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Random Matrix Theory: Semi-Circle Law
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Random Matrix Theory: Semi-Circle Law
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The eigenvalues of the Cauchy
distribution are NOT semicirular. 

Cauchy Distr:p(x) = 1
π(1+x2)
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Uniform Distribution: p(x) = 1
2 for |x| ≤ 1
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 uniform matrices, normalized in batches
of 20. 

5000: 300× 300 uniform on[−1, 1]
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Cauchy Distribution: p(x) = 1
π(1+x2)
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The local spacings of the central 3/5 of the eigenvalues
of 5000 100x100 Cauchy matrices, normalized in batches
of 20. 

5000: 100× 100 Cauchy
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 Cauchy matrices, normalized in batches
of 20. 

5000: 300× 300 Cauchy
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Poisson Distribution: p(n) = λn

n! e−λ
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 Poisson matrices with lambda=5
normalized in batches of 20. 

5000: 300× 300 Poisson,λ = 5
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 sign matrices, normalized in batches    
of 20.                                                  

5000: 300× 300 Poisson,λ = 20
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McKay’s Law (Kesten Measure)

Density of Eigenvalues ford-regular graphs

f (x) =

{
d

2π(d2−x2)

√
4(d− 1)− x2 |x| ≤ 2

√
d− 1

0 otherwise.

d = 3.
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McKay’s Law (Kesten Measure)

d = 6.

Fat Thin: fat enough to average, thin enough to get something
different than Semi-circle.
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3-Regular, 2000 Vertices and GOE:
Jakobson-SDMiller-Rivin-Rudnick
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Real Symmetric Toeplitz Matrices
(Hammond-M–)
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(i) Density of normalized eigenvalues.

(ii) Spacings b/w the middle 11 normalized eigenvalues of
1000 Toeplitz matrices (1000 × 1000), with entries i.i.d.r.v.
from the standard normal vs Poissonian behavior.
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Random Matrix Models and One-Level
Densities

Fourier transform of 1-level density:

ρ̂0(u) = δ(u) +
1

2
η(u).

Fourier transform of 1-level density (Rank 2, In-
dependent):

ρ̂2,Independent(u) =

[
δ(u) +

1

2
η(u) + 2

]
.

Fourier transform of 1-level density (Rank 2, In-
teraction):

ρ̂2,Interaction(u) =

[
δ(u) +

1

2
η(u) + 2

]
+2(|u|−1)η(u).
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Testing Random Matrix Theory Predictions

1. Excess Rank:Rankr one-parameter family over
Q(T ): what percent have rank≥ r + 2?

2. First (Normalized) Zero above Central Point:
Do extra zeros at the central point affect the dis-
tribution of zeros near the central point?
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Excess Rank

One-parameter family, rankr overQ(T ).

RMT =⇒ 50% rank r, r+1.

For many families, observe

Percent with rank r ≈ 32%
Percent with rank r+1≈ 48%
Percent with rank r+2≈ 18%
Percent with rank r+3≈ 2%

Problem: small data sets, sub-families, convergence
ratelog(conductor).
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Data on Excess Rank

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6

Family: a1 : 0 to 10, rest−10 to 10.

Percent with rank 0 = 28.60%
Percent with rank 1 = 47.56%
Percent with rank 2 = 20.97%
Percent with rank 3 = 2.79%
Percent with rank 4 = .08%

14 Hours, 2,139,291 curves (2,971 singular,
248,478 distinct).
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Data on Excess Rank

y2 + y = x3 + Tx

Each data set 2000 curves from start.

t-Start Rk 0 Rk 1 Rk 2 Rk 3 Time (hrs)

-1000 39.4 47.8 12.3 0.6 <1
1000 38.4 47.3 13.6 0.6 <1
4000 37.4 47.8 13.7 1.1 1
8000 37.3 48.8 12.9 1.0 2.5

