TOWARDS AN ‘AVERAGE’ VERSION OF THE BIRCH AND
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ABSTRACT. The Birch and Swinnerton-Dyer conjecture states that #émk of the
Mordell-Weil group of an elliptic curve® equals the order of vanishing at the central
point of the associated L-functioh(s, F'). Previous investigations have focused on
bounding how far we must go above the central point to be adsnfrfinding a zero,
bounding the rank of a fixed curve or on bounding the averageirea family. Mestre
[Mes] showed the first zero occurs 8)(1/ loglog N ), where Ng is the conductor
of E, though we expect the correct scale to study the zeros nearethitral point is
the significantly smalleil /log Ng. We significantly improve on Mestre’s result by
averaging over a one-parameter family of elliptic curfesver Q(7"). We assume
GRH, Tate’s conjecture # is not a rational surface, and either the ABC or the Square-
free Sieve Conjecture if the discriminant has an irredeqitdlynomial factor of degree
at least 4. We find non-trivial upper and lower bounds for therage number of
normalized zeros in intervals on the orderlgflog N (which is the expected scale).
Our results may be interpreted as providing further evidencsupport of the Birch
and Swinnerton-Dyer conjecture, as well as the Katz-Sadealsity conjecture from
random matrix theory (as the number of zeros predicted bgawmmatrix theory lies
between our upper and lower bounds). These methods may liecafipadditional
families of L-functions.

1. INTRODUCTION

The goal of this paper is to provide evidence towards thetBaod Swinnerton-
Dyer conjecture in one-parameter families of elliptic @gvWe briefly summarize our
results, assuming the reader is familiar with the notatioth subject. Afterwards we
review the needed background material from elliptic cuives previous results in 82;
for the convenience of the reader, we state all the conjestassumed or discussed at
various points in Appendix A. We then prove our theorems asduss generalizations
to other families ofL-functions in 83, where we give explicit non-trivial uppenda
lower bounds.

The Birch and Swinnerton Dyer conjecture asserts thatd an elliptic curve whose
Mordell-Weil group E(Q) has geometric rank, then the associated completéd
function A(s, E') has analytic rank (i.e., it vanishes to order at the central point).
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This is an exceptionally hard problem to investigate, tegoally and numerically.
While there is some theoretical evidence when the rank isoat th the general case is
intractable both theoretically and experimentally. Foaraple, although we can con-
struct elliptic curves with geometric rank exceeding 2@, ldrgest known lower bound
for the analytic rank of a (s, F) is only 31

We consider the following natural question. LEtbe an elliptic curve with geo-
metric rankr, and assume the Generalized Riemann Hypothesis (GRH). iftte &d
Swinnerton-Dyer conjecture predicts that there should heros at the central point.
How far must we go along the critical line before we are asdwkseeing: zeros?

If Nz denotes the conductor of the elliptic curve, we expect threeco scale for
zeros near the central point to be of sizélog Ng. Miller [Mil3] investigated the
first few zeros above the central point for the family of allptic curves as well as
one-parameter families of small rank ov@(T"). His results are consistent with the
low zeros being of height on the order bflog Ng; however, the first few zeros are
higher than theV; — oo scaling limits predicted by the independent model of random
matrix theory. The data suggests that, for finite conductmer agreement is obtained
by modeling these zeros with the interaction model (whiclolves Jacobi ensembles).
Determining the correct corresponding random matrix efemvolves understanding
the discretization of the central valuesiefunctions and the lower order terms in the 1-
level density. In his thesis Duc Khiem Huynh [Huy] succeBgfnodeled the first zero
of the family of quadratic twists of a fixed elliptic curve,chaurrent work by the second
named author and Eduardo Duefiez, Duc Khiem Huynh, Jon Keatid Nina Snaith
is investigating the case of a general one-parameter fgDHKMS1, DHKMS?2].

The best theoretical result on the first zero above the dgmtiat is due to Mestre.
Assuming the Generalized Riemann Hypothesis, Mestre [Meahded the analytic
rank of £ by O(log Ng/ loglog Ng) and showed its first zero above the central point is
at mostB/ loglog Ng. While this is significantly larger than what we expect thehr
to be, namelyD(1/log Ng), it has the advantage of holding for all elliptic curves.

In this note we show that we may reduce the window on the atilice to something
of the expected order if we average over a one-parametetyfarhelliptic curves.
Specifically, consider a one-parameter fangilyy? = 23+ A(T)xz+ B(T) of geometric
rankr overQ(T"), with A(T'), B(T') € Z[T]. For eacht € Z we may specialize and
obtain an elliptic curve?; : y* = 2® + A(t)z + B(t) with conductorN, := Ng,. By
Silverman’s specialization theorem [Sil2], for alsufficiently large each elliptic curve
E; has geometric rank at leastAssuming standard conjectures, Helfgott [He] proved
that for a generic family the sign of the functional equati®i half the time and-1
the other half. It is believed that a generic curve in a genamily has analytic rank
as small as possible consistent with all constraints. Incase, as the rank must be at
leastr if the Birch and Swinnerton-Dyer conjecture is true, we etpbat in the limit

