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Origins of Random Matrix Theory
Classical Mechanicst Body Problem Intractable.

Heavy nuclei like Uranium200+ protons / neutrons)
even worse!

Info by shooting high-energy neutrons into nucleus.
Fundamental Equation: Quantum Mechanics

Hwn — En¢n

Similar to stat mech, leads to considering eigenvalues
of ensembles of matrices.

Real Symmetric (GOE), Complex Hermitian (GUE),
Classical Compact Groups.



Random Matrix Ensembles

aip a2 aiz -+ 1N
12 A2 A23 -+ AN

A= [ 7B T TR AT
aiy asny agny -+ an

Let p(x) be a probability density.

Often assume(z) has finite moments:

k" -moment = / x¥p(x)da.
R

Define
Proifd) = ][ plai).
1<i<j<N
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Eigenvalue Distribution

Key to Averaging:

TracgA") = > " A(A).

By the Central Limit Theorem:

Tracd A*) = Zzazjaﬂ

N
> ON(A) ~ N
1=1

GivesNAve(\?(A)) ~ NZ2or )\(A) ~+/N.



Eigenvalue Distribution (cont)
d(x — xp) IS @ unit point mass atj.

To eachA, attach a probability measure:
N
1 >\i<A>>
r) = —=>» 0|xz—
:LLA,N< ) N ; < 2\/N
Obtain:

k''-moment = [ 2"p4n(2)de

—

1 o~ AK(A)
_ N; /NP

Tracd A")

QkN§+1




Semi-Circle Law

N x N real symmetric matrices, entries i.i.d.r.v. from
fixed p(x).

Semi-Circle Law: Assumep has mean), variance
1, other moments finite. Then

pan(x) — g\/1 — 2?2 with probability 1
A

Trace formula converts sums over eigenvalues to sums
over entries ofA.

Expected value of'"-moment ofy 4 v (z) is

Trace A)
/R/R 2kN§+1 Hp(aij)daij

1<J




Proof: 2"-Moment

N N N N
TF&CQAQ) = ZZCLZ'J'CL]'Z' = ZZCLQ

1=1 7=1 1=1 =1

Substituting into expansion gives

22N2/ /Z aj; - plan)dan - - - plany)dann

1,7=1

Integration factors as

/ ij a;;)da;; - H / plag)day = 1.
CLZ‘]E]R CLMER
k<l

Have N? summands, answer {s

Key: Averaging Formula, Trace Lemma.
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Measures of Spacingsn-Level Correlations

{a;} increasing sequencd? C R"! a compact
box. Define theu-level correlation by

#{(Oéjl — Qjyy - oo O —Oéjn) - B;]z 7&]]{; < N}
R N
Observations and Results:
1. Normalized spacings @f(s) starting at.0?"
(Odlyzko)

2. Pair and triple correlations d@f(s) (Mont-
gomery, Hejhal)

3. n-level correlations for all automorphic cup-
sidal L-functions (Rudnick-Sarnak)

4. n-level correlations for the classical com-
pact groups (Katz-Sarnak)

5.Insensitive to any finite set of zeros
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Measures of Spacingsn-Level Density
and Families

o(x) = |1, ¢i(x;), ¢; even Schwartz func-
tions, ¢; compactly supported.

Dy, (¢) = > ¢1(Lf7§cj1)) "'cbn(LfW}jn))

]177]72,
distinct

Lf = Conductor, the scale factor for low ze-
ros.

1. individual zeros contribute Iin limit
2. most of contribution is from low zeros
3. average over similar curves (family)

1
Dn,}_<¢) — W Z Dn,f(gb)'
feF
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Limiting Behavior

AsS N — oo,

T 2o D) = NZZH@( ”O%Lf)

fEf fGFN j]_ 7777 n 1
J'ﬁéijk

- / / o)W,
= [ [ Wagir iy

Con;j: Distribution of Low Zeros agrees with
a classical compact group.



Correspondences

Similarities b/w Nuclear Physics arddFunctions:

Zeros «—— Energy Levels
Support «<—— Neutron Energy
Conjecture: Zeros near central point in a
family of L-functions behave like eigenval-

ues near 1 of a classical compact group (Uni-
tary, Symplectic, Orthogonal).
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Some Number Theory Results

e Orthogonal:

Iwaniec-Luo-Sarnakt-level density forH " (V),
N square-free;

Hughes-Miller: n-level density forH-(N), N
square-free;

Duefiez-Miller: 1, 2-level {¢ x syn?f : f €
Hi(1)}, ¢ even Maass;

Miller: 1, 2-level for one-parameter families of
elliptic curves.

e Symplectic:
Rubinstein:n-level densities fol.(s, x4);

Duefiez-Miller: 1-level fo{¢ x f : f € H.(1)},
¢ even Maass.

e Unitary:

Miller, Hughes-Rudnick: Families of Primitive
Dirichlet Characters.
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Main Tools

e EXplicit Formula:Relates sums over zeros
to sums over primes.

e Averaging FormulasOrthogonality of char-
acters, Petersson formula.

e Control of conductorsMonotone.
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1-Level Densities

Fourier Transforms fot-level densities:

Wi s0(even(w) = 8(w) + n(u)

Wi o(u) = 3(u) +5

W1 s0(odg) (1) = 0(u) — n(u) + 1
Wisp) = 8u) = dn(u)

W o (u) = 0(u)

whered(u) is the Dirac Delta functional and
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Dirichlet Characters:
m Prime

(Z/mZ.)* is cyclic of orderm — 1 with generatoy.
et Cm—l _ 62m’/(m—1).

