp(—(x/)\)k) (2.10)

wherex > 0, k > 0 is theshapeparameter, and > 0 is thescaleparameter. We
see that Wei; 2,2/+/m) = p(x), the Wigner distribution. Other important Weibull
distributions are given in the following list.

e Wei(x;1,1) = exp(—x) the Poisson distribution;
e Wei(x;2,A) = Ray(A), the Rayleigh distribution;
e Wei(x;3,A) is approximately a normal distributich.

For Weix;k,A), the mean isAI" (1+ (1/k)), the median isA log(2)¥/¥, and
the mode isA (k — 1)Y/*/kY/K, if k > 1. Ask — =, the Weibull distribution has
a sharp peak at. Historically, Frechet introduced this distribution in2IQ and
Nuclear Physicists often refer to the Weibull distributesthe Brody distribution
[BEEMPW].

At the time of the Gatlinburg conference, no more than 20 gewgeutron reso-
nances had been clearly resolved in a single compound raugteltherefore it was
not possible to make a definitive test of the Wigner surmisenédiately following
the conference, J. A. Harvey and D. J. Hughes]|[HH], and ttedialcorators, work-
ing at the fast-neutron-chopper-groups at the high fluxtozaat the Brookhaven
National Laboratory, and at the Oak Ridge National labayatgathered their own
limited data, and all the data from neutron spectroscopypga@round the world,
to obtain the firsglobal spacing distributiorof s-wave neutron resonances. Their
combined results, published in 1958, showed a distinct ¢tdalery closely spaced
resonances, in agreement with the Wigner surmise.

By late 1959, the experimental situation had improved, tiyeAt Columbia
University, two students of Professors Havens and Raimeatapleted their Ph.D.
theses; one, Joel Rosén [RDRH], studied the first 55 res@sanc3U + n up to
1 keV, and the other, J Scott Desjardins [DRRH], studiedrrasoes in two silver
isotopes (of different spin) in the same energy region. &hvesre the first results
from the new high-resolution neutron facility at the Newslotron.

At Harwell, Firk, Lynn, and Moxon[FLM] completed their styaf the first 100
resonances irt38U + n at energies up t0.8 keV; their measurement of the total
neutron cross section for the interactié#fU + n in the energy range 400-1800 eV
is shown in Figur&l2.

When this experiment began in 1956, no resonances had besnee at ener-
gies above 500 eV. The distribution of adjacent spacingkefitst 100 resonances
in the single compound nucleu$3®U + n, ruled out an exponential distribution and

5 Obviously this Weibull cannot be a normal distribution, heyt have very different decay rates
for largex, and this Weibull is a one-sided distribution! What we meathat for 0< x < 2 this
Weibull is well approximated by a normal distribution whishares its mean and variance, which
are (respectively) (4/3) ~.893 and (5/3) — I (4/3)% ~ .105.



Contents 21

100,

Sul }F

Q

b

Y

e

r

51t} ID'D

T 50,

° ‘ [

1 A

?,u‘.‘i ! i

g NG muuvxm

5

s

e

[+

L

£

n

. oon

-3

. MM\AN gl
1700 ¥ \fs00

1200 2000
Neutron Energy - eV

Fig. 2 High resolution studies of the total neutron cross sectfoR%U, in the energy range 400
eV — 1800 eV. The vertical scale (in units of "barns”) is a meaf the effective area of the target
nucleus.

provided the best evidence (then available) in support @n&fi's proposed distri-
bution.

Over the last half-century, numerous studies have not ahtige basic findings.
At the present time, almost 1000 s-wave neutron resonandbg icompound nu-
cleus 23%U have been observed in the energy range up to 20 keV. Thé tagests,
with their greatly improved statistics, are shown in FigBI{®LL].

2.3 Some Nuclear Models

It is interesting to note that, during the 1950s and 196@s sthdy of the spacing
distribution of neutron-induced resonances was far fraemtlin stream of research
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Fig. 3 A Wigner distribution fitted to the spacing distribution d3®s-wave resonances in the
interaction 28U + n at energies up to 20 keV.

in nuclear physics; almost all research was concerned witddmental questions
associated with nuclear structure and not with quantunsstatl mechanics. The
newly-discovered Shell Model [Ma, 1.E] of nuclei, and deymieents such as the
Collective Model[Ral,_ BM] were popular, and quite rightly, sehen the successes
of these models in accounting for the observed energiess smd parities, and
magnetic moments of nuclear states, particularly in ligitlai (mass numbers
20, say) were considered.

These models were not able to account for the spacing distiits in heavy
nuclei (mass numbe#s> 150); the complex nature of so many strongly interacting
nucleons prevented any detailed analysis. However, tlagntient of such complex
problems had been considered in the mid-1930s, before thenadf the Shell-
Model. The Fermi Gas Model and other approaches based ugoriugn versions
of classical statistical mechanics and thermodynamicse wéroduced, particularly
by Bethe [B&]. The Fermi Gas Model treats the nucleons asimenacting spin%
particles in a confined volume of nuclear size. This, of ceuseems at variance
with the known strong interaction between pairs of nuclebiasvever, the argument
is made that the nuclear gas is completely degenerate arefdhe because of the
Pauli exclusion principle, the nucleons can be considenasl fThe model was the
first to predict the energy-dependence of the density ofstatthe nuclear system.

The number of states that are available to a freely movintigbain a volumev
(the nuclear volume) that has a linear momentum in the rartgep + d pis

dn = (4nv/h®)p?dp. (2.11)

This leads to
n = (V/31h°%) Phrax. (2.12)

where the result has been doubled because of the twofolddggjeneracy of the
nucleons. The “Fermi energ¥r corresponds to the maximum momentum:
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Er = prznax/szucleon (2.13)

The level density (E*) at an excitation energy* predicted by the model is
p(E") = p(0) exp(zx/ﬁ) , (2.14)
wherea is given by the equation
E* = a(kT)? (2.15)

in which k is Boltzmann’s constant antl is the absolute temperature. The above
expression for the level density is for states of all spir parities.

In practical cases* is about 6 MeV for low- energy neutron interactions; this
value leads to the following ratio for the mean level spa@hg* = 6 MeV and at
E* = 0 (the ground state):

(D(6 MeV))/(D(0)) ~ 4-10°8 (2.16)

For (D(0)) = 100 keV (a practical value), the mean level spacing’at 6 MeV
is ~ 4-103 eV, which is more than three orders-of-magnitude smallen tiypical
values observed in heavy nuclei.