The number of terms needed for the computation is on the ofdae square-root of the conductor
of F, which grows rapidly in families. While it is possible to nencally show that the first Taylor
coefficients ofA(s, E) are close to zero for mang’s with geometric rank, in general these compu-
tations can only provide evidence. The exception is when axe Hormulas for the derivatives as a
known quantity times a rational, in which case we can corthexde calculations to proofs of vanishing.
Seeht t p: //web. mat h. hr/ ~duj e/ t or s/ r k28. ht m for an example by N. Elkies of an elliptic
curve with geometric rank at least 28.
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half the curves will have analytic rankand the other half + 1, for an average rank of
T+ %

We take our family to beF := {A(s, E;) : R <t < 2R} with R — oo, though we
often abuse notation and ug to denote in (R, 2R]. There are two ways to normalize
the zeros of\(s, E;) near the central point: (1) globally, usif§™ = £ 5=, . &l

2 !
(2) locally, usingbgTM. It is significantly easier to use the global rescaling; hasveas
each elliptic curve can be considered independent of théyfais more correct to use
the local rescalingiff this case, due to the technicalities that arise we mustsadde
additional restrictions on which € [R, 2R] are in the family.
Before stating our main result, we must first introduce sootation. All conjectures

are stated in full in Appendix A.

Definition 1.1 (Sieved family) Let€ : y? = 2® + A(T)z + B(T) be a one-parameter
family of elliptic curves ove€(7") with discriminantA(T"), let D(T") be the product of
the irreducible polynomial factors of the discriminant,cilet B be the largest square
dividing D(¢) for all integerst. For a fixedc, ¢y, our family is the set of all = ¢t' + ¢,
(with ¢ € [R,2R]) such thatD(ct' + t,) is square-free except for prime$B where
the power of such|D(t) is independent of. In [Mil2] it is shown that for any one-
parameter family, there is a choice oandt, such that the number of su¢ls cs R +
o( R) for somec¢ > 0 if every irreducible polynomial factor @k (7") has degree at most
3 (if not, the claim is true if we assume either the ABC or Setisge Sieve Conjecture).
We letF}, denote the sieved family.

Definition 1.2 (Average number of zeros in a family)et€ : y? = 23+ A(T)z+ B(T)
be a one-parameter family of elliptic curves o¥&(T") with specialized curveg, with
conductorsV,. Assume GRH and write the non-trivial zeros\dk, E;) as% + i
and set

logN 1 2l log N,
2r R —~ 27 '
The average number of zeros with imaginary part at mogh absolute value) under
the global and local renormalizations are defined to be

(1.1)

28 = LS w2 e
ave,&,R . R — . 5] 2 )
2R
(local) L 1 . log Nt
Zavc,E,R<T) T |‘/—_-;% | ;R # {.] Vg o S [_7-7 T]} ) (12)

/
te]—‘R

with 77, as in Definition 1.1.
The Birch and Swinnerton-Dyer conjecture implies that,féonilies where half the
curves have even and half have odd sign,
lobal local 1
Zoeei(0) = Zyiep(0) = 1 o

Our main results are upper and lower bounds for how many naeadazeros there
are on average in the intervgtr, 7|, in particular, how small we may takeand be
assured on average that thereqare% zeros in the interval.
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Theorem 1.3. Let £ be a one-parameter family of elliptic curves of geometrickra
overQ(7); if £ is not a rational surface (see Remark A.1 for a definitionptagsume
Tate’s conjecture. Additionally, if we are using the locahormalization of the zeros
we must assume either the ABC or the Square-free Sieve @amjddhe discriminant
has an irreducible polynomial factor of degree at least 4.

Let o be chosen such that we can compute tHevel density (defined in §2.3) for
even Schwartz test functionsith supp(¢) C (—o, 0); see Theorem 2.3 for details on
whato are permissible for a given family.

Then

e Lower bounds for the average number of normalized zeros in [—7, 7|: Let
the notation be as in Definition 1.2, and assume GRH Al any even, twice
continuously differentiable function supported[eri, 1] and monotonically de-
creasing on[0, 1]. For fixedr > 0 let f(y) = h(2y/o), g(y) = (f * f)(y)
(the convolution off with itself), and lety(x) equal the Fourier transform of
g(y) + (277)~2¢"(y). Notesupp(¢) C (—o,0) and ¢(x) is non-negative for
|z| < 7 and non-positive fofz| > 7. Then

(global) (local) 1 @ loglog R
Za%eSR( ) Zaveé'R( ) Z (T + 2) + Qb(O) + O <¢(O) IOgR) ) (13)
whereg(0)/6(0) depends on the fixed

0) (fOl h( )2du UT7r fO h// )
¢(0) fo
If we letssp (o) denote the value af such that we are assured of at least %

zeros on average (aB — oo) in [—7, 7] given that we can compute the 1-level
density for test functions whose Fourier transform is sufggbin (—o, o), then

E (1.4)

1 Ji h(u Ty 1
TBSD(O') < <—f0 0 h// ) g = ﬂC(h)O’ (15)

This should be compared to the predlctions from the Birch Smdnnerton-
Dyer and Parity Conjectures for a generic family, which potdpsp(o) = 0.
In particular, taking

2 . 2 4 i <
h(z) = (1 —z*)(1 —0.233428x* + 0.0189588z*) if |z| __1 (1.6)
0 otherwise
yields
1
< - )

whereC'(h) ~ 0.63662 (which is approximatel®/x); note 1/7C(h)o is ap-
proximatelyl/20. In the arguments below we u8¢r for brevity without re-
minding the reader that the numerical calculation is onlgs# to the above.
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e Upper boundsfor the average number of normalized zerosin [—, 7|: Lety be
a twice continuously differentiable even Schwartz testtfan withsupp() C
(—o,0),¥(x) > 0forall z, andy(z) monotonically decreasing df, 7). Then

loba loca
Z&(Lie,é',}l%)(T)? Zzg,ve,é'l,)R(T)