The principal charactey, Iis given by

1 (k,m)=1
Xolk) = {O (k,m) > 1.

Them — 2 primitive characters are determined (by
multiplicativity) by action ory.

As eachy : (Z/mZ)* — C*, for eachy there exists
an! such thaty(g) = ¢! _,. Hence for eacl, 1 < | <
m — 2 we have
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Dirichlet L-Functions

Let y be a primitive character maad. Let

m—1
c(m,x) =Y _ x(k)e™™/m.
k=0

c(m, x) i1s a Gauss sum of modulygm.

A(S, X> _ W_%(S—i_e)r (S -+ E) ,'72%((9—!—6)1'/(87 X>7
2
where
B 0 if X(—l) = 1
1 i x(=1) = -1
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Explicit Formula

Let ¢ be an even Schwartz function with compact
support(—a, o).

Let y be a non-trivial primitive Dirichlet character
of conductom.

DO —

-3 gty (g ) + X

g(m/m) " \log(m/m

- Y o ) +

log(m /m

16



Expansion
{xo} U {xihi<m_o are all the characters mau.

Consider the family of primitive characters mod a prime
m (m — 2 characters):

YY)

X#Xo Yy

= /Ooqby)dy

- S Y (o )+ Xl

D[ —

X#Xo p s(m/m)
logp -~ logp 5 9 1
- ;Z Py ¢(210g<m /ﬂ)[x (p) + 0y
1
i O(logm)'

Can pass Character Sum through Test Func-
tion.
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Character Sums

m—1 k=1(m)
%:X(k) - { 0 otherwise

For any primep £ m

S () m—1—-1 p=1(m)
otherwise

X7FX0

Substitute into

_S‘S‘ log p A( log p )x(p)+‘(p)
/P

i log(m /m) " \log(m/m)

18



First Sum

Z log p A( logp )p_%
log(m/m) " \log(m /x)
m—1 <& logp ~/ logp 1
o (ogtm/m)?”
" m — 2 Z)log(m/w)¢ log(m /) P
1 1 1
“xEits £
1 1
— k2 k2
< mzk: + Z

k>m+1
< 1 gjk—% L2 fk‘%
T m
k k
1

< —m°/2,
™m

No contribution ifo < 2.
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Second Sum

log p 5 log p
Z Zlo ( log(m /7

x#xo p & m/7r

> )+ X)) = {2<m =2

X7X0

Up toO( ) we find that

) X*(p) + X*(p)
; |

p

p=+1(m)
p # £1(m)



Elliptic Curves

Conductors grow rapidly.

Results for small support, where Orthogonal
densities indistinguishable.

Study 1 and 2-Level Densities.

Dy f(¢) = > ¢1(Lf7§c >) ' ¢n(LfW§vjn))

distinct

D, :iz
’ feF
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2-Level Densities

0 if G = SO(even
c(@{ L ifg=0
1 if G = SO(odd

ForG = SO(even, O or SO(odd!:

—20162(0) — 61(0)¢o(0)
+¢(G)p1(0)o ()
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Elliptic Curves
9 3 2 |
E y*4ajry+asy = r°+asxr+asx+ag, a; € Q

Often can writeE : y?> = 2° + Ax + B.

Let IV, be the number of solns mqd

N, =3 [1+ <x3+%]10:z:+B)] .- <x3+Aaz+B>

o) () b

Local data: ag(p) = p — N,. Use to build theL-
function:

) = — Y <x3+A:IJ+B)

x mod p p

23



Elliptic Curves:
Arithmetic Progression

One-parameter families:
Ei:y® = 25+ A(t)z + B(t), A(t),B(t) € Z(t).

We have

333 i
ap) = - 3 () o

p

x mod p

Can handle sums of;(p) for ¢ in arithmetic
progression.

24



Elliptic Curves (cont)

O

L(E,s) = Z“EW = T Lo(E, s).
p

ns
n=1

By GRH: All zeros on the critical line.
Rational solutionsE(Q) =7Z" & T.
Birch and Swinnerton-Dyer Conjecture:

Geometric rank equals analytic rank (order
of vanishing at central point).