Many refinements of the model were introduced over the y#laesnodels take
into account spin, parity, and nucleon pairing effects.ggfrently used refined form
is

p(E*,J) = p(E*,0)(23+1)exp(—(I(I+1))/20?), (2.17)

whereo is called the “spin-cut-off parameter”; the valueat is typically about 10.
The predicted spacing distributions for two valuesspfand their comparison with
a Wigner and an exponential distribution is shown in Fidire 4

2.4 The Optical Model

In 1936, Ostrofsky et. al[JOBJ] introduced a model of nuclesctions that em-
ployed a complex nuclear potential to account for absonptiothe incoming nu-
cleon. Later, Feshbach, Porter and WeissKopf [FPW] inttedan important devel-
opment of the model that helped further our understanditigeofverage properties
of parameters used to describe nuclear reactions at lowieser
The following discussion provides insight into the physicantent of their

model. Consider the plane-wave solutions of the Schréiaguation:

d?p ) . .

W+(2m/h JJE+Vo+W]p =0, ¢ = exptikx), (2.18)
where the+ sign indicates outgoing waves and thesign indicates incoming
waves. The wave numbéxjs complex:
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Fig. 4 The spacing distribution of adjacent levels of the same apih parity follows a Wigner
distribution. For a completely random distribution of I&/@n both spin and parity) the distribution
function is exponential. The distributions for random sppsitions of several sequencies (each of
which is of a Wigner form with a characteristic spin and parére, for level densities given by
(2.17) ando = 1 and 3, found to approach the exponential distribution.

k = \/(2m/M2)[(E +VO) + W], (2.19)
which can be written
k = kn+ K. (220)
ForW < (E + VW) (a reasonable assumption) we have

kr = 1/A ~ /(2m/h2)(E + Vo)
Kv = [W/(E +Vo)](k/2) (2.212)
Taking typical practical valueE = 10 MeV, Vp = 40 MeV andW = 10 MeV, the

wave numbers arg ~ 1.5fm— 1 andK)y ~ kg/10~ 0.15fm 1.
We see that the outgoing solution of the wave equation is

@ = exp(ikrx) exp(—KmXx), (2.22)

which represents an exponentially attenuated wave. The wambeiKy, is effec-
tively an attenuation coefficient. The “decay length” asastedl with the probability
function|g|? is the “mean free path”:
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A = 1/2Km = (E+Vo)/Wkg. (2.23)

Using the above values for the energies, we obfam 3.2fm. This value is of nu-
clear dimension, and supports the underlying hypothegisso€ompound Nucleus
Model.

If the mean spacing of energy levels of a particle of nmagsside the compound
nucleus isD), and its wave number I§, then the particle covers a distance

d ~ (h/(D))((hK/2mm) = (KK)/(2mm(D)) (2.24)

inside the nucleus at an average spégd- hK/2rmbefore it is emitted (or before
another indistinguishable particle is emitted). At an &t@n energy of 10 MeV,
a mean level spacinD) ~ 40 eV, and a mean lifetima/(D) ~ 10~ sec are
predicted. These are reasonable values, consideringuberoess of the model.

The level density and level widths increase as the neutrombaoding energy
increases; an energy region is therefore reached in whicletiels completely over-
lap. Cross section measurements then provide informatidhevaverage properties
of the levels and, in particular, on tmeutron strength functiofLTW] defined as

S = (yan)?/(D) (2.25)

in which = (y;,)? is the average reduced neutron width g is the average
spacing. Fos-wave neutron%zn = 2kal,,, wherek is the neutron wave number,
is the nuclear radius, arq, is the neutron width of the leval.

The average absorption cross sectiog,y may be obtained by averaging over
the collision functior [LTW]. The following expressions are then obtained:

2r((Fn) /(D))
(/g (1= [W)P). (2.26)

1-[(U))?
(Oabs)

whereg is a statistical “spin weighting factor”.

The term 1— |(U)|? is directly related to the cross section for the formation of
a compound nucleus [FPW] which is, in turn, proportionahte strength function.
The importance of studying the spacing distribution of reswes, of a given spin
and parity, originated in recognizing that the value (@), the average spacing,
appears as the denominator in the fundamental strengthifumc

2.5 Further Developments

The first numerical investigation of the distribution of sassive eigenvalues asso-
ciated with random matrices was carried out by Porter anceRozeig in the late
1950s[PR]. They diagonalized a large number of matricegevtiee elements are
generated randomly but constrained by a probability distidn. The analytical the-
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ory developed in parallel with their work: Mehfa[Méeh1], Matand Gaudiri [MG],
and Gaudin[[Gdu]. At the time it was clear that the spacingritigion was not
influenced significantly by the chosen form of the probapdistribution. Remark-
ably, then x n distributions had forms givealmost exactlyy the original Wigner
2 x 2 distribution.

The linear dependence @{x) on the normalized spacirng (for smallx) is a
direct consequence of tlesymmetriesmposed on the Hamiltonian matriki (h;j).
Dyson [Dy1] discussed the general mathematical propeatissciated with random
matrices and made fundamental contributions to the thepshbwing that different
results are obtained when differesyimmetriesaare assumed fard. He introduced
three basic distributions; in Physics, only two are impatitthey are:

e the Gaussian Othogonal Ensemble (GOE) for systems in wbiational sym-
metry and time-reversal invariance holds (the Wigner ittistion): p(x) = (11/2)
x exp(—(1/4)x?);

e the Gaussian Unitary Ensemble (GUE) for systems in whick-igversal invari-
ance does not hold (French et. &l [FKPTx) = (32/1%)x? exp(— (711/4)x?).

The mathematical details associated with these distdbatare given in [MeR1].
The impact of these developments was not immediate in nuglgssics. At the

time, the main research endeavors were concerned with thetiste of nuclei—
experiments and theories connected with Shell-, Collegtiand Unified models,
and with the nucleon-nucleon interaction. The study of quiarstatistical mechan-
ics was far removed from the mainstream. Almost two decadsd toy before ran-
dom matrix theory was introduced in other fields of physieg(f$or example, Bo-
higas, Giannoni and Schmit[BGS] and Alhassid| [Al]).

2.6 Lessonsfrom Nuclear Physics

We have discussed at great length the connections betwesd@anyhysics and
number theory, with random matrix theory describing thedvédr in these two very
different fields. Before we analyze in great detail the sasdehas had in modeling
the zeros ofL-functions, it's worth taking a few moments to create a dictry
comparing these two subjects.