1\ (r+3)@(0) — ¥(1)) + ¥(0) loglog R
. (*) * o) +0(¢<0>10g3) (1.8)

2

If we consider the interval—5-, ) from the lower bound, taking(z) =
sinzmo\2 |, H H H H
(—) yields the average number of normalized zeros in the limthia

interval is at mos{ r + 1 + %)/w(l/%) = <r + 3+ %)

e Random matrix theory prediction. Let £ be a generic one-parameter family
of elliptic curves of rank- over Q(7") with half of the specialized functional
equations even and half odd. Assuming the Katz-Sarnak e€bshjecture, as
R — oo the average number of normalized zerog+r, 7] is (r + 3) + 27;
more precisely, random matrix theory predicts

1
lim ZE°0%) (1), Jim z0e) (1) = r4 =+ 27 (1.9)
o —r

Rsoo ol ave,&,R 2

In particular, settingr = -L yields a prediction of + 1 + 2. L normalized
zeros in the limit on average.

In summary, the number of normalized zeros on averagk as oo in the interval
(=5, o) satisfy

1 . lobal 1 . local 1 71-2 1 1
r—+ 3 < lim Zé%e,&R) (%) , lim Za(we,&)R % < T T+ 5 + =) (1.10)

R—o00 R—o00

and this interval contains the prediction from Random Mafrheory; + % + %

Remark 1.4. We obtained our upper bound fagsp (o) by settings(0)/¢(0) = 0. The
important item to note is thatsp (o) (or anyr) is inversely proportional to the support
o. In other words, the larger we may take the more we may concentrafenear the
central point and thus the smaller the window. Random méteory predicts we may
take o arbitrarily large, which would imply we may takearbitrarily small and thus
prove the Birch and Swinnerton-Dyer conjecture on average.

2. BACKGROUND MATERIAL AND PREVIOUS RESULTS

2.1. Elliptic curves. We quickly review the needed background material on edipti
curves; the reader familiar with the notation and theory sefgly skip this subsection.
See [Kn, Kob, Sil1, ST] for proofs, as well as the survey [Yo1l]

Let E be an elliptic curve ove®, sayy? = z° + ax + b with a, b € Z, and set

EQ) = {(z,y) € Q*: y* = 2° + ax + b}. (2.1)

We can define addition of two elements BfQ) as follows (see Figure 1). IP =
(r1,y1) and @ = (z9,yo) are in E(Q), then the liney = max + b connecting them
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H:L
| QP X0,
\ 2

E
Addition of distinct pointsP and( Adding a pointP to itself
FIGURE 1. The addition law on an elliptic curve. In the second exampl

the line is tangent t&’ at P.

has rational coordinatésSubstituting this expression fgrinto the elliptic curve, we
find (mxz + b)> = z* + ax + b. This is a cubic inz with rational coefficients. By
construction two of its roots are; andx,, both rational numbers. Thus the third root,
say xrs, must also be rational. S&(P,Q) = (r3, /73 + axz +b) and R(P,Q) =
(z3, —\/23 + azs + b). If we define addition byP & Q = R(P,Q), then this (plus
adding a ‘point at infinity’) turnsk'(Q) into a finitely generated abelian group. We
write £(Q) asZ” @ T, whereT is a torsion groupandr is called the geometric rank of
the curve.

Given an elliptic curvely as above, we may associate afiunction as follows. As-
sumey? = 2® + ax + b is a globally minimal Weierstrass equation far/Q with
discriminantA = —16(4a® + 27b%) and conductoN . Set

ap(p) = p—#{(z,y) € (Z/pZ)* : y* = 2 + ax + b mod p}. (2.2)
Note that theuz(p)'s encode local data, specifically the number of solutionduhmp.
Hasse provethz(p)| < 2,/p, and we define thé-function by

L(s,E) == [] (1 - af/(]é))p-S) B I1 (1 — a’f/(j_:)p—s +p_25) L ed

plA ptA

we have included the factors Qfp so that the completefi-function has a functional
equation froms to 1 — s and not2 — s:

A(s, E) = <\/N> r (s + %) L(s,E) = egA(1 — s, E), (2.4)

o

whereer € {1,—1} is the sign of the functional equation. Following the work of
Wiles [Wi], Taylor-Wiles [TW] and Breuil-Conrad-Diamond@aylor [BCDT], we may
associate a weight 2 modular forfrto any elliptic curveF, where the level of equals
the conductotVg of E. We haveA(s, f) = A(s, E); in particular, the completed-
function converges for al. We call the order of vanishing of(s, £) ats = 1/2 the
analytic rank ofE.

2We assume the two points are distinct; if they are the saneeathument below must be slightly
modified.

