THE BIDIRECTIONAL BALLOT POLYTOPE
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ABSTRACT. A bidirectional ballot sequence (BBS) is a finite binary wegce with the property
that every prefix and suffix contains strictly more ones thenoz. BBSs were introduced by Zhao,
and independently by Bosquet-Mélou and Pontylad)-culminating paths. Both sets of authors
noted the difficulty in counting these objects, and to daseaech on bidirectional ballot sequences
has been concerned with asymptotics. We introduce a cani;analogue of bidirectional ballot
sequences which we call bidirectional gerrymanders, and/ ghat the set of bidirectional gerry-
manders form a convex polytope sitting inside the unit cudgch we refer to as the bidirectional
ballot polytope. We prove that eve(gn — 1)-dimensional unit cube can be partitioned iio— 1
isometric copies of thé2n — 1)-dimensional bidirectional ballot polytope. Furthermose show
that the vertices of this polytope are all also vertices efdhbe, and that the vertices are in bijec-
tion with BBSs. An immediate corollary is a geometric ex@lion of the result of Zhao and of
Bosquet-Mélou and Ponty that the number of BBSs of lemgth© (2" /n).

1. INTRODUCTION

In [Zh1], the author introduced a family of combinatorialj@tts called bidirectional ballot
sequences, defined as follows.

Definition 1.1. A finite 0-1 sequence isladirectional ballot sequencéBBYS) if every prefix and
every suffix contains strictly more ones than zeros. Rgtdenote the number of bidirectional
ballot sequences of length

Bidirectional ballot sequences have a natural interpetah terms of lattice paths. Suppose
we start at(0,0) and take a finite number of steps either of the faiml) or (1,—1). We call
such a path atandard lattice path. We define the length of the path to be the number of steps
it contains. We define the height of a point in the lattice gathe itsy-coordinate. Bidirectional
ballot sequences of lengthare in bijection with standard lattice paths of lengtiwvhose unique
minimum height is attained at the first point in the path, arftbse unique maximum height is
attained at the last point in the path. The bijection is gilgndentifying the digit ‘0’ in a BBS
with a step of the forn{1, —1) and the digit ‘1’ with a step of the forrl, 1) (for an example of
this, see Sectidn 4).

From this perspective, bidirectional ballot sequencesswedependently introduced by [BP]
as a special type of what they call culminating paths. Inipaldr, an(a, b)-culminating path is
a sequence of lattice points starting(ét0) such that each step is of the forih a) or (1, —b)
and such that the unique minimum height is achieved at thedost and the unique maxi-
mum height is achieved at the last point. Thus bidirectidradlot sequences are in bijection
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with (1, 1)-culminating paths. In[BP] it is noted thét, 1)-culminating paths had been used in
[FEGK] with connections to theoretical physics, and gengrab)-culminating paths had been used
in [AGMMLY, [CR], and [PL] with connections to bioinformats.

In both [Zh1] and[[BP], it is noted that unlike other easy tdime classes of lattice paths (e.g.
Dyck paths), the enumeration of BBSs is tricky; there is nwials recursive structure to such
paths. Both authors focused on the asymptotic&pf In particular, [BP] obtained a gener-
ating function inn for the number of(a, b)-culminating paths of length with fixed heightk
(the generating function for the, 1) case was found in [FGK]). Furthermore, they showed that
B,, ~ 2" /4n. Independently/ [ZH1] showed th&, = ©(2"/n) and stated without detailed proof
that B,, ~ 2"/4n. Additionally in [Zh1], the author conjectured an even fiagsymptotic expres-
sion for B,,. This conjecture was later proved by [HHPW], who refined tsynaptotic expression
even further using techniques from analytic combinatorics

The motivation for the study of culminating paths in |BP] vthe observation that such paths
had been independently introduced and utilized in dispaattexts (theoretical physics and bioin-
formatics) as well as a general interest in understandibtastilies of lattice paths. However, the
motivation in [Zh1], as well as our original motivation fduslying BBS, arises from additive com-
binatorics. LetA C Z be a finite set of integers. We define the sumdet; A, as those elements
in Z expressible as + b with a,b € A. Similarly, the difference setd — A is those elements
expressible as — b with a,b € Z. We say thatd is a more sums than differencegMSTD)
setif|[A + A| > |A — A|. Because of the commutativity of addition, one may inteitjvexpect
that in generalA — A| > |A + A|. This intuition turns out to be correct in some contexts (see
[HM]), in particular if each element ifn] := {1,2,...,n} is independently chosen to be ih
with some probabilityy(n) tending to zero). Lep,, be the proportion of subsets pf] which are
sum dominant. IN[MO], it was shown that > 2 x 10~7 for n > 15 and in [Zh2] it was shown
thatlim,,_. . p, converges to a positive number; experimental data sugtestsnit to be of order
10~*. Thus, in this sense, a positive proportion of sets are M @wever, the techniques in
[MO] are probabilistic, and to date no known constant derfsitily of MSTD subsets ofn| as
n — oo Is known.