In nuclear physics the main object of interest is the nuclius a many-bodied
system governed by complicated forces. We are interestetlidying the internal
energy levels. To do so, we shoot neutrons (which have ndyaege) at the nucleus,
and observe what happens. Ideally we would be able to sericbnswf any energy
level; unfortunately in practice we can only handle neusrathose energies are in
a certain band. The more energies at our disposal, the miimedean analysis is
possible. Finally, there is a remarkable universality froeavy nucleus to heavy
nucleus, where the distribution of spacings between adjareergy levels depends
weakly on the quantum numbers.
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Interestingly, there are analogues of all these quantitieshe number theory
side. The nucleus is replaced bylaifunction, which is built up as an Euler product
of many factors of arithmetic interest. We are interestethazeros of this func-
tion. We can glean information about them by using the eiqﬁbcmulakm). We
first choose an even Schwartz test functigpwhose Fourier transforrp has com-
pact support. The explicit formula relates sumsgait the zeros of the-function to
weighted sums o@ at the primes. Thus the more functiopgvhere we can success-
fully execute the sums over the primes, the more informatiercan deduce about
the zeros. Unfortunately, in practice we can only evaluatetrime sums fop with
small support (if we could do arbitrarg, we could take a sequence converging to
the constant function 1, whose inverse Fourier transformlevbe a delta spike at
the origin and thus tell us what is happening there). Sintddhe weak dependence
on the quantum numbers, the answers for many number theatigtiss depend
weakly on the Satake parameters (whose moments are theeFoasfficients in
the series expansion of tlhefunction). In particular, the spacing between adjacent
zeros is independent of the distribution of these paramgtt@ough other statistics
(such as the distribution of the first zero or first few zerosvabthe central point)
fall into several classes depending on their distribution.

We collect these correspondencesin the table below. Wiglstructures studied
in the two fields are very different, we can unify the prestote. In both settings
we study the spacings between objects. While there are mdastthat govern their
behavior, these are complicated. We gain information thinomteractions of test
objects with our system; as we can only analyze these inttenscin certain win-
dows, we gain only partial information on the items of in&tre

Item Nuclear Physics Number Theory
Object nucleus L-function

Events energy levels zeros

Probe neutron (no net charge) test functip(Schwartz)
Restriction neutron’s energy su(p@
Individuality guantum numbers Satake parameters

We end by extracting some lessons from nuclear physics foben theory. The
first is the importance of using the proper test function ebated to that the proper
statistic. In the gold-foil experiments (1908 to 1913) piwsly charged alpha parti-
cles, which are helium nuclei, were used. Because they hae¢ positive charge,
they are repelled by the nucleus they are probing. With theadiery of the neutron
in 1932, physicists had a significantly better tool for stadythe nucleus. As the
machinery improved, more and more neutron energy levels weailable, which
led to sharper resolutions of the internal structure. Wevseiants of these on the
number theory side, from restrictions on the test functmmhe consequences of
increasing support. For example, when Wigner made his bmigectures the data
was not sufficiently detailed to rule out Poissonian behatat was not done until
later when better experiments were carried out. Similarasibns arise in number
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theory, where some statistics are consistent with multipdelels and only by in-
creasing the support are we able to determine the true wyinigbehavior. Finally,
while there is a remarkable universality in behavior of tleeos, as for statistics
such as adjacent spacingsrolevel correlations the exact form of thefunction
coefficients do not matter, these distributions do affeetrdite of convergence to
the random matrix theory predictions, as well as governrattatistics.

3 From Class Numbers to Pair Correlation and Random Matrix
Theory

The discovery that the pair correlation of the zeros of theniRinn zeta function
(and other statistics of its zeros, and the zeros of dthemnctions) are related to
eigenvalues of random matrix ensembles has its beginniitsome of the most
challenging problems in analytic number theory: the clagalper problem. Hugh
Montgomery’s investigation into the vertical distributiof the nontrivial zeros of
{(s) arose during his work with Weinbergér [MW] on the class nunmeblem.
We give a short introduction to this problem to motivate Myorhery’s subsequent
work on the differences between zeros{@k). We assume the reader is familiar
with the basics of algebraic number theory anflinctions; an excellent introduc-
tion is Davenport's classilultiplicative Number TheorfDa]. For those wishing a
more detailed and technical discussion of the class nunrbbigm and its history,
see [GolB[Gol4]. We then continue with a discussion of Monigry’s work on
pair correlation, followed by the work of Odlyzko and othersspacings between
adjacent zeros. After introducing the number theory méitveand results, we re-
veal the connection to random matrix theory, and concludle avdiscussion of the
higher level correlations, other related statistics, goehoproblems.

As there are too many areas of current research to descebredh in detail in a
short article, we have chosen to concentrate on two majasatiee main terms for
the n-level correlations, and the lower order terms; thus we dodescribe many
other important areas of research, such as the determinatimoments or value
distribution. The main terms are believed to be describechgom matrix theory;
however, the lower order terms depend on subtle arithmétived_-functions, and
there we can see different behavior. The situation is venjiai to that of the Central
Limit Theorem, and we will describe these connections aegvpbints in greater
detail below.

3.1 The Class Number Problem

Let K = Q(,/—q) be the imaginary quadratic field associated to the negative f
damental discriminant-g. Here we have that-q is congruent to 1mod 4 and
square-free or-q = 4m, wherem is congruent to 2 or 3mod 4) and square-free.
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The class number d€, denotech(—q), is the size of the group of ideal classe3of
Whenh(—q) = 1, the ring of integers oK, denoteddx, has unique factorization.
Such an occurrence (the class number one problem, discbet®al) is rare, and
the class numben(—q) may be thought of as a measure on the failure of unique
factorization ind.

One of the most difficult problems in analytic number the@yd estimate the
size ofh(—q) effectively. Gauss [Ga] showed tht—q) is finite and further conjec-
tured that tends to infinity as-qruns over the negative fundamental discriminants.
This conjecture was proved by Heilbronn[He] in 1934. Thusilevit is settled that
there are only finitely many imaginary quadratic fields witgigen class number
h(—q), an obvious question remains: can we list all imaginary gaigafieldsK
with a given class numbéx(—q)? This is the class number problem.

One may easily deduce an upper bounch¢nd) via Dirichlet’s class number
formula. For(s) > 1, letL(s, x_q) denote the DirichleL-function

L(S X-q) = 21 Xﬁgs(n) ;

(3.1)

where x_q(n) is the Kronecker symbol associated to the fundamental idiscr
nant—g. In order to prove the equidistribution of primes in arititiog@rogression,
Dirichlet derived the class number formula,

h(—q) = WZ—‘,/TGL(l,qu), (3.2)

wherew denotes the number of roots of unitykf= Q(,/—Qq):

2 ifq>4
w= <4 ifq=4 (3.3)
6 ifq=3.

Dirichlet needed to show(1, x_q) # O, which is immediate from the class num-
ber formula ash(—q) > 1. This connection between class numbers and zeros of
L-functions is almost 200 years old, and illustrates how Kedge of zeros of -
functions yields information on a variety of important ples.

Instead of using the class number formula to prove non-targsofL-functions,
we can use results on the sizelofunctions to obtain bounds on the class num-
ber. Combining[(312) with that fact that1, x_q) < loggq, it follows thath(—q) <
v/Aloga. On the other-hand, Siegel [Sle2] proved that for every 0 we have
L(1,x—q) > c(€)q ¢, wherec(¢) is a constant depending @nthat is not numeri-
cally computable for smalt. Upon inserting this lower bound if (3.2), it follows
thath(—q) > c(e)ql/zfg; however this does not help us solve the class number
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problem because the implied constant is ineffecEiVInmputing an effective lower
bound orh(—q) is very difficult task.