3Mazur [Ma] proved that torsion group is one of the followirg/NZ for N € {1,2,...,10,12} or
7.)2 x 7J2NZfor N € {1,2,3,4}.
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The Birch and Swinnerton-Dyer conjecture [BS-D1, BS-D2jte that the order
of vanishing ofA(s, E) at the central point = 1/2 equals the rank of the Mordell-
Weil group E(Q), or that the analytic rank equals the geometric rank. Saddyare
far from being able to prove this, though the evidence forcthigiecture is compelling,
especially in the case of complex multiplication and ranknast 1 [Bro, CW, GKZ,
GZ, Koll, Kol2, Ru]. In addition there is much suggestive ruital evidence for the
conjecture; for example, for elliptic curves with modesbetric rankr, numerical
approximations of the first— 1 Taylor coefficients are consistent with these coefficients
vanishing.

2.2. Explicit Formula. One powerful tool for investigating the Birch and Swinnerto
Dyer conjecture is the Explicit Formula (see [RS] for a primofa general.-function, or
[Mill] for the calculation for elliptic curves), which comts the zeros of ah-function
to the Fourier coefficients.

Theorem 2.1.Let ¢ be an even, twice continuously differentiable test-fumctvhose
Fourier transform

= /_OO gb(x)e_zmxydx (2.5)

has compact support, and denote the non-trivial zero&(ef E) by 5 + ivg,; (under
the Generalized Riemann Hypothesis, eagh R). Then

logNE 10%]? log p
= )—2
Z¢< ) gb( ; plog Ng log Ng
logp 2logp loglog Ng
_ O —=——="-=1). (2.6
(o) o () e

Using the explicit formula, Mestre proved

Theorem 2.2(Mestre [Mes]) Assuming the Generalized Riemann Hypothesis:

(1) The order of vanishing at the central pointi&log Nz /loglog Ng).
(2) There is an absolute constaBtsuch that the first zero above the central point
occurs beforeB/ loglog N.

From the functional equation, however, we expect the firsb zdove the central
point to be on the order of/ log Ng, and notl/loglog Ng. Thus Mestre’s result is
significantly larger than what we expect the truth to be; hawgt holds foranyelliptic
curve. The situation is very different if instead we consi@denilies of elliptic curves.
By averaging the explicit formula over the family and exptgg cancelation in the sums
of the Fourier coefficientsx(p), it is possible to prove (on average) significantly better
results.

“There is a more precise form of the conjecture which relétesstading term in the Taylor expansion
to the period integral, regulator, Tamagawa numbers anddte Shafarevich group, but this version is
not needed for our purposes.

SMestre actually proved more, as his results hold for any hteigcuspidal newform, and not just
elliptic curves (which correspond to weight 2 cuspidal nennfs).
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Numerous studies have been concerned with bounding thageveank in families.
We list some of the frequently studied families below (ndi&tf for technical reasons,
often one has to do some sieving and remove some curves in tordeake certain
sums tractable). These results are obtained by averagirexpiicit formula over some
family Fr, whereR is a parameter localizing the conductors, and sendling occ.

e The family of all elliptic curvesy? = 2* + Az + B, andFr = {(A, B) : |4] <
R? |B| < R*} (or something along these lines).

e One parameter families ov€(T): y* = 2*+ A(T)z+ B(T), with A(T'), B(T)
€ Z|T) and eithetFp = {t : R <t < 2R} or a sub-family of this where the
conductors are given by a polynomial.

¢ Quadratic (or higher) twists of a fixed elliptic curvéy? = 23 + ax + b, with
Fr={d:d < R afundamental discriminant}.

The current record belongs to M. Young [Yo2], who showed terage rank in the
family of all elliptic curves is bounded B85 /14 ~ 1.79; results for one-parameter fam-
ilies and quadratic twist families are significantly worser a sample of the literature,
see [BMSW, Bru, BM, CPRW, DFK, Gao, Go, GM, H-B, Kowl, Kow2, Nlil2, RSi,
RuSi, Sil3, Yo2, ZK] (especially the surveys [BMSW, Kow1, &ji).

2.3. The one-level density.For a family 7 of L-functions ordered by conductor (with
R — c0), the averaged explicit formula is called the one-levelsityn Specifically, let
¢ be an even Schwartz test-function whose Fourier transfersupported irf—o, o),
and denote the zeros @f(s, f) by 1/2 + iv;; (under GRH each;; € R). Let Ny
denote the analytic conductor 6fs, f). We define the one-level density by

D&@)::E%T§:§:¢<Wug%&)- (2.7)

fe€FR ]

This statistic has been fruitfully used by many researcteessudy the zeros of elliptic
curvesL-functions (as well as other families affunctions) near the central point.
Unlike then-level correlations, which are the same for any cuspidafaswarising
from an automorphic representation (see [Hej, Mon, RSP,ahe-level density for a
family of L-functions depends on the symmetry of the family. Katz anth&a[KS1,
KS2] conjecture that families af-functions correspond to classical compact groups;
specifically, the behavior as the conductors tend to infoligeros (respectively values)
of L-functions is well-modeled by the limit as the matrix sizads to infinity of roots
(respectively values) of characteristic values of randaatrizes? They conjecture that

lim D (6) = [ o) Wan (z)da, (2.8)

whereG (F) indicates unitary, symplectic or orthogonal (posstly(even) or SO(odd))
symmetry; this has been observed in numerous families. bliptearseval’'s theorem