The best density explicit construction of MSTD sets is dughao in [Zh1] using BBSs. Let
B be a binary sequence of lengih We can associate tB the setA C [n| defined asA := {i :

B; = 1}. For example ifB = 01101, thenA = {2,3,5}. Those subsetd of [n] arising from
BBSs have the property that + A = {i : 2 < i < 2n}, which is to say that the sumset is as
large as possible (similarly it turns out that the differerset is also as large as possible). Using
this property, Zhao was able to translate those subsétg afising from BBSs and append extra
elements to the fringes to obtain an MSTD set for each senhgrfsom a BBS. From this, one
immediately gets a density(1/n) family of MSTD sets.

Motivated by the use of BBSs in additive combinatorics, iis thaper, we study the natural
analgoue of BBSs in a continuous setting, which we balirectional gerrymanders; in the
related paper [MP], we use similar ideas as in this papewaysthe analogue of MSTD sets in a
continuous setting.

We first set some notation and then describe our main resukt$.l,, denote the set of all
subsets ofR consisting of exactly: disjoint open intervals such that the leftmost intervattsta
at 0. Supposed € I,,. If we translate4, then the sumset and difference set merely translate
as well. Thus, when studying additive behavior, we do not sy generality by restricting our
attention to collections of intervals such that the leftiioterval starts at zero. We can topologize
I,, by identifying it with RZ} !, the non-negative orthant: let = I, UL, U --- U I, € T, with
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I; to the left of I; for i < j. Suppose€; = (a;,b;). We then identify.A with the vectorv, =

by — aj,as — by, by — ag,a3 — be,..., b, — a,]. Thus the first entry is the length of the first
interval, the second entry is the size of the gap between itbteaind second intervals, the third
entry is the length of the second interval, etc. We shall firmbnvenient to restrict our attention
to the following set: let],, C I, be the set of collections af non-overlapping intervals such
that the leftmost interval starts at zero, the length of eatgdrval is between 0 and 1, and the gap
between adjacent intervals is between 0 and 1 (if we sdadel,, by a # 0, then the sumset and
difference set scale by as well, sav.4 has the same essential additive behaviod asote that up
to scaling, every element d@f, is an element of/,,). We can topologizd,, by identifying it with
Co,—1 = [0,1)>»7, the2n — 1 dimensional unit cube. For other ways to topolodizend related
spaces, see [MP].

The bidirectional gerrymanders i), form a convex, compact polytope containeddf,
which we call thebidirectional ballot polytope, P,,. This polytope has a number of extraordi-
nary combinatorial features. In Sectioh 2 we formally defime polytope and show that,,
can be partitioned int@n — 1 disjoint isometric copies dP,,, which in particular shows that the
volume ofP,, is1/(2n — 1). In Sectiori. B we show that the vertices/af are vertices of’s,, ;. Fi-
nally in Sectioi. ¥4 we show that the verticesff are in bijection withB,,,, 5, and that a particular
subset of the vertices are in bijection wifl3,,_;. From this we are able to immediately rederive
geometrically thaiB,,| = ©(2"/n).

2. THE BIDIRECTIONAL BALLOT CONE AND POLYTOPE

We first set some notation. Let = 2n — 1 for somen € N.

Definition 2.1. Let the set ofeft ballot vectors L,,, and the set ofight ballot vectors R,,, be the
following sets of vectors iR"™:

L, :={[1,-1,0,...,0],[1,-1,1,-1,0,...,0],...,[1,—1,...,1,—1,0]}, (2.1)
R,:=1{[0,...,0,-1,1],[0,...,0,—1,1,-1,1],...,[0, =1, 1,...,—1,1]}. (2.2)
We defind/,,, the set oballot vectorsasV,, = L, U R,,.

Definition 2.2. Thebidirectional ballot cone B,,, is the set oft € R™ such thatr - w > 0 for all
w € V,. When the value of is obvious, we simply refer to it d5

We now define the continuous analogue of BBSs, and show iroBitiqn[2.4 that it is the right
generalization.

Definition 2.3. Let A € I,,. We call A a bidirectional gerrymandeiif v4 € B.