25



Comments on Previous Results

e explicit formularelating zeros and Fourier
coeffs;

e averaging formulagor the family;

e conductors easy to contr@onstant or mono-
tone)

Elliptic curve E;: discriminantA(z), con-
ductorNg, = C(t) is

- I

p|A(2)

26



Normalization of Zeros

Local (hard) vs Global (easy). A8 — oo:

1 1 log Ng ;.
Tl Z Dy p(¢) = 2 Z Z Hﬁbz’ <Og27rE%gz)>

EeFyn EE.’FNJl;éj;]n 1
JiFEIL
— //¢<:C)Wn7g(]:)($)d$
= [ [ S Wagir )y

Conj: Distribution of Low Zeros agrees with
Orthogonal Densities.
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1-Level Expansion

Want to move > . », leads us to study

A, 7(p) = Z a;(p), r=1o0r2.
t mod p
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2-Level Expansion

Need to evaluate terms like

log p; ri
F 1 (bfﬁE)aE(m

EEF@ 1]?

Analogue of Petersson / Orthogonalit{/py, .. ., py
are distinct primes

D @) e (pa) = Ao An ().

t mod p1---pp

29



Input

For many families

(1): Ay 7(p) = —rp + O(1)
(2) - Ay £(p) = p* + O(p*/?)

Rational Elliptic Surfaces (Rosen and Silver-
man): If rankr overQ(t):

Surfaces withj(¢) non-constant (Michel):

Ay 7(p) =p° + O (pg/ 2) -

30



DEFINITIONS

Durld) = 1 > H@(ME ”)

Dg)jc(gb): n-level density with contribution
of r zeros at central point removed.

Fn: Rational one-parameter familyc [V, 2N|,
conductors monotone.
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ASSUMPTIONS

1-parameter family of Ell Curves, rankover
Q(t), rational surface.
Assume

e GRH;
e j(t) non-constant;

e Sg-Free Sieve i\(t) has irr poly factor of
deg> 4.

Pass to positive percent sub-seq where con-
ductors polynomial of degree.

¢; even Schwartz, suppost:

e 0| < min (%, ?%m) for 1-level

o 01 + 09 < 5 for 2-level.
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MAIN RESULT

Theorem (M-): Under previous conditions,
asN —oo,n=1,2:

Dy (@) — [ ola)Wglw)ds

where

G = ¢ SO(even) ifalleven

{ ® if half odd
SO(odd) if all odd

1 and 2-level densities confirm Katz-Sarnak,
B-SD predictions for small support.
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Examples

Constant-Sign Families:

1.y2 = 2% + 24(=3)3(9t + 1),
ot + 1 Square-Free: all even.

2.9° = 3 £+ 4(4t + 2)x,
4t 4+ 2 Square-Freet all odd, — all even.

3.y° =2 +ta® — (t+3)x + 1,
t2 + 3t + 9 Square-Free: all odd.

First two rank0 over@Q(t), third is rankl.

Without2-Level Density, couldn’t sawhich
orthogonal group.
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Examples (cont)

Rational Surface of Rank6 over Q(¢):

y* = 25+ (2at — B)x® + (2bt — C)(t* +2t — A+ 1z
+(2ct — D)(t* +2t — A+ 1)

- 8,916, 100, 448, 256, 000, 000
— 811,365, 140, 824, 616, 222, 208
26,497,490, 347, 321, 493, 520, 384
—343,107, 594, 345, 448, 813, 363, 200
16,660, 111, 104
—1,603, 174, 809, 600

- 2,149, 908, 480, 000

oo TQ T
I

Need GRH, Sg-Free Sieve to handle sieving.
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Sketch of Proof

1. Sieving (Arithmetic Progressions)
2. Partial Summation (Complete Sums)

3. Controlling Conductors (Monotone).

36



Sieving

S st = Sud S sw

t=N d=1
D(t)sqfree te[N,2N]
loglN NE/2
= Y ud Z S+ Y opd) Y S
d=1 D(t)=0(d?) d>log! N

te[N 2N] te{fG 2N]

Handle first by progressions.

Handle second by Cauchy-Schwartz:

The number of in the second sum (by Sg-
Free Sieve Conj) is(N):
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Sieving (cont)

10gl N
» pd) Y S
=1 D=0

te[N,2N]

t;(d) roots of D(t) = 0 mod d°.
Ld), () + d2, . ty(d) + {%} 2.

If (d,p1p2) = 1, go through complete set of

2
residue class 1/;2 times.

38



Partial Summation

aqip(t') = ayq;n(p), G p(u) is related
to the test functionsd and: from progres-
sions.

Applying Partial Summation

[N/d”]

S(d7 7;7 r, p) — Z a&,i,p(t,>Gd,i,p<t’)

— <[Nz/? & A, 7(p) + 0O (pR)> Gaip([N/d?)

[N/d?)—
_ Z ( (R>> (Gd,iyp(u)—Gdyi,p(uﬁ—l))

39



Difficult Piece: Fourth Sum |

[N/d?]—1

> ol B)(Gaip() = Gajplu+1))

- N 1
TaylorGg; p(u)—Gq; p(u+l) givesP 2o e

1 - pt
7 D _i.q 9vesO(p: ng).