The class number one problem was eventually solved indemiydy Heegner
[Hee€], Stark[[Stll] and Baker [Bal]. Fb—d) = 2, the class number problem was
solved independently by Staik [$t2], Baker [Ba2] and Montgoy and Weinberger
[MW]. In 1976, Goldfeld [Goll[ Gol?] showed that if there sts an elliptic curve
E whose Hasse-Well-function has a zero at the central paéat 1 of order at least
three, then for ang > 0, we haveh(—q) > ¢, glog(| — q|)1 ¢, where the constant
Cee Is effectively computable. In other words, Goldfeld proteat if there exists an
elliptic curve whose Hasse-Wdilfunction has a triple zero at= 1, then the class
number problem is reduced to a finite amount of computations983, Gross and
Zagier [GZ] showed the existence of such an elliptic curvemBining this deep
work of Gross-Zagier with a simplified version of Goldfieldsgument to reduce
the amount of necessary computations, Oesterlé [Oe] peatla complete list of
imaginary quadratic fields with(—q) = 3. To date, the class number problem is
resolved for all 1< h(—q) < 100. (In addition to the previous references, see Arnon
[Ar], Arnon, Robinson, and Wheeldr [ARW], Wangér [Wan] an@ins [Wa].)

Combining their work with results of Stark [S$t2] and Lehmeghmer, and
Shanks[[LLS$], Montgomery and Weinberger gave a completefgiar the class
number two problem. Their proof is based on the curious DeudHeilbronn phe-
nomenon, which implies that if(—d) < d%/4-9 then the low-lying nontrivial zeros
of many quadratic Dirichlelt-functions are on the critical line, at least up to some
height depending od, &, and theL-functions. For an overview of the Deuring-
Heilbronn phenomenon, see the survey article by Stoppl.[Stontgomery and
Weinberger also establish that if the class number is a bitllemthen one can
show that these nontrivial zeros on the critical line arey\@renly spaced. More-
over, more precise information about the vertical distitouof these zeros would
imply an effective lower bound oh(—d). Montgomery and Weinberger write:

Letp=1/2+iyandp’ =1/2+iy be consecutive zeros on the critical line oflafunction
L(s, x), wherey is a primitive charactefmodk). Put

1
AK) = m|n§T|y— y|logK, (3.4)

where the minimum is over ak < K, all x (modk), and allp = 1/2+iy of L(s, x) with
ly] < 1. In this range the average §f — V| is 27t/ logk, so trivially limsupA (K) < 1.
PresumablyA (K) tends to 0 as increases; if this could be shown effectively then the
effective lower boundh > d%/4~¢ would follow. In fact the weak inequality (K) < 1/4— 3

6 In other words, while the above is enough to prove that thesctmimber tends to infinity, we
cannot use that argument to produce an explicit cons@grfor eachn so that we could assert
that the class number is at leastf g > Q. One of the best illustrations of the importance of
effectiveconstants is the following joke: There is a constansuch that if all the non-trivial zeros
of {(s) in the critical strip up to heighfp are on the critical line, then they all are and the Riemann
Hypothesis is true; in other words, it suffices to check up fonike height! To see this, if the
Riemann Hypothesis is true we may talgeto be 0, while if it is false we tak&, to be 1 more than
the height of the first exemption. We have therefore showmatent exists, but such information
is completely useless!
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for K > Ko implies thath > d(1/29-¢ for d > C(Kg, £); the functionC(Ky, £) can be made
explicit. EvenA (K) < % — 0 has striking consequences.

3.2 Montgomery's Pair Correlation of the Zeros of {(s)

We have seen that the class number problem is related toeanatty difficult ques-
tion in analytic number theoryWhat is the vertical distribution of the zeros of the
Riemann zeta function (and general L-functions) on thécalfitine?

Given an increasing sequenfe, }%_; and a boxB C R""1, then-level correla-
tion is defined by

im L0 = - GGy — @) €Byi # i)
Im .
N—sc0 N

(3.5)

The pair correlation is the case= 2, and through combinatorics knowing all the
correlations yields the spacing between adjacent evestdgs example [Meh2]). In
1973, Montgomery[[Maon] was able to partially determine tleddvior for the pair
correlation of zeros of the Riemann zeta functid(s), which led to new results on
the number of simple zeros §fs) and the existence of gaps between zerog(sf
that are closer together than the average. One of the mishgtcontributions in
Montgomery’s paper, however, is his now famous pair coti@iaconjecture. We
first state his conjecture and then discuss related work aoisgs between adja-
cent zeros in the next subsection; after these have beerilmbmn detail we then
revisit these problems and describe the connections withara matrix theory in
43.5. Seel[Cl] for more on connections between spacings alzef (s) and the
class number.

Conjecture 1 (Montgomery’s pair correlation conjectu@$sume the Riemann hy
pothesis, and lgt, y denote the imaginary parts of nontrivial zerog ¢$). For fixed
O<a<b<o,

jim PV :0<y,y <T,2ma(logT) * < y—y < 2nb(logT) *}
T 2-logT

, 2
_ /bl— (s'”"“) du. (3.6)
a Tu

Thus Montgomery’s pair correlation conjecture is the steget that the pair corre

lation of the zeros o (s) is
- 2
1— (smnu) . (3.7)

iu
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Notice that the factor % (sinmu/mu)? suggests a ‘repulsion’ between the ze-
ros of {(s). The notion that the zeros cannot be too close to one anotireraiso
revealed in the aforementioned work of Montgomery and Weigér as a conse-
quence of the Deuring-Heilbronn phenomenon.

To arrive at his conjecture, Montgomery introduced the fiomc

F(x,T) = % XOYVw(y—y), (3.8)
o<y,y<T

wherew(u) is a weight function given byv(u) = 4/(4+ u?). Let F(a) denote
F(x,T) with x set asx = T9; then

T -1 -
F(a) = F(a,T) = (ElogT) Zv T w(y—y), (3.9)
0<y,y'<T

wherea andT > 2 are realF (a) is a real, even function. Let{u) € L%, and define
its Fourier transform by

Fla) = / r(u)e2mUdy, (3.10)
The functionr is a test function that replaces the ‘box’ in the statementhef
pair correlation conjectufd 1. One notable item about Momtgry’s pair correla-
tion conjecture is that there is no restriction on the lergjtthe interval[a, b]; the
differenceb — a is permitted to be arbitrarily small. In the language of sthaest
functions, this translates to permitting arbitrarily largsupport on the Fourier trans-
form¥.

If #(a) € L1, then upon multiplying(319) by(&r) and integrating, we deduce

) % Tr<(y_;/#w()/—y)> ~ (%IogT) /jof(a)F(a)da (3.11)
<YY<

asT tends to infinity. If the Riemann hypothesis is true, the gstatic (3.11) con-
nects the pair correlation df(s) to the functionF (a) given in [3.9). Montgomery
proceeded to prove an important special case of Conjetttioe 4 class of test
functions with Fourier transform supported(inl,1).