Proposition 2.4. Supposed = [; U --- U I,, € [, with endpoints ordered as before. Suppose the
right endpoint ofl,, is a. Then,A is a bidirectional gerrymander if and only if(A N [0, ¢]) > t/2
andu(Ania—t,a]) >t/2forallt € [0,al.

Proof. The conditioru(ANI0,t]) > t/2 is equivalent to the non-negativity pf.AN[0, ¢]) —u((R\
A)N[0,¢]). Fort € [0,a], u(ANI0,t]) — u((R\.A)N[0,¢]) takes a local minimum exactly at the
left endpoints of intervalg;. Hence showing that it is non-negative is equivalent to theddion
thatv4 - w > 0 for all w € L,. The equivalence qi(AN [a —t,a]) > t/2 andv4 - w > 0 for all
w € R, follows similarly. O

A BBS in the sense of [Zh1] is a binary sequence for which afssquence truncated on the

left or right contains moré’s than0’s, and Proposition 214 shows that a bidirectional gerrydean
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is a subset oR contained in0, ] for which any subset obtained by truncating on the left dntrig
contains “more” points (in a measure theoretic sense) imtiggnal set than points not in this set.
It is thus clear that they are a natural analogue, but, as alésde, what is surprising is that they
can be used to prove results about standard (discrete) BBSs.

Definition 2.5. Thebidirectional ballot polytopeP,,, is defined ad3,, N C,,. Equivalently, it is
those vectors 4 such that4 € J, is a bidirectional gerrymander. When the valuendt obvious,
we shall refer to it simply a®.

FIGURE 1. The polytopeP, (red) sitting insideC’s. Notice that adding two ad-
ditional copies ofP,, rotated about the main diagonal of the cubeg,p)ﬁnd%r
respectively, would result in a partition 6§ (neglecting overlap of boundaries).

Definition 2.6. Let Z,, be the cyclic group of ordek with generatorp. Let Z,, act onR™ by
cyclically permuting the entries (e.@?([0, 1,2, 3,4]) = [3,4,0, 1, 2]). For a given set of vectors
Vando € Z,,, leta(V) :={o(v) : v € V} witho € Z,,. For eacho € Z,,, define3, by

By, = {veRY,:v-w>0forallw e o(Vy)}, (2.3)
andP, likewise. Note thaB3, = o~'(B), and thatB = Bjg andP = Pyg.

Theorem 2.7. The non-negative orthanRZ,, is contained i J,., B,. Furthermore, foro; #
09, the interiors of3,, and BB, are disjoint.

Proof. Let 7 = p? € Z,, be the cyclic shift by two places. Becauseis odd,r generates,,,. In
particular, we see that the set of left and right ballot vect§ as defined in Definition 211 is equal
to

k
Vo = {ZTi(w):0§k§2n—3}, (2.4)
i=0
wherew = [1,—-1,0,...,0]. If <k < 2n — 3 then
k ¢ k k—(—1
ZTi(w)— (w) = Z r(w) = 7 Z ™ (w), (2.5)
=0 =0 i=0+1 i=0



and sincey 2", % ri(w) = [0, ..., 0] we have similarly that, fob < k < ¢,

2

k ¢ (2n=3)+(k—£)
Z T'(w) — Z r(w) = 7t Z 7' (w) (2.6)
i=0 i=0 i=0
Then we have that
k ‘
{Zri(w)—ZTi(w) 0<k §2n—3} = 77N(V,). (2.7)
i=0 i=0

Now letw;, = S°F  7%(w), take anyv € [0,1]™, and choos® < ¢ < 2n — 3 minimizing v - w;
(this¢ may not be unique). Then

v- (Z 7 (w) — ZTZ(U))> >0 (2.8)

1=0
forall 0 < k < 2n — 3. Thereforev - r > 0 for all r € 7°+1(V},), sov € B,«:1. This shows that
RZy = U,ez,, Bo- Intersecting withC' gives the corresponding result B

Conversely, ifv € Int(B.c1) N Int(B,x+1) and7! #£ 751 then (because taking the interior
simply changes the inequalities definiBg: to strict ones) we have both

v- (ZH(U])—ZH(U])) > 0.

This is a contradiction, so the interiors distinct regids:. are disjoint, and it follows immedi-
ately that the interiors of distinct regiof%... are disjoint. O

Corollary 2.8. The unit cube’,, equalsUGeZm P,. Furthermore, foro; # o5, the interiors of
P, andP,, are disjoint. Consequently, the volumeffs exactly-L.