5These conjectures are a natural outgrowth of observedssities between behavior d@f-functions
and matrix ensembles. While random matrix theory first anosatistics problems in the early 1900s
(see for example [Wis]), it blossomed in the 1950s when it sascessfully applied to describe the
energy levels of heavy nuclei. Its connections to numbertheere first noticed by Montgomery [Mon]
and Dyson in the 1970s in studies of the pair correlation ocdzef((s). See [FM] for a survey on the
development of the subject and some of the connections batthe two fields.
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that
/Cb(x)WG(}')(x)dx = /¢(y)WG(f) (y)dy. (2.9)

Let /(u) be the characteristic function pf1, 1]. Katz and Sarnak prove the Fourier
transforms of the one-level densities of the classical @shgroups are

WSO(even) (u) = 5(“) + —I(U)

2
Woolu) = ou) +
Weoean (1) = 5(u)—%](u)+1
Wosplu) = o) — 5 1(u)
Wo(w) = o(u). (2.10)

For functions whose Fourier Transforms are supportee-in 1], the three orthogonal
densities are indistinguishable, though they are distsigable fromU and Sp. To
detect differences between the orthogonal groups using-téeel density, one needs
to work with functions whose Fourier Transforms are supgmblteyond—1, 1].

For families of elliptic curves with rank, it is useful to ceider additional subgroups
of the classical compact groups above. We considerNthes oo scaling limits of
matrices of the form

(")
g Y

wherel, , is ther x r identity matrix andg is an N x N orthogonal matrix (drawn
from either the full orthogonal family or one of the split fdims, namely even or odd).
These matrices haveforced eigenvalues at 1 (ereigenangles at 0) for eaghthus as

we varyg in one of the three families we obtain the same one-levelilesss before
exceptfor an additional factor of. Explicitly,

o= 1
Wr;SO(even)(u) = 5(u) + §I(u) +r
o= 1
WT;SO(U) = 5(”) + 5 +r
= 1
Wrso(eday(w) = 0(u) — §I(u) + 147 (2.11)

For our elliptic curve families, we must evaluate the averagerFy or F;, of (2.6).
Note that almost all of the conductors will be a bounded pavfet for ¢t € [R, 2R). If

’One can also distinguish between the various orthogonaipgroy looking at the 2-level density,
as these three ensembles have distinct behavior for ailyitsenall support; see for instance [Mil2]. If
n > 3, the determinant expansions for thdevel density are hard to work with; in fact, in Gao’s thesis
[Gao] he is able to compute the number theory and randomxitaory results for greater support than
he can show agreement. In place of the determinant formomescan also use expansions from [HM];
though these hold for smaller support, they are sometimsgsrefar comparisons.
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we rescale each elliptic cur/g's zeros by the correct local factor, namélyg Ng) /2,
we have

D) = o 3 S0 (st

E€Fr vE;j
logp log p
= 3(0) + 6(0) — 2 (
20 |]:R| E; Zp: plog Ng log Ng
p)logp ~ <2logp) (loglogR)
g Lo (28%1) 10
\fR| E; Zp: p?log Ng = \log Ng log R 212

The difficulty with this expression is that, as the condustare varying, we cannot
easily pass the sum over the family through the test-fundtdhe Fourier coefficients
ag(p) andag(p)?. By sieving it is possible to surmount these technical d&téiis is
the main result in [Mil2].

If instead we rescale the zeros of each elliptic cukie L-function by the global
factor, namely

log N IOgNE
= 2.13
27 \]—“R| tezf 27 (2.13)
then we find
global 1OgN
D]-"R (¢) = |f ‘ Z Z¢ YE;j o
Bl peFr Ve,
logp log p
= 50 +0(0) ~2 > S (
| Fr| o plogN log N
a%(p)logp ~ (2logp loglog N
—2— 5 (P Ol ——>—1.(2.14
| Fr| E; Zp: p?log N <logN * log N ( )

The analysis is significantly easier here, as now we can passummation over the
family past the test-function and exploit cancelation imswof the Fourier coefficients

ap(p) andag(p)?.
We quote the best known results for general one-parametelida.

Theorem 2.3(Miller (Theorem 7.8 of [Mil1] or Theorem 5.8 of [Mil2]))
Notation:

e Let £ be a one-parameter family of elliptic curves of geometrinkra over
Q(T).

e Let ¢ be a twice continuously differentiable functfamith supp(¢) C (-, o).

e Consider the sieved family (see Definition 1.1), and dertwgediegree of the
conductor polynomial byn.

e LetG denote eitheBO, SO(even) or SO(odd).

Assume

8Wwhile the theorem was proved under the assumptiond#hatSchwartz, a careful analysis of the
argument reveals it suffices thabe twice differentiable.
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e If £ is not a rational surface (see Remark A.1 for a definitionntlssume
Tate’s conjecture.

e If the discriminant has an irreducible polynomial factor @égree at least 4,
assume either the ABC or the Square-free Sieve Conjecture.

Then

loglog R

DE0) = [Scnar = (r+3) 00)+30) +0 (“EEE) @as)

providedo < min (1/2,2/3m); a similar result holds forD%™*(¢) (without the as-
sumptions that satisfies Tate’s hypothesis and without assuming eithe ABE or
Square-free Sieve Conjecture).

Remark 2.4. We briefly discuss some consequences and generalizatioms above
theorem.

e Similar statements hold for quadratic twist families and tamily of all elliptic
curves.

e The above result provides evidence that the zeros of orempeter families of
rankr overQ(7") are modeled by the scaling limits of orthogonal matricewit
r independent eigenvalues of 1.