Theorem 1 (Montgomery’s theorem).Assume the Riemann hypothesis. For real
a, T> 2 let F(a) be defined by3.9). Then Ha) is real, and a) = F(—a). If
T > To(€) then Ha) > —¢ for all a. For fixeda satisfying0d < o < 1 we have

F(a) = a+0(1)+T ?*logT(1+0(1)) (3.12)

uniformly for0 < a < 1as T tends to infinity.
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Thus, for any functiorr (u) € L with Fourier transformr(ar) supported in
(—1,1), one can usd(3.12) to evaluate the sums appeariigin (Fadp > 1,
Montgomery further conjectured, with heuristic arithregtistification, that

F(a) = 1+0(1) uniformlyin bounded intervals 86 — co. (3.13)

This conjecture, combined witth (3]12) gives a completeypietof the function
F(a), which led Montgomery to make his pair correlation conjeetu

3.3 Proof of Montgomery’s Pair Correlation Conjecture for
Restricted a, b

We now provide greater detail about Montgomery’s originadgs [Mon), §3, pp.
187-191] of his theorem (Theoréih 1). The point of entry isxglieit formula due
to him.

The role of explicit formulee cannot be overstated when waykiith {(s) or L-
functions, as these formulae unlock the multiplicativetuce implicit in the Euler
product, usually via the argument principal applied to thgarithmic derivative.
Assuming the Riemann hypothesis, and writing critical 8es6{(s) as /2+ iy
andy real, with 1< o < 2 andx > 1, Montgomery proved that

XY

(20'—1); (o—%)2+(t—y)2

— L2 <HZXA(n) ()_r:)lfoJrit £ 5 AMm) ()_r:)o+it>

n>Xx

+x1279% 1 (log T + Oy (1)) + O (X217, (3.14)
wheret = |t| + 2 and the implied constants depend onlyan

Proof (Proof of Montgomery’s theorem (Theor&in 1), [M@&8, pp. 187-191)).
Placingo = 3/2 in (3.13), and lettind-(x,t) andR(x,t) denote the left and right
sides, respectively, we now wish to evaluate the second mtsnoé both sides; i.e.
fOT IL(x,t)|dt, fOT IR(x,t)[?dt. The reason to do this is that, as we will sEéq)
falls out of the second moment of the left side, and we end up something
tractable for the second moment of the right side. Thus thaton of the two
moments gives us an identity fér(a).

By showing the contribution of those ordinatesbove heightl is O(log®T),
Montgomery obtained

T 244 _ iy-y) [ dt 3
fy HxtiPdt = 5 X0 [y + Olog T
o<y <T

(3.15)
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Note that the range of integration may be extended to & af a penalty no greater
in magnitude tha®(log® T); we then have

T 240 _ ivy) [© dt :
fy lxofat = 42 [ areymara s ok

o<y <T

(3.16)
it then follows from the residue calculus that the definitegnal evaluates tev(y —
y)m/2 and

T .
/ Lx2dt = 2 5 X0V w(y—y) + O(log*T). (3.17)
J0 O<y<T

0<y<T

Puttingx = T yields
T
/ IL(xt)[2dt = F(a)TlogT +O(log?T). (3.18)
0
The non-negativity of the left side df(3118) gives the staeat in Theorerill of the

positivity of F (o). (The evenness d¥(a) follows from the fact thay andy’ may
be interchanged in the definitidi (B.9).) It then falls tolewe [, |R(x,t)|*dt. First,

T .
/ |x 1t Iogr\zdt = %(I092T+O(IogT)) (3.19)
Jo

forall x> 1,T > 2. Montgomery then applied a quantitative version of Pakev
identity for Dirichlet series to find

[

Applying (3.20) to the explicit formuld (3.14), we find

/ z /\ ()r:) 1/2+it n z /\(n) ()_;)3/2+it 2

2
dt = 3 an[* (T +O(n)). (3.20)

—it

_ %rlzx/\(n)z(’—;) (T +0(n %Z ()—() (T +0(m)
= T(logx+0(1)) + O(xlogx), (3.21)

where the last line follows from the prime number theorenhwitror term. It then
follows from simple estimation of the error terms and a makodte application of
Cauchy-Schwarz that

/(;T IR(TY,t)[?dt = ((1+0(1))T 2 logT + a +0(1))TlogT, (3.22)
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uniformly for 0 < a < 1—¢. Combining [3.1B) and_(3.22) yields Montgomery’s
theorem. O

We end this section by describing the heuristic evidenceldtaMontgomery
to conjecture[(3.13) on the behavior Bfa) for a > 1. The argument above for
proving Montgomery’s conjecture for€ o < 1 fails for a > 1, since error terms
such as in[(3.21) and those arising from Cauchy-Schwarzrenthst line of[(3.14)
are no longer dominated by the main term.

Examining the sum over primes from the explicit form{la®.with o = 3/2,

X\ —1/2+it X\ 3/2+it
An) (= + S A (= , (3.23)
SAm(E) s A ()
the expected value is seen by the prime number theorem to be
1-it
2 (3.24)

(3+it) (3-it)

From the proof of Montgomery’s theorem we have, vfitfx, T) as in [3.8), that

F(X,T) — %X/OT Z/\(n) ()_;)*1/2+it+ Z/\(n) ()_;)3/2+it
2X17it 2 .
EETTEED) dt+0o(TlogT); (3.25)

it follows that we would like to know the size of
. 2
T . . 1/2—it
/ 1 zA(n)nl/zf't+xZA(n)n*3/2*'t—# dt.  (3.26)
0 | X N>x (§+It) (i_lt)
Montgomery proceeded to multiply out and integrate terrvtdoyn, finding that the
non-diagonal is non-neglectable. He collected terms irfidia of sums of the sort

Z/\(n)/\(n+ h); (3.27)

sy

invoking the Hardy-Littlewood-tuple conjecture for 2-tuples with a strong error
term, [3.2¥) should be: y. This would give

F(x,T) ~ %TIOQT (3.28)

in x < T < x>°¢, and there is little reason to expect the behavior to change f
boundedx > 2. On this basis, Montgomery made his conjectlire {3.13).
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3.4 Spacings Between Adjacent Zeros

Motivated by Montgomery’s pair correlation conjecture ba zeros of the Riemann
zeta function, starting in the late 1970s Andrew Odlyzkodreg large-scale compu-
tation of zeros of (s) high in the critical strip. The average spacing betweensero
of {(s) at heightT in the critical strip is on the order of/1ogT; thus as we go
higher and higher we have more and more zeros in regions af §ize, and there
is every reason to hope that, after an appropriate norntialiga limiting behavior
exists.