Proof. Intersecting the nonnegative orthant and the translatesith C,,, Theoreni 2.I7 yields that
C,, is partitioned intan regions produced by permuting the coordinate®oBecause the matrix
representing- = p? has determinant it leaves volume invariant. Therefore, V&l,) = Vol(P)
forallo € Z,,, soVol(P) = L. O

Corollary 2.9. For any vectow € RZ,, there existg € Z,,, suchthatthe vectar = (v}, vy, ..., v,,) =
o(v) has the following property: For all < k£ <n,

k
Z(U;i—l —vy) > 0 (2.9)
i=1

and

k

> (Vhy ity = Vi 9s) = 0. (2.10)

i=1

If furthermore these are alt 0, theno is unique.
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One interpretation of the above corollary is as follows. |[g1g® you have a necklace with an odd
number of beads. On each bead you write a non-negative numben there exists some place
where you can cut the necklace such that when you lay out ttldase and think of the sequence
of values on the beads as a vectofRifi, this vector is a bidirectional gerrymander. Furthermore,
if the numbers you write on the beads are “generic”, theretieexactly one such place you can
cut the necklace.

T
S o NC
oo

FIGURE 2. An example “cut” of a necklace as in Corollary]|2.9

3. VERTICES OF THEBIDIRECTIONAL BALLOT POLYTOPE AREVERTICES OF THECUBE

In this section we show that the vertices7f are also vertices of’,,,, the unit cube. We had
previously defined, as the intersection of the unit cube with the ballot conecig equivalent

to the set of vectory, g1, . . ., 901, ] Satisfying the below inequality:
1 0 0 0 0 0 0 0 0 07 [0 7
-1 0 0 0 O 0O 0 0 0 O -1
cube vectors 0 1 0 0 0 0 0 O 0 0 r 61 E 0
0O -1 0 0 O 0O 0 0 0 O —1
g1
: S Lo 0 :
1 =10 0 0 0 g2 | > |0
left ballot vectors I -11-10 0 0 0 : 0
: Do R S In—1 :
0 0 0 0 0...0 0 0 -1 1] [ ] 0
right ballot vectors o 0 0 0 0 ... 0 —-11 —-11 0
_ ] T (3.1)

The first collection of rows in the above matrix is necessargrisure that we only deal with
points inside of the unit cube. Thus we call any vector of tref[0,...,0,+1,0,...,0] acube
vector.

Before proving the main result of this section, we must nenaefew concepts related to convex
polytopes. We follow the terminology af |[BT].

Definition 3.1. Let P be a polytope ifR™ defined by the inequalities « > b, for i € [k]. Letz*
be such that for somg ! z* = ;. Then, we say that thi¢h constraint isactiveat x*.
6



Definition 3.2. A vectorz* € R” is called abasic solutionif out of all of the constraints that are
active atz*, there is some collection af of them which is linearly independent. af is a basic
solution that satisfies all of the constraints, then it iSedlabasic feasible solution

Part of what makes the study of convex polytopes interessitigat there are several equivalent
but strikingly different ways of defining what the verticesaopolytope are. In particular, one
definition is that a point is a vertex if and only if it is a basic feasible solution.

Another definition which will be helpful in the proof of the maheorem of this section is the
following.

Definition 3.3. A matrix/vector is calledlat if all of its entries are 0, 1, or -1.

Let (),, denote the set of vertices in the polytdpe Let S, denote the set of vertices of the unit
cubeC,,,. The main result of this section is the following.

Theorem 3.4. All of the vertices of the bidirectional ballot polytof®, are also vertices of the
unit cubeC,,,; i.e.,Q,, C S,.

Proof. By the above discussion, we know that we must show that ait leasible solutions are
vertices of the cube. Throughout this proof, wedebe fixed, and letn = 2n — 1. Thus we
unambiguously leP = P, C = (5,1, Q = Q,, andS = S,,.. Notice thatZ™ NP C S. From
this observation, we now describe the strategy for provirggtheorem. Suppose is a basic
solution whose corresponding constraintsare. . ., a;,,. Thenz* satisfies

bi,

: =11t |. (3.2)
A bi.,,

Let A be the matrix in[(3.2). Le* be the vector on the right hand side[in (3.2). Thtis= A~1b*.

Note thatb* € Z™ since it is some subset of the entries in the vector on the hghd side of

(3). If we can show thatet(A) = +1, it will imply that A~! has integer entries, and thus that

A~Yp* ¢ Z™. From the earlier observation, if is a basic feasible solution, then we must have

that A='b* = 2* € S, which would prove the theorem.

Now we must show that ifd is invertible, then it has determinastl. In order to show this,
we will show that given any sucH, we can obtain a sequence of matrices A, ..., A,, with
Ap = A such thatdet(A;) = +det(A;_1). The last matrixA4,,, will be a permutation matrix, and
thus will have determinant1, thus allowing us to conclude thatt(A) is £1.