24000 35.1 50.1 13.9 0.8 6.8
50000 36.7 48.3 13.8 1.2 51.8

Last set has conductors of size1017, but on
logarithmic scale still small.
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RMT: Theoretical Results (N →∞, Mean
→ 0.321)
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Rank 0 Curves: 1st Normalized Zero above
Central Point
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y2 + a1xy + a3y = x3 + a2x
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log(cond) ∈ [3.2, 12.6], median= 1.00 mean= 1.04,

σµ = .32

0.5 1 1.5 2

0.25

0.5

0.75

1

1.25

1.5

750 rank 0 curves from
y2 + a1xy + a3y = x3 + a2x

2 + a4x + a6.
log(cond) ∈ [12.6, 14.9], median= .85, mean= .88, σµ = .27

7



Rank 2 Curves: 1st Norm. Zero above the
Central Point
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y2 + a1xy + a3y = x3 + a2x

2 + a4x + a6.
log(cond) ∈ [10, 10.3125], median= 2.29, mean= 2.30
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Rank 0 Curves: 1st Norm Zero: 14 One-Param
of Rank 0
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Rank 0 Curves: 1st Norm Zero: 14 One-Param
of Rank 0 overQ(T )

Family µ̃ µ StDevσµ log(cond) Number
1: [0,1,1,1,T] 1.28 1.33 0.26 [3.93, 9.66] 7
2: [1,0,0,1,T] 1.39 1.40 0.29 [4.66, 9.94] 11
3: [1,0,0,2,T] 1.40 1.41 0.33 [5.37, 9.97] 11
4: [1,0,0,-1,T] 1.50 1.42 0.37 [4.70, 9.98] 20
5: [1,0,0,-2,T] 1.40 1.48 0.32 [4.95, 9.85] 11
6: [1,0,0,T,0] 1.35 1.37 0.30 [4.74, 9.97] 44
7: [1,0,1,-2,T] 1.25 1.34 0.42 [4.04, 9.46] 10
8: [1,0,2,1,T] 1.40 1.41 0.33 [5.37, 9.97] 11
9: [1,0,-1,1,T] 1.39 1.32 0.25 [7.45, 9.96] 9

10: [1,0,-2,1,T] 1.34 1.34 0.42 [3.26, 9.56] 9
11: [1,1,-2,1,T] 1.21 1.19 0.41 [5.73, 9.92] 6
12: [1,1,-3,1,T] 1.32 1.32 0.32 [5.04, 9.98] 11
13: [1,-2,0,T,0] 1.31 1.29 0.37 [4.73, 9.91] 39
14: [-1,1,-3,1,T] 1.45 1.45 0.31 [5.76, 9.92] 10
All Curves 1.35 1.36 0.33 [3.26, 9.98] 209
Distinct Curves 1.35 1.36 0.33 [3.26, 9.98] 196
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Rank 0 Curves: 1st Norm Zero: 14 One-Param
of Rank 0 overQ(T )

Family µ̃ µ StDevσµ log(cond) #
1: [0,1,1,1,T] 0.80 0.86 0.23 [15.02, 15.97] 49
2: [1,0,0,1,T] 0.91 0.93 0.29 [15.00, 15.99] 58
3: [1,0,0,2,T] 0.90 0.94 0.30 [15.00, 16.00] 55
4: [1,0,0,-1,T] 0.80 0.90 0.29 [15.02, 16.00] 59
5: [1,0,0,-2,T] 0.75 0.77 0.25 [15.04, 15.98] 53
6: [1,0,0,T,0] 0.75 0.82 0.27 [15.00, 16.00] 130
7: [1,0,1,-2,T] 0.84 0.84 0.25 [15.04, 15.99] 63
8: [1,0,2,1,T] 0.90 0.94 0.30 [15.00, 16.00] 55
9: [1,0,-1,1,T] 0.86 0.89 0.27 [15.02, 15.98] 57