The story of computing zeta zeros goes back to Riemann himdsementioned
in 1.2.2, in his one paper on the zeta function [Ri], Riemantestthe Riemann
hypothesis (RH) in passing. He used a formula now known aRibeann-Siegel
formula to compute a few zeros g{s) up to a height of probably no greater than
100 in the critical strip; though he did not mention these patations in the paper,
the role of these computations was important in the devetopiraf mathematics
and mirror the role played by the calculation of energy Isvalnuclear physics
in illuminating the internal structure of the nucleus. Tlenfiula was actually lost
for almost 70 years, and did not enter the mathematics fitexrauntil Siegel was
reading Riemann’s work5 [Sie1]. Siegel’s role in underdiag, collecting, and in-
terpreting Riemann’s notes should not be underestimateck she expertise and
insight needed to infer the ideas behind the notes was great.

The development of the Riemann-Siegel formula proceeawalte purely clas-
sical lines of complex analysis. Riemann had a formul&f@) valid for all s € C;

namely,
rl-s) ; (=x)° dx
s) = - C— 3.29
¢(s) 27 /5 -1 X ( )
where% is the contour that starts ateo, traverses the real axis towards the origin,
circles the origin once with the positive orientation abOugnd then retraces its
path along the real axis tec.
By splitting off some finite sums from the contour integraba, Riemann ar-
rived at the formula

N1 s 3 Y1
_ - /2—s
{(s) = nZl s + - (%(12_ 5) nZl nls
F(1-s / (—x)se*NX.dx

2 Jg, €&—-1 X’ (3.30)

where hers € C, N,M € N are arbitrary, an@), is the contour that traces frospco

to (2M + 1), circles the lingls| = (2M + 1) 1T once with positive orientation, and
then returns tot, thereby enclosing the poles2niM, +2mi(M — 1), ..., £2mi,
and the singularity at 0. This formula f@i(s) can be regarded as an approximate
functional equation, where the remainder is expressedoitkpln terms of the con-
tour integral ovefsyy. The main task in developing the Riemann-Siegel formula the
falls to estimating the contour integral ov&y using the saddle-point method.
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Prior to Siegel’s work, in 1903 Gram showed that the first I@gef(s) lie on
the critical line, and showed that these 10 were the onlyszepoto height 50. The
development of the above, along with a cogent narrative efriainn, Siegel, and
Gram'’s contributions, may be found in Edwards][Ed].

In almost every decade in the last century, mathematicians ket new records
for computations of critical zeros @f(s). Alan Turing brought the computer to bear
on the problem of computing zeta zeros for the first time inQl 9%en, as recounted
by Hejhal and Odlyzkd [HO], Turing used the Manchester MaEdctronic Com-
puter, which had 25,600 bits of memory and punched its ouwtpueéleprint tape in
base 32, to verify every zero up to height 1540 in the crittap (he found there are
1104 such zeros). Turing also introduced a simplified algorito compute zeta ze-
ros now known as Turing’s method. Turing published on hisotar computations
and his new algorithm for the first time in 1953 Tur].

Following Turing, the computation of zeros &fs) took off thanks to the increas-
ing power of the computer. At this time, the first'#@ontrivial zeros o (s), tens
of billions of nontrivial zeros around the 4and 164, and hundreds of nontriv-
ial zeros near zero number30are known to lie on the critical line. Additionally,
new algorithms by Schonhage and Odlyzko, and by Schonhéggth-Brown, and
Hiary have sped up the verification of zeta zeros.

However, the aforementioned projects for numerically &her that zeros of
{(s) lay on the critical line were not concerned with accuratelyording the height
along the critical line of the zeros computed; only with emrsgithe zeros had real
part exactly 2. This changed in the late 1970s with a series of computstign
Andrew Odlyzko, who was motivated not only by the Riemann éthpsis but also
by Montgomery’s pair correlation conjecture.

Rather than verify consecutive zeros starting from thécalipoint, Odlyzko was
interested in starting his search high up in the criticapsin the hope that near zero
number 182, the behavior of (s) would be closer to its asymptotic behavior. For,
as Montgomery’s pair correlation conjecture is a staterabput the limit as one’s
height in the critical strip passes to infinity, one wouldhwvis know the ordinates of
many consecutive zeta zeros in the regime wigg¢se is behaving asymptotically if
one wished to test the plausibility of the conjecture.

As he explains[[Od?2], his first computatioris [(Od1] were in addw around
zero number 1¥, and were done on a Cray supercomputer using the Riemann-
Siegel formula. These computations motivated Odlyzko antbA Schonhage to
develop a faster algorithm for computing zerios [0d3| OSjchvlwas implemented
in the late 1980s and was subsequently used to compute kbuadred million
zeros near zero number?tand some near number 20?0, as seen if [Od4, Od5].

3.5 Number Theory and Random Matrix Theory Successes

After its introduction as a conjecture in the late 1950s tscti®e the energy lev-
els of heavy nuclei, random matrix theory experienced ssgson both the nu-
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merical and the experimental fronts. The theory was badlytifleveloped to han-
dle a large number of statistics, and many of these preditizere supported as
more and more data on heavy nuclei became available. Whele tas signifi-
cant theoretical progress (see, among others, |[Dy1] Dy, [@ehl, MG, Wigl,
Wig2, [Wig3,[Wig4, Wig5, Wig6]), there were some gaps thatevaot resolved
until recently. For example, while the density of normadizzgenvalues in matrix
ensembles (Wigner's semi-circle law) was known for all eniskes where the en-
tries were chosen independently from nice distributions,dpacings between ad-
jacent normalized eigenvalues resisted proof until thiguy (see, among others,
[ERSY,[ESY[TV1[TV2]).

The fact that random matrix theory also had a role to play imiper theory
only emerged roughly twenty years after Wigner’s pioneginvestigations. The
cause of the connection was a chance encounter between Hogtydmery and
Freeman Dyson at the Institute for Advanced Study at Pramceis there are now
many excellent summaries and readable surveys of theirimgeetarly years and
statistics (see in particuldr [Ha] for a Hollywoodized vierg, and the story is now
well known, we content ourselves with a quick summary. Foransee among
others[Conll, Con2. DiL. DiZ, IK, KaSH1, Ka$a2, KeSn3. MT-B]

As described inf3.1, Montgomery was interested in the class number, whith le
him to study the pair correlation of zeros of the Riemann fatation. Given an
increasing sequender, };,_, and a boxB C R", then-level correlation is defined by

li #{(ajl_ajZ""7ajn—l_ajn)EBaji7éjk}_
m )
N—so0 N

(3.31)

the pair correlation is the case= 2, and through combinatorics knowing all the
correlations yields the spacing between adjacent everdgatddmery was partially
able to determine the behavior for the pair correlation. Whe told Dyson his
result, Dyson recognized it as the pair correlation functibeigenvalues of random
Hermitian matrices in a Gaussian Unitary Ensemble, GUE.