Now, let A be some intervible matrix whose rows are composed of cub®ngdeft ballot
vectors, and right ballot vectors. We carry out the follogvprocess. First find the smallest index,
j1, such that thelst entry of thej;th row of A is non-zero (note that this entry must bd).
Multiply this row by £1 so that entryz;, ; = 1, and then subtract off the appropriate multiple of
this row from all the other rows so that ; = 0 if & # j;. Call this new matrix4,. We claim that
Ay is flat. This will be proven in Lemma3.5.

We now find the smallest indekx ¢ {j;} such thata;, » # 0 (again, it must bet1). We
multiply this row so that;, , = 1, and then we subtract off the appropriate multiple of this so
thata, o, = 0 if k& # jo. Call this new matrixAs.

We repeat this above process upjtp That is, at the)'" step we find the smallest indgy ¢
{s1,--.,dp—1} such that;, , # 0. We multiply this row by+1 so thata;, , = 1. We then subtract
off the appropriate multiple of this row so that, = 0 if £ # j,. After m steps, the resulting
matrix A,, must have exactly one non-zero entry in each column, whiehase. Thus4,, is a

permutation matrix, sdet(A,,) = +1. Thus, once we prove LemrhaB.5, we are done. [
7
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Before proving LemmB_3l5, we include an example to illusttae method. The bolded row in
A; correponds to row;,, as described in the proof of Theoréml3.4.

o 1 0 0 0 O 1 0 0 O 01 0 0 O
0O 0 0 0 1 0O 0 0 0 1 000 0 1
Ap: |1 -1 0 0 O - A:|1 -1 0 0 O] — Ay: (1 0O O 0O Of (3.3
0 -1 1 -1 1 0 -1 1 -1 1 001 —-11
0o 0 0 -1 1 0 0 0 -1 1 000 —1 1
010 0 0 0100 O 01000
000 0 1 0 0O0O0 1 00001
— A3: (1 00 0 O] —= A:]1 000 O0Of—=A4:(1 0000 (3.4)
001 -1 1 0010 O 00100
000 —-11 0001 -1 0001O0

This example reveals that in some casgs,; = A;.
Lemma 3.5. All of the matrices4,, in the proof of Theoreim 3.4 are flat.

Proof. We proceed by induction. In particular we show that for eflackvery row of the matrixd,

is of exactly one of six types depending on the form of the firsntries of that row and the last
m — k entries of that row (in the sequel, we will refer to this asisgyhat every row is one of the
Six types with respect tb).

We now describe these six types. ket denote any sequence of lengtlconsisting of alter-
nating plus ones and minus one (eeg. = [—1,1,—1] or a; = [1]). Let 3, denote the sequence
of lengthn consisting of all zeros. Let,, denote any binary sequence of lengtlontaining ex-
actly one one (e.gy, = [0,0,1,0]). Let @ refer to the operation of vector concatenation (e.qg.
[1,2,3] @ [4,5] = [1,2,3,4,5]). The six types (with respect tg) are listed in the following table.

Type Firstk Lastm —k Example § =3, m =7)
1 B Bis1 @ aj>1 D Bm—k—t—j>1 [0,0,0]0,1,—1,0]

2 Br Qs1 D Pok—e>0 [0,0,0 | 1,—1,1,0]

3 b Brz1 @ Qun—k—e0 [0,0,00,0,1,—1]

4 Vi 6421 D a;>o @Bm—k—ﬁ—jzl [0,1,0 0,0,0,0]

5 Vi ap>1 D 5n—k—€20 [0,1,0 1, - ,1,0]

6 Vi Bes1 @ Qm—t—t50 [0,1,010,0,1,—1]

TABLE 1. The six types with respect fo

We now go through the inductive argument. For the base casieerthat wherk = 0, the cube
vectors are type 1, the left ballot vectors are type 2, anditie ballot vectors are type 3. Thus
the claim is proven in the base case.