10: [1,0,-2,1,T] 0.86 0.91 0.30 [15.03, 15.97] 59
11: [1,1,-2,1,T] 0.73 0.79 0.27 [15.00, 16.00] 124
12: [1,1,-3,1,T] 0.98 0.99 0.36 [15.01, 16.00] 66
13: [1,-2,0,T,0] 0.72 0.76 0.27 [15.00, 16.00] 120
14: [-1,1,-3,1,T] 0.90 0.91 0.24 [15.00, 15.99] 48
All Curves 0.81 0.86 0.29 [15.00,16.00] 996
Distinct Curves 0.81 0.86 0.28 [15.00,16.00] 863
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Rank 2 Curves: 1st Norm Zero: 21 1-Param of Rank0
first setlog(cond) ∈ [15, 15.5); second setlog(cond) ∈ [15.5, 16].

Family µ̃ µ σµ Number µ̃ µ σµ Number
1: [0,1,3,1,T] 1.59 1.83 0.49 8 1.71 1.81 0.40 19
2: [1,0,0,1,T] 1.84 1.99 0.44 11 1.81 1.83 0.43 14
3: [1,0,0,2,T] 2.05 2.03 0.26 16 2.08 1.94 0.48 19
4: [1,0,0,-1,T] 2.02 1.98 0.47 13 1.87 1.94 0.32 10
5: [1,0,0,T,0] 2.05 2.02 0.31 23 1.85 1.99 0.46 23
6: [1,0,1,1,T] 1.74 1.85 0.37 15 1.69 1.77 0.38 23
7: [1,0,1,2,T] 1.92 1.95 0.37 16 1.82 1.81 0.33 14
8: [1,0,1,-1,T] 1.86 1.88 0.34 15 1.79 1.87 0.39 22
9: [1,0,1,-2,T] 1.74 1.74 0.43 14 1.82 1.90 0.40 14

10: [1,0,-1,1,T] 2.00 2.00 0.32 22 1.81 1.94 0.42 18
11: [1,0,-2,1,T] 1.97 1.99 0.39 14 2.17 2.14 0.40 18
12: [1,0,-3,1,T] 1.86 1.88 0.34 15 1.79 1.87 0.39 22
13: [1,1,0,T,0] 1.89 1.88 0.31 20 1.82 1.88 0.39 26
14: [1,1,1,1,T] 2.31 2.21 0.41 16 1.75 1.86 0.44 15
15: [1,1,-1,1,T] 2.02 2.01 0.30 11 1.87 1.91 0.32 19
16: [1,1,-2,1,T] 1.95 1.91 0.33 26 1.98 1.97 0.26 18
17: [1,1,-3,1,T] 1.79 1.78 0.25 13 2.00 2.06 0.44 16
18: [1,-2,0,T,0] 1.97 2.05 0.33 24 1.91 1.92 0.44 24
19: [-1,1,0,1,T] 2.11 2.12 0.40 21 1.71 1.88 0.43 17
20: [-1,1,-2,1,T] 1.86 1.92 0.28 23 1.95 1.90 0.36 18
21: [-1,1,-3,1,T] 2.07 2.12 0.57 14 1.81 1.81 0.41 19

All Curves 1.95 1.97 0.37 350 1.85 1.90 0.40 388
Distinct Curves 1.95 1.97 0.37 335 1.85 1.91 0.40 366
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Rank 2 Curves: 1st Norm Zero: 21 One-Param
of Rank 0 overQ(T )

• Observe the medians and means of the small
conductor set to be larger than those from the
large conductor set.

• For all curves the Pooled and Unpooled Two-
Samplet-Procedure givet-statistics of2.5 with
over600 degrees of freedom.

• For distinct curves thet-statistics is2.16 (re-
spectively2.17) with over 600 degrees of free-
dom (about a3% chance).

• Provides evidence against the null hypothesis
(that the means are equal) at the.05 confidence
level (though not at the.01 confidence level).
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Rank 2 Curves: 1st Norm Zero: 21 One-Param
of Rank 0 overQ(T )

Apply non-parametric tests to further support
our claim that the repulsion decreases as the con-
ductors increase.