This observation was the beginning of a long and fruitfubtieinship between
the two areas. At first it appeared that the GUE was the onlylyaof matrices
needed for number theory, as there was remarkable uniitgrseén in statistics.
This ranged from work by Dennis Hejhal [Hej] on the 3-levelretation of the
zeros of{ (s) and Zeev Rudnick and Peter Sarnak|[RS] onrthevel correlation of
general automorphic-functions, to Odlyzko's [Od1, Od?2] striking experiments o
spacings between adjacent normalized zeros. In all casdsethavior agreed with
that of the GUE.

In particular, Odlyzko’s computations of high zeta zerosvebd that, high
enough along the critical line, the empirical distributieihnnearest-neighbor spac-
ings for zeros of (s) becomes more or less indistinguishable from that of eigenva
ues of random matrices from the Gaussian Unitary Ensembl@lU&. The agree-
ment with the first million zeros is poor, but the agreemeairzero number 16 is
close, near perfect near zero numbet®1@nd even better near zero numbef°.0
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These results provide massive evidence for Montgomeryigcture, and vindicate
Odlyzko’s choice of starting his search high along the caitline; see Figurel 5.
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Fig. 5 Probability density of the normalized spacingys Solid line: GUE prediction. Scatterplot:
empirical data based on Odlyzko's computation of a billienos near zero #3 x 106, (From
Odlyzko [Od2, Figure 1, p. 4].)

In all of these investigations, however, the statisticsligtt are insensitive to the
behavior of finitely many zeros. This is a problem, as certairos ofL-functions
play an important role. The most important of these are tlods#liptic curvelL-
functions. Numerical computations on the number of pointeliptic curves mod-
ulo p led to the Birch and Swinnerton-Dyer conjecture. Brieflys thtates that the
order of vanishing of the-function at the central point equals the geometric rank of
the Mordell-Weil group of rational solutions. The theoreomn-level correlations
and spacings between adjacent zeros are all limiting seatssnwe may remove
finitely many zeros without changing these limits. Thus ¢hgsantities cannot de-
tect what is happening at the central point.

Unfortunately for those who were hoping to distinguish esw different sym-
metry groups, Nick Katz and Peter Sarnak [Ka$al, KaSa2] stiawthe nineties
that then-level correlations of the scaling limits of the classicaimpact groups are
all the same and equal that of the GUE. Thus when we were sayimdper theory
agreed with GUE we could instead have said it agreed withagnisymplectic or
orthogonal matrices.

This led them to develop a new statistic that would be seesit finitely many
zeros in general, and the important ones near the centrat poparticular. The
resulting quantity is the-level density. We assume the Generalized Riemann Hy-
pothesis (GRH) for ease of exposition, so givenLas f) all the zeros are of the
form 1/2+iy;;+ with y;.¢ real. The statistics are still well-defined if GRH fails, but
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we lose the interpretation of ordered zeros and connectigthsnuclear physics.
For more detail on these statistics see the seminal work lyyéwaniec, Wenzhi
Luo and Peter Sarnak[ILS], who introduced them [or [AAILM&A} an expanded
discussion).

Let ¢ even Schwartz functions such that the Fourier transforms

o~

@) = ./:coj(X)e’z’"XVdX (3.32)

are compactly supported, and ggk) = |'|?:1 @ (Xj). Then-level density forf with
test functiong is

Dn(f, @) = z @ (LeVige) - @h (LeVinst) (3.33)

whereL is a scaling parameter which is frequently related to thalootor. Given
a family .7 = Un.%n of L-functions with conductors tending to infinity, thhelevel
densityDn(#, @,w) with test functiong and non-negative weight functiom is
defined by

Dn(Z,@,w) = lim Y rezy W(F)Dn(f, @)
Noo ez W(T)

Katz and Sarnak [KaSafl, KaSa?2] conjecture that as the ctorduend to in-
finity, the n-level density of zeros near the central point in familied dfinctions
agree with the scaling limits of eigenvalues near 1 of ctadstompact groups.
Determiningwhich classical compact group governs the symmetry is one of the
hardest problems in the subject, though in many cases thranglogies with a
function field analogue one has a natural candidate for tee@mn arising from the
monodromy group. Unlike tha-level correlations, the different classical compact
groups all have different scaling limits. As the test fuao8 are Schwartz and of
rapid decay, this statistids sensitive to the zeros at the central point. While it was
possible to look at just onke-function when studying correlations, that is not the
case for then-level density. The reason is that while ondunction has infinitely
many zeros, it only has a finite number within a small, boundiedow of the cen-
tral point (the size of the window is a function of the analyionductor). We always
need do perform some averaging; for thievel correlations each-function gives
us enough zeros high up on the critical line for such avegggimile for then-level
density we must move horizontally and look ataanily of L-functions. While the
exact definition of family is still a work in progress, rougthit is a collection of
L-functions coming from a common process. Examples inclublielidet charac-
ters, elliptic curves, cuspidal newforms, symmetric pawe GL(2) L-functions,
Maass forms on G(3), and certain families of G{4) and GL(6) L-functions; see
for example [AAILMZ, [AM| [DM2, [ER-GR,[FiM,[Fl [Gabl GU., M| HR|,
LS| [KaSa2 LM Mil1,MilPé[ OSi, OS2, RR.Ro. Rub. Ya, Yo2hi§ correspon-

dence between zeros and eigenvalues allows us, at leasicaanailly, to assign a

(3.34)
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definite symmetry type to each family bffunctions (se€ [DMZ, ShTe] for more on
identifying the symmetry type of a family).

There are many other quantities that can be studied in fesnilnstead of look-
ing at zeros, one could look at valued efunctions at the central point, or moments
along the critical line. There is an extensive literatureehaf conjectures and re-
sults, again with phenomenal agreement between the tws.a8e& for example

[CEKRS].

4 Future Trends and Questions in Number Theory

The results above are just a small window of the great work tlha been done
with number theory and random matrix theory. Our goal absveat to write a
treatise, but to quickly review the history and some of thénmesults, setting the
stage for some of the problems we think will drive progresthancoming decades.
As even that covers too large an area, we have chosen to focagew problems
with a strong numeric component, where computational nurtiteory is provid-
ing the same support and drive to the subject as experimphialics did years
before. There are of course many other competing models-fanctions. One is
the Ratios Conjectures of Conrey, Farmer and Zirnbduer [IEEZ2[ CS]. An-
other excellent candidate is Gonek, Hughes and Keatindsithynodel [GHK],
which combines random matrix theory with arithmetic by mlodgthe L-function
as a partial Hadamard product over the zeros, which is mddsleandom matrix
theory, and a partial Euler product, which contains thénarétic.