Problem is in summing over the primes, as
we no longer hav%l?‘.

40



Fourth Sum: I

If exactly one of the;'s is non-zero, then

[N/d?]—1
> |Gaip(u) = Gaiplu+1)

[N;Ld2]—1 1 |
_ Z g s P —yg 0g P
o log C'(ti(d) + ud?) log C'(ti(d) + (u+ 1)d?)

If conductors monotone, for fixedd andp, small in-
dependent ofV (bounded variation).

If two of the r;'s are non-zero:

|CL16L2 — blb2| a1ao — bras + bras — blbg‘

IA

aiay — b1a2| + |b1a2 — bﬂ)g’
as| - |ay — by| + |b1| - |ag — byl

41



Handling the Conductors: |

y2 +a1(t)zry + as(t)y = 2+ ag(t)a:Z + as(t)x + ag(t)

= 1] »*"

p|A(2)

D1(t) = primitive irred poly factors\(t), c4(t) share
Do (t) = remaining primitive irred poly factors ak(t)
D(t) = D1(t)Dsf(t)

D(t) sq-free,C(t) like D(t)Do(t) except for
a finite set of bad primes.
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Handling the Conductors: Il

yotai (t)ay+ag(tly = a'+ag(t)a*+ay(t)z+ag(t)
Let P be the product of the bad primes.

Tate’s Algorithm givesf,(¢), depend only on
a;(t) mod powers op.

Apply Tate’s Algorithm toE;,. Getf,, (1) for
p|P. Form large,p| P,
fp(7) = fp(P"t +t1) = fp(t1),

and order op dividing D(P"'t + t1) is inde-
pendent of.

2
Get integers s€'(7) = CbadDéiT) Di;T)

sg-free.

, D(7)
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Excess Rank

One-parameter family, rankoverQ(¢), RMT
—> 50% rankr, r+1.

For many families, observe

Percentwith rankr =32%
Percent with rank r+1 = 48%
Percent with rank r+2 = 18%
Percentwith rank r+3 = 2%

Problem: small data sets, sub-families, con-
vergence raté&g(conductoy?
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Data on Excess Rank

y2 +a1xy +azy = x5+ ang + ayx + ab
Family: a; : 0to 10, rest—10 to 10.

Percent with rank 0 = 28.60%
Percent with rank 1 = 47.56%
Percent with rank 2 = 20.97%
Percentwithrank 3= 2.79%
Percentwithrank4 = .08%

14 Hours, 2,139,291 curves (2,971 singular,
248,478 distinct).
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Data on Excess Rank

2
y-t+y

xg—ktx

Each data set 2000 curves from start.

t-Start RKO Rk 1 Rk 2 Rk 3 Time (hrs)

-1000
1000
4000
8000

24000
50000

39.4
38.4
37.4
37.3
35.1
36.7

47.8
47.3
47.8
48.8
50.1
48.3

12.3
13.6
13.7
12.9
13.9
13.8

0.6
0.6
1.1
1.0
0.8
1.2

<1
<1
1
2.5
6.8
51.8

Last set has conductors of siz@ !, but on

logarithmic scale still small.



Excess Rank Calculations
Families with y* = f;(z); D(t) SqFree

Family t Range Num¢t r rr+1 r+2 r+3

FA(AE+2) [2,2002] 1622 0 95.44 4.56
—A(4t+2) [2,2002] 1622 0 70.53 29.35
ot + 1 2, 247] 169 0 71.01 28.99
B+t +1 [2,272] 169 1 71.60 27.81
tt—1)  [2,2002] 643 0 40.44 48.68 10.26 0.62
(6t + 1)a?  [2,101] 03 1 3441 47.31 17.20 1.08
(6t + D)z [2,77] 66 2 30.30 50.00 16.67 3.03

1. 2 + 4(4t + 2)x, 4t + 2 Sq-Free, odd.

2. x° — 4(4t + 2)x, 4t + 2 Sq-Free, even.

3. 2% +24(=3)3(9t + 1)%, 9t + 1 Sq-Free, even.

4. 23 +tax® — (t+3)x + 1, t2 + 3t + 9 Sq-Free, odd.

5. 2% + (t + 1)x* + tw, t(t — 1) Sg-Free, rank.

6. 2% + (6t + 1)z + 1, 4(6t + 1)° + 27 Sg-Free, rank.