•Write a plus sign if the small conductor set has
a larger mean and a minus sign if not.

• Observe four minus signs and seventeen plus
signs.

• The null hypothesis is that each is equally likely
to be larger; thus the number of minus signs is
a random variable from a binomial distribution
with N = 21 andθ = 1

2.

• The probability of observing four or fewer mi-
nus signs is about3.6%, supporting the claim of
decreasing repulsion with increasing conductor.
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Rank 2 Curves from y2 = x3 − T 2x + T 2

(Rank 2 overQ(T ))
1st Normalized Zero above Central Point
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Rank 2 Curves: 1st Norm Zero: 21 One-Param
of Rank 2 overQ(T )

log(cond) ∈ [15, 16], t ∈ [0, 120], median is 1.64.
Family Mean Standard Deviation log(cond) Number
1: [1,T,0,-3-2T,1] 1.91 0.25 [15.74,16.00] 2
2: [1,T,-19,-T-1,0] 1.57 0.36 [15.17,15.63] 4
3: [1,T,2,-T-1,0] 1.29 [15.47, 15.47] 1
4: [1,T,-16,-T-1,0] 1.75 0.19 [15.07,15.86] 4
5: [1,T,13,-T-1,0] 1.53 0.25 [15.08,15.91] 3
6: [1,T,-14,-T-1,0] 1.69 0.32 [15.06,15.22] 3
7: [1,T,10,-T-1,0] 1.62 0.28 [15.70,15.89] 3
8: [0,T,11,-T-1,0] 1.98 [15.87,15.87] 1
9: [1,T,-11,-T-1,0]

10: [0,T,7,-T-1,0] 1.54 0.17 [15.08,15.90] 7
11: [1,T,-8,-T-1,0] 1.58 0.18 [15.23,25.95] 6
12: [1,T,19,-T-1,0]
13: [0,T,3,-T-1,0] 1.96 0.25 [15.23, 15.66] 3
14: [0,T,19,-T-1,0]
15: [1,T,17,-T-1,0] 1.64 0.23 [15.09, 15.98] 4
16: [0,T,9,-T-1,0] 1.59 0.29 [15.01, 15.85] 5
17: [0,T,1,-T-1,0] 1.51 [15.99, 15.99] 1
18: [1,T,-7,-T-1,0] 1.45 0.23 [15.14, 15.43] 4
19: [1,T,8,-T-1,0] 1.53 0.24 [15.02, 15.89] 10
20: [1,T,-2,-T-1,0] 1.60 [15.98, 15.98] 1
21: [0,T,13,-T-1,0] 1.67 0.01 [15.01, 15.92] 2

All Curves 1.61 0.25 [15.01, 16.00] 64
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Repulsion or Attraction?

Conductors in[15, 16]; first set is rank0 curves from
14 one-parameter families of rank0 overQ; second
set rank2 curves from21 one-parameter families of
rank0 overQ. Thet-statistics exceed6.

Family 2nd vs 1st 3rd vs 2nd Number
Rank 0 Curves 2.16 3.41 863
Rank 2 Curves 1.93 3.27 701

The additional repulsion from extra zeros at the
central point cannot be entirely explained byonly
collapsing the first zero to the central point while
leaving the other zeros alone.
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Comparison b/w One-Param Families of
Different Rank

First normalized zero above the central point.

• The first family is the 701 rank2 curves from the
21 one-parameter families of rank0 overQ(T )
with log(cond) ∈ [15, 16];

• the second family is the 64 rank2 curves from
the21 one-parameter families of rank2 overQ(T )
with log(cond) ∈ [15, 16].

Family Median Mean Std. Dev. #
Rank 0 Families 1.926 1.936 0.388 701
Rank 2 Families 1.642 1.610 0.247 64

• t-statistic is 6.60, indicating the means differ.