Now for the inductive step, we shall show that if all rowsAf are of one of the above types
with respect tdt, then all rows of4,_; are of one of the above types with respeckte 1. As
described in the proof of Theordm B.4, at sktepve must first find some row whose fifsentries
are zero, and whose+ 1 entry is+1. We see then that we must select some row of type 2, call
it 7. We then subtract’ from all other rows whosé + 1 entry is non-zero. Thus the only types

we must worry about are types 2 and 5. Notice that when we attfifrfrom a row of type 2, we
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get a row either or type 1, type 2, or type 3 with respect to 1. When we subtract’ from a
row of type 5, we get a row either of type 4, 5, or 6 with respedt # 1. All other rows remain
the same. Thus when we catalog the new rows with respécttd, we get that those of type 1
become either type 1 or type 2. As mentioned before, thosgpef2 become those of type 1, 2,
or 3, except for rowl” which becomes of type 4 or 5. Type 3 becomes type 2 or 3. Typmdire
type 4 or becomes type 5. As mentioned before, type 5 becopesit 5, or 6. Lastly, type 6
becomes type 5 or type 6. Thus, by induction, we have proveddésired statement, implying in
particular that the matrix is flat at every step. O

4. VERTICES OF THE CUBE IN THE BALLOT REGION

In this section, we demonstrate that bidirectional bakajuences of lengthn — 1 correspond
in a natural way ta),,, and we rederive the growth rate givenlin [Zh1] and|[BP].

Definition 4.1. Aslope vectois a vectorA = [\, ..., \,,] € R™ withm € N. To a slope vectok,
we associate the unique continuous piecewise linear fomgji : [0, m] — R such thatf(0) =0
and fi(z) = \; forz € (i — 1,4) foreachl <i < m.

Given any binary sequenée= b, - - - b,,,, we associate to this sequence the graph of the function
frwherel = (Aq, ..., \y) with \; .= (—1)%1,

Example 4.2. The bidirectional ballot sequendd 011001111 corresponds to the path

This is a bijection from binary sequences of lengito graphs of functiong, with A € {4-1}™.
Recall from Sectiofll that the graphs which correspond tdsitional ballot sequences are those
of functionsf, wheref,(0) < f\(t) < fa(m) forall0 <t < m.

Now we will draw a correspondence betwegn and Bs,,, 3 through these graphs, as well as a
correspondence between a certain subsét,adnd B,,,_1, by describing a way to interpret vectors
v € Cy,_1 = [0,1]>""! as paths as in the discrete case in such a way that the venfities ballot
polytope are realized as exactly the graphs above. Givertanve = [vy,...,v9, 1] € Coy,_1,
define the slope vector, = [\;,..., Ay, 1] By \; == (=1)"'(20; — 1), and associate to the
graph of the functiory,, .

Example 4.3. The gap-parametrization vector= [2,1 1 2 1] € [0, 1]° gives the slope vector
Ao = [3,—3,0,1,1], which gives the following graph of the functigy) , where the values next to
the points indicate the distance above thaxis:

9



0 1 2 3 4 )

Although the functiorf,, in Exampld_4.B has the property that it achieves global mimmand
maximum values at it left and right endpoints (respectiyele will see that this is not always the
case (see Example 4.6). We determine this behavior moresphgaow.

If v =vy,...,09,-1] € Copy_1, thenfor0 < k < 2n — 1 we have

r . 25°% (=1) 1, k is even
— E _1)-1 1) = Jj=1 J

j=1
and similarly,

f@n—1) =238 (1) va, k is even
f@n—1)+1-2%"F (=1)"tvy,_; kisodd.

One can see now that, eveniE P, it is possible for the graph to fail the property stated ajov
i.e., to achieve a global maximum or minimum at a point in titerior of its interval of definition
(again, see Example 4.6 for an explicit example). Howewveg can also see thatif € P, it
cannot fail this property to a great extent; namely, the eslat the left and right endpoints will be
within a distance of 1 from the maximum and minimum values¢aithe large sums in the RHS
of (4.1) and[(4.R) will be non-negative. Nonetheless, welditike the graphs of the functions,,
with v € @,, to match the graphs of bidirectional ballot sequencés,in 3, and for that reason we
give a way to modify a vectar € (,, before associating it to a graph. Namely, we will add a sort
of buffer to each side of the vector, so that the left and regitdpoints get a leg up.

H(@2n—1—Fk) = { 4.2)

Definition 4.4. If v = [vy, ..., v2,—1] € Co,—1, We define
a(v) = [1, O, V1,V2,...,V2pn—2,VU2n_1, O, 1]

We now present two correspondences, the first stated moueaiigt and the second proven
more naturally, which are nonetheless very closely relaf&e first correspondence is as follows.
Theorem 4.5. We havd),, is in bijection withB,,, . 3, induced by the map

V= f)\ (43)

Before we prove Theorem 4.5, we give an example of the prabasenduces the bijection.
10
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Example 4.6. Consider the gap-parameterization vector= [0,0,1,0,0] € [0, 1], an element
of Q3. We shall obtain a bidirectional ballot sequence fremm We see that gives the slope
vector\, = [—1,1,1, 1, —1]. The graph off,, is the following, where the values next to the points

indicate the distance above theaxis:

This isnotthe graph of a bidirectional ballot sequence. Namely, taplypasses below theaxis
and above the ling = f,,(5). Let's now consider(v) = [1,0,0,0,1,0,0,0,1] € [0,1]?, which
gives slope vectok, ), = [1,1,—1,1,1,1, -1, 1, 1] and leads to the following graph 5.,

The portion of the graph between the vertical dotted linesngply the graph off,, translated
in the plane by the vectde, 2|. This graphdoescorrespond to a bidirectional ballot sequence,
namely110111011. We now prove that this process gives a bijection as in thersi@ant of the

theorem.