7. 23 — (6t +1)%x + (6t +1)?, (6t + 1)[4(6t + 1)* — 27] Sg-Free,

rank 2.
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Excess Rank Calculations

Families with y* =

rank?2.

fi(z); All D(t)

48

Family t Range Numt¢ r rr+1 r+2 r+3
A4t +2) [2,2002] 2001 0 6.45 85.76 3.95 3.85
—4(4t+2) [2,2002] 2001 0 63.52 9.90 25.99 .50
9 + 1 (2, 247] 247 0 55.28 23.98 20.73
2+ 9t+1 [2,272] 271 1 73.80 25.83
tt—1)  [2,2002] 2001 0 42.03 48.43 9.25 0.30
(6t +1)z® [2,101] 100 1 32.00 50.00 17.00 1.0
(6t+ 1)z [2,77] 76 2 32.80 50.00 14.47 2.63
. 2° + 4(4t + 2)z, 4t + 2 Sg-Free, odd.

— 4(4t + 2)z, 4t + 2 Sq-Free, even.
23+ 24(=3)3(9t + 1)2, 9t + 1 Sq-Free, even.
23 +ta® — (t+3)x + 1, t2 + 3t + 9 Sg-Free, odd.
o3+ (t +1)a° + tx, t(t — 1) Sg-Free, rank.
23+ (6t + 1)z + 1, 4(6t + 1)® + 27 Sqg-Free, rank.
23 — (6t +1)%x + (6 +1)%, (6t + 1)[4(6t +1)* — 27] Sg-Free,



Orthogonal Random Matrix Model

RMT: 2NN eigenvalues, in pairst?i, proba-
bility measure o0, ]

deg(0) H cos 0, — cos 6;) 2Hd«9
1<k

Model: forced zeros independent (suggested
by Function Field analogue)

.AQNQT = {(g IZT) g € SO(2N — 27“)}

49



Orthogonal Random Matrix Models

RMT: 2N eigenvalues, in pairs™i, probability mea-
sure on[0, 7]V

deg(0) o H(COS 0y — cos ;) H do;

j<k J

Interaction Model: NOT SUGGESTED BY FUNC-

TION FIELD
Sub-ensemble O (2N ) with the lastrn of the2 N eigen-

values equal-1:

deg, (0) H(COS Or.—cos 0;)? H(l—cos 0;)>" H db;,

i<k J J
with1 < j,k < N —n.

Independent Model: SUGGESTED BY FUNCTION
FIELD

Aon.on = {(g I, ) g € SO2N — Qn)}

50



Random Matrix Models and One-Level
Densities

Fourier transform of 1-level density:

|

po(w) = 8(u) + Sn(u)

Fourier transform of 1-level density
(Rank 2, Independent):

pranalt) = |8) + () +2|.

Fourier transform of 1-level density
(Rank 2, Interaction):

pran() = {300) + ) + 2| +2(1l 1)),
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Testing RMT Model

For small support, 1-level densities for Ellip-
tic Curves agree with,. |ngep

CurveFE, conductorNg, expect first zeré +

(1) (1) . 1
1y With v, N e NG

If  zeros at central point, if repulsion of ze-
ros is of size—+—, might detect in 1-level
og Ng

density:
J)
vy’ log N
.5,

Ee]—" 9

Corrections of size

o (xog+cr) — o(xg) = ¢ (x(xg,cr)) - .
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Theoretical Distribution of First
Normalized Zero

1 2 3

First normalized eigenvalue: 230,400 from
SQO6) with Haar Measure

First normalized eigenvalue: 322,560 from
SQ(7) with Haar Measure
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Rank O Curves: 1st Normalized Zero
(Far left and right bins just for formatting)

120+
100¢
80}
60}
40¢
20}

0.5 1 1.5 2 2.5

750 curveslog(cond € [3.2,12.6]; mean=
1.04

120¢
100¢
80}
60}
40+
20}

0.5 1 1.5 2 2.5

750curveslog(cond € [12.6, 14.9]; mean= .88
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Rank 2 Curves: 1st Normalized Zero

100¢

80+

60

40|

20t

1

2 3 4

665 curveslog(cond € [10, 10.3125]; mean= 2.30

100;

80+

60+

40/

20t

1

2 3 4

665 curveslog(cond € [16, 16.5]; mean= 1.82
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Rank 2 Curves: [0, 0,0, —t2, t*] 1st
Normalized Zero

0 1 2 3 4

35 curveslog(cond € [7.8,16.1]; mean= 2.24

17.5¢

0 1 2 3 4

34 curveslog(cond € [16.2,23.3]; mean= 2.00
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Summary

e Similar behavior in different systems.
e Find correct scale.

e Average over similar elements.

e Need an Explicit Formula.

e Different statistics tell different stories.

e Evidence for B-SD, RMT interpretation of
Zeros

e Need more data.
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Appendices

The first two appendices list various standard conjectures. The
second provides (at least conjecturally) when a family should
have equidistribution of signs of functional equations. Experi-
mental evidence is provided in the third appendix, which is on the
distribution of signs of elliptic curves in a one-parameter family.
Testing whether or not a generic family is equidistributed in sign.
We looked at 1000 consecutive elliptic curves, and calculated the
excess of positive over negative. We did this many times, and
created a histogram plot. The fluctuations look Gaussian! The
third appendix gives the formula to numerically approximate the
analytic rank of an elliptic curve. For a curve of conducigr,
one needs aboyt N log Nx Fourier coefficients. The fourth ap-
pendix gives some estimates on bounding the number of curves
in a family with given rank.
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Appendix I: Standard Conjectures

Generalized Riemann Hypothesis (for Elliptic Curves)Let
L(s, FE) be the (normalized].-function of the elliptic curver.
Then the non-trivial zeros di(s, E) satisfy Rés) = 3.