• The mean of the first normalized zero of rank2
curves in a family above the central point (for
conductors in this range) depends onhow we
choose the curves.
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Spacings b/w Norm Zeros: Rank0 One-Param
Families overQ(T )

• All curves havelog(cond) ∈ [15, 16];

• zj = imaginary part ofjth normalized zero above the cen-
tral point;

• 863 rank 0 curves from the14 one-param families of rank
0 overQ(T );

• 701 rank 2 curves from the21 one-param families of rank
0 overQ(T ).

863 Rank0 701 Rank2 t-Statistic
Median z2 − z1 1.28 1.30
Mean z2 − z1 1.30 1.34 -1.60
StDev z2 − z1 0.49 0.51
Median z3 − z2 1.22 1.19
Mean z3 − z2 1.24 1.22 0.80
StDev z3 − z2 0.52 0.47
Median z3 − z1 2.54 2.56
Mean z3 − z1 2.55 2.56 -0.38
StDev z3 − z1 0.52 0.52
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Spacings b/w Norm Zeros: Rank0 One-Param
Families overQ(T )

•While the normalized zeros are repelled from
the central point (and by different amounts for
the two sets), thedifferencesbetween the nor-
malized zeros are statistically independent of this
repulsion (t-statistics< 2).

•While for a given range of log-conductors the
average second normalized zero of a rank0 curve
is close to the average first normalized zero of a
rank2 curve, they are not the same and the ad-
ditional repulsion from extra zeros at the central
point cannot be entirely explained byonly col-
lapsing the first zero to the central point while
leaving the other zeros alone.
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Spacings b/w Norm Zeros: Rank2 One-Param
Families overQ(T )

• All curves havelog(cond) ∈ [15, 16];

• zj = imaginary part of thejth norm zero above the central
point;

• 64 rank 2 curves from the21 one-param families of rank
2 overQ(T );

• 23 rank 4 curves from the21 one-param families of rank
2 overQ(T ).

64 Rank2 23 Rank 4 t-Statistic
Median z2 − z1 1.26 1.27
Mean z2 − z1 1.36 1.29 0.59
StDev z2 − z1 0.50 0.42
Median z3 − z2 1.22 1.08
Mean z3 − z2 1.29 1.14 1.35
StDev z3 − z2 0.49 0.35
Median z3 − z1 2.66 2.46
Mean z3 − z1 2.65 2.43 2.05
StDev z3 − z1 0.44 0.42
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Rank 2 Curves from Rank 0 & Rank 2 Families
overQ(T )

• All curves havelog(cond) ∈ [15, 16];

• zj = imaginary part of thejth norm zero above the central
point;

• 701 rank 2 curves from the21 one-param families of rank
0 overQ(T );

• 64 rank2 curves from the21 one-param families of rank
2 overQ(T ).

701 Rank2 64 Rank2 t-Statistic
Median z2 − z1 1.30 1.26
Mean z2 − z1 1.34 1.36 0.69
StDev z2 − z1 0.51 0.50
Median z3 − z2 1.19 1.22
Mean z3 − z2 1.22 1.29 1.39
StDev z3 − z2 0.47 0.49
Median z3 − z1 2.56 2.66
Mean z3 − z1 2.56 2.65 1.93
StDev z3 − z1 0.52 0.44
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Conclusions and Future Work

• Theoretical supports the Independent Model and Birch
and Swinnerton-Dyer Conjecture for one-parameter fam-
ilies overQ(T ) as the conductors tend to infinity.

• Experimental suggests a different answer for finite con-
ductors:

¦ First normalized zero is repelled by zeros at the cen-
tral point.

¦ The more central point zeros the greater the repulsion.

¦ Repulsion decreases as the conductor increases.

¦ Difference b/w adjacent normalized zeros stat. indep.
of the repulsion.

• What is the right model for rankr + 2 curves from rankr
one-parameter families overQ(T ): Independent, Interac-
tion or other?

• Unlike the excess rank investigations, noticeable conver-
gence to the limiting theoretical results as we increase the
conductors.
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