. ASSupp(gg) C (=1, 1), the three orthogonal groups have indistinguishable one-
level densities. We can see which group correctly model$amnity by studying
the 2-level density, which requires us to understand thegibligion of signs of
the functional equations in our family.

3. PROOF OFTHEOREM 1.3

3.1. Preliminaries. Before proving Theorem 1.3, we first prove general results fo
the upper and lower bounds in a window of variable size for mega family of L-
functions. Theorem 1.3 then follows immediately from Theor3.1, Theorem 2.3 and
the constructions of test-functions satisfying the neagssonditions, which are given
below.

Theorem 3.1. Let 7 denote a family of-functions, and IeiZéfi‘f;fg(T), vaifj‘rl?R(r)
be defined as in Definition 1.2. Letx) and(z) be twice continuously differentiable
functions with Fourier transform supportedro, o). Assume for both normalizations
of zeros that there are constant&ndb such that one has

log log R)

A
log R (3.1)

Di(6) = a0(0) + 50+ 0
as well as the corresponding formula féIx, (¢)) with replacinge¢ by « in (3.1). If
¢(x) > 0for |x|] < 7 and¢(x) < 0 wheneverxz| > 7, and if ¢(x) is largest when
x =0, then

~

. e 0) loglog R
{global) (__ 7 glocal) v 5 oy bﬁ 9] <7) 7 3.2
ave,.7:7R( ) ave,]:,R( ) - (b(O) Qb(O) 1OgR ( )
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while if () > 0 for all x and is monotonically decreasing ¢, ), then

(global) (local) a(@b(o) - @b(T)) + bQZ)(O) IOg log R
Zave,]:,R( ) Zave]:R(T) S a+ ¢(7) + ) (W) . (33)

Proof. We give the proof for the local rescaling; the global caséfe$ analogously.
As ¢(z) is non-positive foz| > 7, the contribution to the one-level density from the
scaled zeros as large or larger than absolute value is non-positive; thus if we remove
these contributions then the one-level density gives tiveildound

- Z > loglogR>.

JEFR |yl OgR

(i) = ad(0) + b3(0 >+0( (3.4)

As ¢ is maximized at 0, we increase the left-hand side above HgaeiEg ¢(7.;) with

¢(0); doing so and dividing bys(0) yields the claimed bound faf %) 'r(T). The
upper bound is proved analogously. O

Remark 3.2. These results are of course not of interest unless we aretalsienstruct
¢ andv) satisfying the conditions in Theorem 3.1. For one-paranferailies of elliptic
curves of rank overQ(T'), we haver = r + 5 andb = 1.

Remark 3.3. For test functions whose Fourier transform is supported-ii, 1), all
known one-level densities of families ffunctions are in the form of Theorem 3.1,
and thus our results are immediately applicable. For sonmilias where the support
exceeds—1, 1) (such as families of cuspidal newforms of square-free lguiélby sign

of the functional equation), a little more work is needed Iz functional form of the
one-level density is differeftFor ease of exposition in this paper we confine ourselves
to the(—1,1) case.

3.2. Proof of Theorem 1.3. The main step in the proof of Theorem 1.3 is showing that
our result is non-vacuous by constructingand ) with the claimed properties. Our
construction ofp is almost surely similar to the construction implicit in Miess work
[Mes]; see also Hughes and Rudnick [HR].

Proof of the Lower Bound in Theorem 1\3/e give the lower bound for the number of
zeros in[—, 7| by constructing a good test functi@n As our results depend on the
support of$ (which is finite), it is convenient to normalize our test ftioo and express
everything in terms ok, which we take to be an even, twice continuously differdsiéa
function supported of1, 1) and monotonically decreasing ¢@h 1). For fixedo, 7 >
0let f(y) = h(2y/o), g(y) = (f * f)(y) (the convolutiod’ of f with itself), and let
¢(z) equal the Fourier transform gfy) + (277)~2¢" (y). We must show (ijyupp(¢) C
(—o,0) and (i) ¢(x) is non-negative fofz| < 7 and non-positive fofz| > 7.

9For the family of Dirichlet characters of prime conductbe tL-level density is known to b}a(o) for
support is known up t6—2, 2), and thus is of the desired form
19The convolution is defined by « B)(x) = [ A(t)B(x — t)dt.
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The proof of (i) follows from standard properties of convbn. Specifically, as
supp(f) C (—0/2,0/2), we havesupp(g) C (—o,0).* As the support of/” is con-
tained in the support cy‘andgg(y) = g(y)+(277)"%¢" (y), the support ob is contained
in (—o, o) as claimed.

For (i), the Fourier transform of”(y) is —(27y)*g(y) (the Fourier transform con-
verts differentiation to multiplication bgriz in our normalization). Furthey = f * f
impliesg” = f « f". Combining the above, we fittithe Fourier transform ofﬁ( ) =

g(y) + (277)2g"(y) s ¢(x) = Glx) - (1 — (x/7)?).