Proof of Theorerh 415By the correspondence between bidirectional ballot sezpgeand graphs

of certain functions given in Example 4.2, it suffices to shivat the map of[(4]3) put®,, in
11



bijection with
F = {fu,:pe {1} £,0) < f.(t) < f.(2n+3) forall t € (0,2n+3)}.  (4.4)

If v € Cy,_1 is any gap-parameterization vector, then, in lightlofl(4@)2), and the fact that
f», achieves maxima and minima only at integer values, we haatefth(0) — 1 < f,, (t) <
fr,(2n—1)+1fort € [0,2n — 1] if and only if v is a bidirectional gerrymander. Furthermorey if
is a vertex of the cub€,,_;, thena(v) is a vertex oy, 3 = [0, 1]*"*3 so thatfxa(v) takes integers
to integers. Since for any € Ca,—1 we havef,  (k+2) = fi, (k) +2for0 <k < 2n—1,
Prow (@) =ifori =0,1,2,andfy, (20 +1+4) = fi,,,(2n+1) +ifori =1,2. Thus if
v is a vertex ofCy,_; then fMU)(O) < fxa(v)(t) < Praw (2n + 3) for all t € (0,2n + 3) if and
only if v € Q,. It follows then that, since () € {+1}*"** whenv € @Q,, we indeed have that
Fraw € F,and so the map in (4.3) does indeed taketo graphs of bidirectional ballot sequences
iN By y3.

Injectivity of the map is clear. To show that the map is suiye; we provide an inverse. For
a bidirectional ballot sequende = b, - - - by, 3 Of length2n + 3, we define the vectow, =

[wy, ..., we,_1], Where
w; — 1 If] =bjyo (mod 2) (4.5)
0 ifj#bjis (mod2).
Itis easily verified that the graph gf_ , is the one associated toMoreover, the two statements
directly following (4.3) imply that, sincev € {+1}*'~! and the graph of;,, is that of a bidi-

rectional ballot sequence, we must have that (),,. It is clear that this map is both a right- and
left-inverse of the map given by (4.3).

We now give the second correspondence. Z.etlenote the interior o3, in R*"~!, Let T, =
7, N Q,, i.e. those vertices dP,, in the interior of3,,.
Corollary 4.7. T,, is in bijection withB,,,_, induced by the map
v o= fi,. (4.6)
Proof. The proof here is essentially the same as that of ThebrenThépoint here is that, when

v € T,, we already havd,, (0) < f\, (t) < fi, (2n — 1), following similar reasoning as in the
statements directly following (4.4). O

Lastly, we use these correspondences along with our prewdoalysis ofP, and its translates
to obtain the growth rate in [Zh1].
Corollary 4.8. For ¢ odd,
25
By > ——.
£ = 16(0—4)
Proof. Supposen = 2n — 1. By Theoreni 45, we know that the vertices7f are in bijection

with B,, 4. From Corollary 2.B, we know that every vertex@f,_; is contained irP, for some
o € Z,,. Since there are: such copies oP, we get that

mBpq > 2™, (4.8)
Let ¢ = m + 4. Then by rearrangement we get

4.7)

26
>
Be 2 16(¢ — 4)

12
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Corollary 4.9. For ¢ odd,

26
?.
Proof. Suppose = 2n — 1. From Corollary 4.7, we know that the verticesf which are in the
interior of B,,, namelyT,,, are in bijection withB,,,. Since the interiors oB,, andB,,, are disjoint

if o1 # o9, we have that(T,,) N 02(T,,) = 0 for oy # o5. Therefore, summing over all the
vertices ino(T") for eacho € Z,, we at most get every vertex of the cube once. That s,

B,

IN

(4.10)

(B, < 2% (4.11)
Rearranging yields
2Z
B, < 7 (4.12)
O

Corollary 4.10. For all ¢, the growth rate of3, is ©(2¢//).