Birch and Swinnerton-Dyer Conjecture [BSD1], [BSD2]Let
E be an elliptic curve of geometric rankoverQ (the Mordell-
Weil group isZ" & T, T is the subset of torsion points). Then
the analytic rank (the order of vanishing of tliefunction at the
central point) is also-.

Tate’s Conjecture for Elliptic Surfaces [Ta] Let£/Q be an
elliptic surface and.,(€, s) be theL-series attached tél (£ /Q, Q).
ThenL,y (&, s) has a meromorphic continuation @and satisfies
—ords—2L5(E,s) = rank NS(£/Q), whereNS(E/Q) is the Q-
rational part of the Néron-Severi group 6f Further, Ly (€, s)
does not vanish on the line Re = 2.

Most of the 1-param families we investigate are rational surfaces,
where Tate’s conjecture is known. See [RSI].
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Appendix II: Equidistribution of Signs

ABC Conjecture Fix ¢ > 0. For co-prime positive integers, b andc with ¢ = a + b and
N(a,b,c) = Hp‘abc p, ¢ < N(a,b,c)tre.

The full strength of ABC is never needed; rather, we need a consequence of ABC, the
Square-Free Sieve (see [Gr]):

Square-Free Sieve Conjecturd=ix an irreducible polynomialf(¢) of degree at least.
AsN — oo, the number of € [N, 2N] with f(¢) divisible byp? for somep > log N is o(N).

For irreducible polynomials of degree at m8sthe above is known, complete with a bet-
ter error tharo(N) ([Ho], chapterd).

Restricted Sign Conjecture (for the Family F) Consider a one-parameter fami§ of
elliptic curves. AsV — oo, the signs of the curves; are equidistributed fot € [N, 2N].

The Restricted Sign conjecture often fails. First, there are families with congtant
where all curves have the same sign. Helfgott [He] has recently related the Restricted Sign
conjecture to the Square-Free Sieve conjecture and standard conjectures on sums of Moebius:

Polynomial Moebius Let f(¢) be a non-constant polynomial such that no fixed square
dividesf(t) for all t. ThenS_™ u(f(t)) = o(N).

The Polynomial Moebius conjecture is known for lingat).

Helfgott shows the Square-Free Sieve and Polynomial Moebius imply the Restricted Sign
conjecture for many families. More precisely, I¢ft(t) be the product of the irreducible poly-
nomials dividingA(¢) and notc,(t).

Theorem: Equidistribution of Sign in a Family [He]: LetF be a one-parameter family
with a;(t) € Z[t]. If j(E;) and M (t) are non-constant, then the signsif, ¢t € [N, 2N], are
equidistributed asV — oo. Further, if we restrict to good, ¢ € [N, 2N] such thatD(¢) is
good (usually square-free), the signs are still equidistributed in the limit.
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Distribution of Signs: y? = 2® + (t + 1)2% + tw
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BinSize=16
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Distribution of signs: y* = 2 + (¢t + 1)2? + tx

12000 T T T

y2=x3+(t+1)x2+tx
10000 | all t

Rank: 0

50,000,000 curves
BlockSize=1000
BinSize=16

Excess Sign: +1218
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Histogram plot: Allt € [2,5 - 107

The observed behavior agrees with the predicted behavior. Note
as the number of curves increase (comparing the plét-afo’
points to2 - 10° points), the fit to the Gaussian improves.

Graphs by Atul Pokharel
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Appendix I
Numerically Approximating Ranks:
Preliminaries

Cusp formf, level N, weight2:

f(=1/N2) = —eN2*f(2)
fi/yVN) = e fliy/VN).

A(f,s) =€eA(f,2—5s), e==%l.

To eachE corresponds arf, write [[* = [+ [ and use
transformations.
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Algorithm for L"(s, F): |

A(E, s) = / " Flig NNy dy
_ / Flig VR )y dy + / " Fliy NNy dy
= [ e

Differentiate k times with respect to s:

AB(E, s) = / " Fly NN log )y + e(— 1)y ) dy.

At s =1,

NOE, D) = (14 e(-1) [ Fli/B)log o),

Trivially zero for half ofk; let » be analytic rank.

64



Algorithm for L' (s, E): |l

AD(E, 1) = 2 / " Fliy NN (log )" dy

5 [
n=1 1

Integrating by parts

T \/N - an OO —2mn r— dy
A(E 1) = ng/l o2 y/m(log n 1?.
n=1

We obtain

= 2mn
LB 1) =215 2, (—) |
(E,1) ; 2\

where
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Expansion of G(x)

©.9)

G (z) = P, (log é) 3 (;1);;&

n=1

P.(t) is a polynomial of degree £,.(t) = Q,(t — 7).