To complete the proof, we must show

5(0) fo u)*du) + (572) fo u)h’ (u )
50) fo (3.5)

By construction we have

¢(0) _ g(0)+ (2m7)"%¢"(0)
¢(0) 9(0)
Sinceg is even and monotonically decreasing near the origiry (aas a maximum at
0), ¢”(0) < 0. Thus larger values of should decrease the ratio above, at the cost of
increasing the size of our window.
From our construction, @sand f are even we have

g(0) = 7 f(t)?dt = 2/0 7 h (Qt) dt = a/ol h(u)?du (3.7)

—0/2 o

(3.6)

and
o/2

g"(0) = F@)f(t)dt

—0/2

_ / FOF()d
_ 0_2 O h(f)h/’(f)dt <sincef(t):h<%>,f”(t):%h(%))

4 1

_ 4 / h(u) R () du. (3.8)
0 Jo

As the Fourier transform of a convolution is the product & ourier transforms, a
straightforward calculation yields

2

300) = f(0)- f(0) = o> < /0 1 h(u)du) . (3.9)

e may interpret the relation betwegrandg as follows. LetX be a random variable with density
f supported i—o/2,0/2). Theng = f * f is the density of + X, and is supported if-c, o).

12ps 10) andgg are even, the Fourier transform of the Fourier transforresariginal functiony(z); if
¢ were not even, we would have to replage) with ¢(—=x).
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Collecting the above equalities, after some elementamstaiywe can express the ratio
#(0)/¢(0) in terms ofh as

o0)  (Jy h(w)du) + (1) fo w)h" (u)du)
50~ fo (3.10)

If we set this ratio equal to zero (i.e., if we chooseso that the numerator vanishes)
then we finc]3 that on average there are at least % normalized zeros in the band
(— =t ), where

7C(h)o? 7'('C( Yo
1/2
u)?d
Oh) = Jo h(u)*du . (3.11)
fO h”

U

Proof of the Upper Bound in Theorem 1.Bhe proof is similar to that of the lower bound;
in particular, once we construct a functigrwith the desired properties then the claim
follows immediately from straightforward algebra.

We are thus again reduced to constructing a function withsgieified properties.
For convenience we construct/awhich is not Schwartz, but which is twice differen-
tiable; a careful analysis of the proof of Theorem 2.3 shdwas this suffices, and thus
such ay is sufficient for our purposes.

Consider the function(z) = (%)2 with a compactly supported Fourier trans-
form given by

~ L(1-) ifye(—00
sy = [ (1-%) Tveoo) (312)
0 if y & (—0,0);
see Figure 2 for a plot. Away from the origin, the derivatisgiven by
P(z) = Zsintome) SIH(U;TSL’) (Cos(mrx) - 78111(07”6)) . (3.13)
onx onx

It is easy to see that the global maximum israt= 0 and thaty)(x) is decreasing
up tox = 1/0, proving the claim for any < 1/0 (though the bound worsens as
approaches /o asy(1/0) = 0). O

Proof of the Random Matrix Theory prediction in Theorem W& assume the conjec-
tures from Random Matrix Theory hold for any even test funttand not just Schwartz
test functions. We therefore takéx) to be the characteristic function of the interval

[—, 7], which has Fourier transform equali@% - 27. Using such a test function

simply counts all normalized zeros in our family that ar¢-, 7| (there is no weight-
ing as¢ is identically 1 in this interval). Thus the predicted aggaumber of such

131n obvious notation, we havg%1 h? > —(moTeritical) 2 ji)l hh'. We seefo1 hh'" < 0, and thus
Teritical > (— [3 h2/ [oy BR") "2 (o)~
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. 2
FIGURE 2. Plot ofy(x) = <Sm(”")> foro = 1.

zeros in this interval a® — oo is

[ desotitn = [ 3w (50)+ 5+ ) dy
- (+§) 4(0) + 3(0)

1
= r+ 3 + 271. (3.14)

O

3.3. Explicit upper and lower bounds. We conclude by determining the upper and
lower bounds from Theorem 1.3 for the average number of niarethzeros in given
intervals ask — oo.

We first consider the lower bound, which means we must maxifiiz) (as it is in
the denominator for, the largerC (k) the smaller the window). As the optimal choice
of h (in a given class of functions) is only slightly better thamigar 4, we do not spend
too much time on determining the truly béstConsider the family of functions given

by
ho(z) = (1 —23) (1 + agx® + - 4 agr® + - - + agpz™). (3.15)

We setag = 1 as the maximum is to occur at= 0, and since the ratio is invariant
under rescaling the;’'s, we might as well take, = 1. Note that each,;, ; = 0 as our
function is even. We chode, of this form as this forces,, to be even and to vanish at

+1. We have
1/2
w)2d
C(hy) = (-ffo T “d> . (3.16)
0 u
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The optimum value of the square-root appears td e For example, when = 2 we
must compute

1/2
8 . 16as , 843 | 16as , 16asas | 843
15T 705 T35 35 T 603 T Tasr
4 8aso 44‘1% 8ay 8asay 52‘142;

3 15 105 35 15 231
B 6006 + 28642 + 572ay4 + 70a2 + 52a2(33 + 5a4) \ 317
T (39(385 F 12102 + 66ay + 6502 + 154ay(1 + a4))) - 817)
Using Mathematica we find the optimal values age~ —.233428 anda, ~ .0189588,
which leads ta”'(h) ~ 0.63662; as2/m ~ 0.63662, this suggests the optimal value of
C(h) might be2/7. This yields the window—-, --) in which we have on average
(asR — o) 1 + 1 zeros.

a2,a4

Remark 3.4. As we expect the true answer to be a window of(s(ze., lettinge = 00),
it is not worthwhile to find the true optimum above merely teesa bit in a few decimal
places. The purpose of this analysis is to show that we dohseedrrect number of
zeros on average in the limit in a window of size proportictaal /o; the actual value
of the proportionality constant, while interesting, is ianse sense immaterial as we
believe the density conjecture holds for arbitrary
We list some approximate values f0th) for other obvious candidates, which are
all less than the 0.63662 (which is approximatefyr) found above.
e h(z) = (1—2%)?hasC(h) ~ 0.57735 (with the quantity inside the square-root
looking like1/3); if we take just(1 — z?) we getC'(h) = /2/5 ~ 0.632456.
e h(z) =exp(—1/(1 — 2?)) hasC(h) & 0.570024.
o h(z) = exp(—.754212/(1 — z%)) hasC(h) ~ 0.575629 (the value 0f754212
was obtained by searching for optimal test functions ameng—a/(1 —2?))).