Proof. By Corollaried4.B anf 419, we know that féodd, the growth rate i®(2¢/¢). The only
additional insight needed is that for 8]l B,,; > B,. To see this, note that given a BBS of length
¢, by appending a 1 to the end of it, we obtain a BBS of lerfgthl. Thus up to fixed constants,
the inequalities in Corollarids 4.8 and 4.9 are correct f@ne as well. Thus, for all, B, grows
like ©(2¢/0). O

5. CONCLUSION

Our methods reveal a rich combinatorial structure undeglydidirectional ballot sequences.
In previous papers on BBSY ([Zh1], |[BP], [HHPW]), analytechniques were used to obtain
asymptotics, but our techniques reveal a geometric irgeapon for the©(2"/n) growth rate.
Interestingly, in the final section of [Zh1], Zhao stateshwitit detailed proof thatB,, /2" goes
to 1/4, but claims his proof is “calculation-heavy”. He then pegiat “[tlhere should be some
natural, combinatorial explanation, perhaps along thesliaf grouping all possible walks into
orbits of size mostly: under some symmetry, so that almost every orbit containstigx@ne walk
with the desired property.” Zhao's statement is strikingigilar to the ideas presented in our
paper. Though we have made some effort, we have not beencabiégive thatn B, /2" — 1/4
using the techniques of our paper, but we feel that thereps far such a proof.

The second, more general takeaway from this paper is thegeltéor the ideas originally
presented in[MP]. The ideas in this paper in fact evolvedftbe ideas in[[MP]. In passing to
the continuous setting, several additive number theorycamabinatorial problems reveal a rich
structure which was not otherwise visible. We believe thate is even greater potential still in
such ideas and techniques.

REFERENCES

[AGMML] S. F. Altshul, W. Gish, W. Miller, E. W. Myers, and D.. Lipman.Basic local alignment search tgal.
Molecular Biology 215.3 (1990), 403-410.
[BP] M. Bosquet-Mélou and Y. Pontgulminating PathsDiscrete Math. Theor. Comput. Sci. 10.2 (2008),
125-152.
13



[BT]

[CR]

[FGK]
[HHPW]
[HM]
[MO]

[MP]
[PL]

[Zh1]

[Zh2]

D. Bertsimas and J. N. Tsitsiklisntroduction to Linear OptimizatioPAthena Scientific, Belmont, MA,
1997.

A. Califano and I. Rigoutso$;lash: A fast look-up algorithm for string homolagy Proceedings of the
1st International Conference on Intelligent Systems foleédolar Biology, pages 56-64. AAAI Press,
1993.

P. Di Franeso, E. Guitter, and C. Kristjansémtegrable 2D Lorentzian gravity and random walkéu-
clear Phys. B 567.3 (2000), 515-553.

B. Hackl, C. Heuberger, H. Prodinger, and S. Wagheralysis of Bidirectional Ballot Sequences and
Random Walks Ending in their MaximyAnn. Comb. 20 (2016), 775-797.

P. Hegarty, S.J. MillerWhen almost all sets are difference dominaiRandom Structures Algorithnas
(1) (2009) 118-136.

G. Martin and K. O’Bryant,Many sets have more sums than differenéeklitive combinatorics, 287-
305, CRM Proc. Lecture Notek3, Amer. Math. Soc., Providence, RI, 2007.

S. J. Miller and C. Petersom geometric perspective on the MSTD questinmpreparation.

W. R. Pearson and D. J. Lipmamproved tools for biological sequence comparisBroceedings of the
National Academy of Sciences of the USA 85 (1998), 2444-2448

Y. Zhao,Constructing MSTD sets using bidirectional ballot sequsndournal of Number Theord30.5
(2010): 1212-1220.

Y. Zhao,Sets characterized by missing sums and differerdmegnal of Number Theor§31.11(2011):
2107-2134.

E-mail addresss) nil@v I [ 1 ans. edu, Steven. M T er. MC. 96@ya. yal e. edu

DEPARTMENT OFMATHEMATICS AND STATISTICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MA 01267

E-mail addresscar st enp@m ch. edu

DEPARTMENT OFMATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, M| 48109

E-mail addresscsprun@m ch. edu

DEPARTMENT OFMATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, M| 48109

E-mail addressr peski @r 1 ncet on. edu

DEPARTMENT OFMATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544

14


mailto:sjm1@williams.edu, Steven.Miller.MC.96@aya.yale.edu
mailto:carstenp@umich.edu
mailto:csprun@umich.edu
mailto:rpeski@princeton.edu

	1. Introduction
	2. The Bidirectional Ballot Cone and Polytope
	3. Vertices of the Bidirectional Ballot Polytope are Vertices of the Cube
	4. Vertices of the cube in the ballot region
	5. Conclusion
	References