Qi(t) = t;

Qi) = £+

Q) = 2+ T

Q) = '+ T ), , 17;0 |

Qi) = 4 Tp - Sp, 7, OO

Forr =0,

N <= a,
AE,1) = g > % e 2NN,
n=1

Need about/N or v/N log N terms.
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Appendix 1V:
Bounding Excess Rank

Dir(¢1) = ¢1(0) + %@(0) +7r¢1(0).

To estimate the percent with rank at least R, Pk,
we get

Réu(0)Pp < 91(0) + %qbl(()), R>1.

Note the family rank- has been cancelled from both
sides.

The2-level density givesquaresof the rank on the
left, get a cross termR.

The disadvantage is our support is smaller.

OnceR is large, the2-level density yields better re-
sults. We now give more details.
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n-Level Density and Excess Rank Bounds

Forn = 1 and2, consider the test functions

~ 1/1 1
itw) = 5(50m = 5lul), lul <o
sinQ(QW%Un:U)
f@(x) — (27_‘_56)2
Expectoy = %; only able to prove for
__ 01
09 = 7

Note f;(0) = %%, £i(0) = f£(0)2.

Assume B-SD, Equidistribution of Sign
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Notation

AN

Family with rankr, Dy #(f) = (O)+%f(0)+
rf(0).

By even (odd) we mean a curve whose rank
rp hasrp — r even (odd).

Py: probability even curve has rank r +
2ay).

Pp: probability odd curve has rank r +
1 + 2by.

Dy #(f S‘ i <1Og NE’VE)

Ee]—" VE
~vg IS the imaginary part of the zeros.
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Average Rank: 1-Level Bounds

L5 e £ 0+ o

1 1 1
— Z rp < —+=+r.
o1 2

o All Curves: r = 0, 0 = 2, giving 2.25
(Brumer, Heath-Brown: [Br], [BHB3], [BHB5])

e 1-Parameter Families(deg(N(t)) + 7+ %) :
(14 o(1)) (Silverman [Si3]).

Hopel-Level Density true for — oc.

Would yield average rank is+ 3.
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Excess Rank:1-Level Bounds
Assume half even, half odd.

Even curvesl — F, have rank< r + 2a, — 2; replace ranks
with r. Py have rank> r + 2ag; replace withr + 2ay.

Odd curvesi1 — P, contributingr + 1. P, contributingr + 1 +
2by.

1 1 I
Yt tr > —(1—P0)7’+P0(7“|‘2a0)]
01 2 21
1_
—|—§ (1—P1>(7“—|—1)—|—P1<7“—|—1+2b0)}

1
— > aoBPy + by P
01

1-Level Density Bounds for Excess Rank

P

IA

Py

IA

1
ap01
1
b()O'l
anoq

Prob{rank> r + 2ao} <
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2-Level Bounds:

Dy #(f) = D5 #(f) — 2D1#(f1f2) + f1(0) f2(O)N(F, —1)

D3+0) = [T [710) + 540 +2 [ lulFiwRatw)de

1=1

+7 £1(0) f2(0) + 7 £1(0) fo(0) + (r? + 1) £1(0) f(0)

AN

Dy #(f) = F(0) + 2 f(0) +rf(0)

Dj ~(f) is over all zeros. Gives

| , 1 1 1 1 2
— r —S T T TSt — T+
\f|;EE o5 oy 4 3 oy

1+27“+1+1Jr 2 +1
= re4+r—+—.
0% 09 12 2
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Excess Rank:2-Level Bounds: |
Similar proof yields

Theorem: First 2-Level Density Bounds

1
1 1 )
203 T 24 T 09
Py <
ap(ag + )
1
1 1 7“+§
205 tor 02
2
Pl <

= by(bg+r+1)

Foroy = %, r = 0, a; = 1: worsethan
1-level density.

For fixedoy = 7} andr, as we increase
we eventually do get a better bound.

Proportional to—— instead of; .

(apor)
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Excess Rank:2-Level Bounds: Il

Use Dy #(f) instead ofDj ~(f).

rg = number of zeros of curvé. Sum overy; # js.

rg even, getp(rg—2) (each zero matched with; — 2 others).
rpodd: (rg — 1)(rg —2)+ (rg — 1) =rp(rg —2) + L.

Theorem: Second-Level Density Bounds

1 1 r 1
20% + 24 +

o< o5 6oy
'= ap(ag +r—1)
- bo(bo + 1) ’

whereay # 1 if r = 0.

248014192
0y = % andr = 0, better forq > —.
248001 +192
r = 1, better foray > 57
01

Decay is proportional tm'
Note the numerator is never negative; at Iq@st
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Excess Rank:2-Level Bounds: Illa

rp = Tr+zg.