We now turn to finding explicit upper bounds for the averagmber of normalized
zeros in|—7, 7] asR — oo. We continue to analyze the candidate functigix) =

. 2
(M) (see Figure 2 for a plot). We have freedom in terms of how we oair

ToOX

approximation; for example, we can decrease the upper bibwnel simultaneously
decrease the size of the interval.

A natural value to take for the size of our interval is the oyati interval found in the
lower bound analysis, namehyis of the orderl /o. From (1.7), if we take /= for C'(h)
then we take- = 1/20. As

U(y) = {% (1-4) iflyi<o (3.18)

0 otherwise,

we have)(0) = 1/0, 1(0) = 1 andv(1/20) = 4/72 ~ 0.405285. Thus after some
algebra (see (1.8) and the lines immediately following)tlne see that the average
number of normalized zeros in the interval L, ) is at mosts (r + 1 + 1),

207 20

APPENDIX A. STANDARD CONJECTURES

At various points in the paper we assume the following cdojes.
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Generalized Riemann Hypothesis (for Elliptic Curves). Let A(s, E') be the com-
pleted, normalized.-function of an elliptic curver with function equation — 1 — s.
The non-trivial zerog of A(s, £') have Rép) = 1/2.

Birch and Swinnerton-Dyer Conjecture [BS-D1, BS-D2] Let E be an elliptic curve
of geometric rank overQ with Mordell-Weil groupE' (Q) = Z" @& 'T. Then the analytic
rank (the order of vanishing of the completéefunction at the critical point) equals
the geometric rank.

Tate’s Conjecture for Elliptic Surfaces [Ta]. Let £/Q be an elliptic surface and
Ly(&, s) be theL-series attached tdfét(s/@, Q). Ls(&, s) has a meromorphic con-
tinuation to C and —ord,_, L»(€,s) = rank NS(£/Q), where NS(E/Q) is the Q-
rational part of the Néron-Severi group 6f Further, L,(€, s) does not vanish on the
line Res) = 1.

Remark A.1. Tate’s conjecture is known for rational elliptic surfaceés elliptic sur-
face€ : y* = 23 + A(T)z + B(T) is rational if and only if one of the following
is true: (1) 0 < max{3 degA,2 degB} < 12; (2) 3 degA = 2 degB = 12 and
ordr—oTA(T™') = 0. SedRSi], pagest6 — 47 for more details.

ABC Conjecture. Fix e > 0. For co-prime positive integers, b andc withc = a + b
and N(a, b, ¢) = [P ¢ <e N(a,b,c)'*e.

The full strength of ABC is never needed; rather, we need aequence of ABC,
the Square-Free Sieve Conjecture (see [Gr]):

Square-Free Sieve ConjectureFix an irreducible polynomialf (¢) of degree at least
4. AsN — oo, the number of € [N, 2N] with f(¢) divisible byp? for somep > log N
iSo(N).

For irreducible polynomials of degree at m@sthe above is known, complete with
a better error than(N) ([Ho], chapter4).

We use the Square-Free Sieve to handle the variations irotidictors. If our eval-
uation of the logarithm of the conductors is off by as littke @ small constant, the
prime sums become untractable. This is why many works nazedly the average
log-conductor.

The following conjecture is used only to interpret some af @sults (unless we are
calculating the 2-level density to distinguish the threthogonal candidate groups).

Restricted Sign Conjecture (for the Family 7). Consider a one-parameter family
F of elliptic curves. AN — oo, the signs of the curveB, are equidistributed for
t € [N,2N].
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The Restricted Sign conjecture can fail (there are familigls constantj( £,) where
all curves have the same sign, as well as more exotic examptefgott [He] has
related the Restricted Sign conjecture to the Square-Hese Sonjecture and standard
conjectures on sums of Moebius:

Polynomial Moebius Conjecture.Let f(¢) be a non-constant polynomial such that no
fixed square divideg(¢) for all ¢. TheaniVN w(f(t)) = o(N).

The Polynomial Moebius conjecture is known for ling/dt).

Helfgott shows the Square-Free Sieve and Polynomial Maahiply the Restricted
Sign conjecture for many families; this is also discusseld/iil]. More precisely, let
M (t) be the product of the irreducible polynomials dividiagt) and note,(t).

Theorem: Equidistribution of Sign in a Family [He]: Let 7 be a one-parameter
family witha;(t) € Z[t]. If j(E;) and M (t) are non-constant, then the signsif, t €
[N,2N], are equidistributed a8/ — oo. Further, if we restrict to good, ¢ € [V, 2]
such thatD(t) is good (usually square-free), the signs are still equithsited in the
limit.
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