In all of the quantities studied, we have agreement (eitheoretical or experi-
mental) of the main terms with the main terms of random matreory in an ap-
propriate limit. A natural question to ask is how this agreeiris reached; in other
words, what is the rate of convergence, and what affectsake® In the interest of
space we assume in parts of this section that the reader ikdfiawith the results
and background material from [ILS, RS], though we descititgeresults in general
enough form to be accessible to a wide audience.

4.1 Nearest Neighbor Spacings

We first look at spacing between adjacent zeros, where Odlyzkork has shown
phenomenal agreement for zeros{df) and eigenvalues of the GUE ensemble.
We plot thedifferencebetween the empirical and ‘theoretical,’ or ‘expected’ GUE
spacings in Figurgl6. In his papér[0d2], Odlyzko writ€$early there is structure
in this difference graph, and the challenge is to understahdre it comes from.
Recently, compelling work of Bogomolny, Bohigas, LeboeunfdaVionastra
[BBLM] provides a conjectural answer for the source of theliidnal structure
in the form of lower-order terms in the pair correlation ftion for {(s). Though
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Fig. 6 Probability density of the normalized spacingjs Difference between empirical distribu-
tion for a billion zeros near zero #x 106, as computed by Odlyzko, and the GUE prediction.
(From Odlyzko[[Od2, Figure 2, p. 5].)

the main term is all that appears in the limit (where Montgoyiseconjecture ap-
plies), the lower-order terms contribute to any computabatside the limit, and
would therefore influence any numerical computations llikese of Odlyzko. By
comparing a conjectural formula for the two-point corriglatfunction of critical
zeros of{(s) of roughly heightT due to Bogomolny and Keating in [BK] with
the known formula for the two-point correlation functiorr feigenvalues of uni-
tary matrices of siz&l, Bogomolny et. al. deduce a recipe for picking a matrix size
that will best model the lower-order terms in the two-poinitrelation function, and
conjecture that it will be the best choice for all correlatfonctions, and therefore
the nearest-neighbor spacing. More recently yet, Dudfiagnh, Keating, Miller,
and Snaith[[DHKMSI1, DHKMS2] have applied techniques of Boginy et. al.
and others to studying lower-order terms in the behavioheflowest zeros of -
functions attached to elliptic curves. Their results argently being extended to
otherL-functions by the first and third named authors here and todieagues.

4.2 n-Level Correlations and Densities

The results of the studies on spacings between zero supgest/hile the arithmetic
of theL-function is not seen in the main term, it does arise in theeloovder terms,
which determine theate of convergence to the random matrix theory predictions.
Another great situation where this can be seen is througinkeeel correlations
and the work of Rudnick and Sarnék [RS]. They proved thatrthevel correla-
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tions ofall cuspidal automorphic-functionsL(s, 1) have the same limit (at least in
suitably restricted regions). Briefly, the source of thevarsality in the main term
comes from the Satake parameters in the Euler product of fisection, whose
moments are the coefficients in the series expansion. In Regnark 3 they write
(all references in the quote are to their paper):

The universality (irT) of the distribution of zeros df(s, 1) is somewhat surprising, the rea-
son being that the distribution of the coefficieatg p) in (1.6), asp runs over primes, is not
universal. For example, for degree-two primitivéunctions, there are two conjectured pos-
sible limiting distributions for the;(p)’s: Sato-Tate or uniform distribution (with a Dirac
mass term). As the degree increases, the number of posisitiledistributions increases
rapidly. However, it is a consequence of the theory of thekiRaBelbergL-functions (de-
veloped by Jacquet, Piatetski-Shapiro, and Shalikafor 3) that all these limiting distri-
butions have the same second moment (at least under hyjsoth&3). It is the universality
of the second moment that is eventually responsible for tiveetsality in Theorems 1.1
and 1.2. For the case of pair correlation= 2), this is reasonably evident; far> 2 it was
(at least for us) unexpected, and it has its roots in a keyffeatf “diagonal pairings” that
emerges as the main term in the asymptoticRT, f, h).

Similar results are seen in tindevel densities. There we average the Satake param-
eters over a family oE-function, and in the limit as the conductors tend to infinity
only the first and second moments contribute to the main tathedst under the as-
sumption of the Ramanujan conjectures for the sizes of thassmneters). The first
moment controls the rank at the central point, and the seoodent determines
the symmetry type (see [DM2, SHTe]). For example, familiesligotic curves with
very different arithmetic (complex multiplication or natr; different torsion struc-
tures) have the same limiting behavibut have different rates of convergence to that
limiting behavior. This can be seen in terms of size one dweldgarithm of the con-
ductor; while these terms vanish as the conductors tenditatin they are present
for finite values. Seé [MilZ, Mil4] for several examples (aslvas [MMRW], where
interesting biases are observed in lower order terms of¢bersl moments in the
families).

4.3 Conclusion

The number theory results above may be interpreted in a frankesimilar to that
of the Central Limit Theorem. There, if we have ‘nice’ indepent identically dis-
tributed random variables, their normalized sum (standadito have mean zero
and variance 1) converges to the standard normal distibuiihe remarkable fact
is the universality, and that the limiting distribution rediependent of the shape of
the distribution. We quickly review why this is the case aneirt interpret our num-
ber theory results in a similar vein.

Given a distribution with finite mean and variance, we canaglvperform a
linear change of variables to study a related quantity wheke the mean is zero
and the variance one. Thus, the first moment wheresliageof the distribution is
noticeable is the third moment (or the fourth if the disttibo is symmetric about
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the mean). In the proof of the Central Limit Theorem througinment generating
functions or characteristic functions, the third and highements do not survive in
the limit. Thus their effect is only on the rate of convergetathe limiting behavior
(see the Berry-Esseen theorem), and not on the convergsalfe i

The situation is similar in number theory. The higher moreesftthe Satake
parameters (which control the coefficients of th&unctions) again surface only in
terms which vanish in the limit, and their effect theref@aéen only in the rate of
convergence.

This suggests several natural questions. We conclude withbelow, which we
feel will play a key role in studies in the years to come. Thesequestions provide
a nice mix, with the first related to the main term and the sdcgefated to the rate
of convergence.

e Is Montgomery’s pair correlation true for all boxes (or téshctions)? What
about then-level correlations, both fof (s) and cuspidal automorphicfunctions?
Note agreement with random matrix theory for all thesestiat implies the con-
jectures on spacings between adjacent zeros.

e For a givenL-function (if we are studyingn-level correlations) or a family of
L-functions (if we are studying-level densities), how does the arithmetic enter?
Specifically, what are the possible lower order terms? H@atlaese affected by
properties of thd_-functions? If we use Rankin-Selberg convolution to create
new L-functions, how is the arithmetic of the lower order termsehe function
of the arithmetic of the constituent pieces?

There are numerous resources and references for thosegvishpursue these
guestions further. For thelevel correlations, the starting point are the pagers [Mon

[Hej,[RS], while for then-level densities it iSTKaSal. KaSa2, ILS].
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