2.j 223, [illyg; ) fo(Lyg; ). Letji be one
of ther family zeros, varying, gives f1(0) D1 g( f2).
Interchanging; andj, we get a contribution
of Dy g(f1)/2(0) for each of the- family.

Only double counting when; and j» are
both a family zero. Subtract off f1(0) f>(0).
For the otherp zeros: already taken into ac-
count contribution frony; one of thezy ze-
ros andy, one of the- family zeros (and vice-
versa).

Thus, for a given curve, a lower bound of
the contribution from all pairgj;, jo) is

rf1(0)D1,£(f2) + rDie(f1) f2(0) — 7 f1(0) f2(0) + 2.
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Excess Rank:2-Level Bounds: llib

Summing over all’ € F and simplifying gives

Z 1 1 1+1
2p < —2 —+—+-
Ee]—" 72 12 :

Similar calculation gives

Theorem: Third 2-Level Density Bounds

y + 5+ o
PO S 202 (;2
ao
1
P < 2 + 202 + 24
b= bo—!—b%

o2 +4801+192
2401
02 +4801+192
9601

oy = 7 beatsl-level foray >

r # 0. beats first-level onceq, >

3(r—1) 03 +4801+192
3r—2 9601

r > 1. beats secong-level onceay >
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Heath-Brown & Brumer

Family of all elliptic curvesE,, ;:

= {y* =2+ ax + b;|a] < T3, 1] < T3,
From1-Level Expansion, get

log T log p 1
E < 2 —2 E,v)h .
r( a’b) — +logX Z ap( b) (logX) +0 (logX>

log T 2
B € FrirBu) 2 rh(50) < 3 0B 0P

2
abEJT
Find X = T1F, k = [%2]. Yields
Prob(rank E,;) > r) < (11r)” 70

log T’
loglog T"

rank E,;) < 17
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Appendix V: Dirichlet Characters:
m Square-free

Fix anr and letm,, ..., m, be distinct odd primes.

m = mims---m,
My = (my—1)(mg—1)---(my —1) = $(m)
My = (my—2)(mg—2)---(m, — 2).
Ms i1s the number of primitive characters mad,
each of conductoin.

A general primitive character moah is given by
xX(w) = xa (w)xay(w) - X, (w).

LetF = {x:x=xXuXt, " Xi}-

1 logp ~7 logp 1 )
2 bg(m/ﬂcb( )p7E > [x(p) + X()

log(m /) =
1 logp -~ logp 1 2 )
0z . Tog(im /7T)¢<210g(m /ﬂ)p Xz@;[x (p) + x°(p)]
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Characters Sums:
m;—2
mz-—l—l pzl(mz)
> xilp) = .
= —1 otherwise

Define

5, (p.1) = {1 pzl(mz-)

0 otherwise

Then
mi1—2 my—2
D oxe) = DD xu)
xeF ll 1 l,=1

T
ﬁ <— 14 (m; — 1)0,,(p, 1)).
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Expansion Preliminaries:

k(s) is an s-tuple(ky, ko, ..., ks) with k1 < ky <
cee < ks

Thisisjustasubsetof,2,...,r), 2" possible choices
for k(s).

5k(s)<pa 1) — H 5mk;Z (pv 1)
1=1

If s =0 we definej;)(p, 1) = 1 Vp.

Then
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First Sum:

S

< Zp? (1+Zz5k (. 1) [T, = 1),

S= 1k 1=1

Asm/M; < 3", s = 0 sum contributes

o

1 | 1
Sn = — T2 & 3'm2o L
1,0 M, ZP

hence negligible for < 2. Now we study

1
Sik(s) = i, (my,; — 1)219 20k(s)(P; 1)
1=1 D
1 S m°
< o[ -1 > n"?
9 < B
=1 n:1(mk(s))
1 R
<K — my, — 1)—== n 2
My 21< g >HZ:1(mkz) zn:

<< 37"m§0'—1
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First Sum (cont):

There are” choices, yielding

Sl < 6rm%0—1 7

which is negligible asn goes to infinity for fixed r
If o < 2.

Cannot let- go to Iinfinity.

If m is the product of the first primes,

logem = Z log pg.
k=1

Zlogp ~ T

psr

Therefore

log 6 1.79

6" ~ m ~ m
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Second Sum Expansions:

—1 otherwise

S {mill p=+1(m;)

_ Z Xlzl(p) - 'Xl%(P)
h=1 L=l
=11 Z Xi,(p)
i=1 ;=1
- T1 (_1+ (mi = 1)8,(p, 1) + (M, 1>5m@<p>—1>)
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Second Sum Bounds:

Handle similarly as before. Say

p = 1modmy,...,my

a

p = —1modmy,11,...,my,

How small carp be?

+1 congruences imply > my, - - - mg, + 1.

—1 congruences imply > my, ., ---m

Since the product of these two lower bounds is greater

than Hi')zl (mkz -
(TT-s0mi = 1))

There are3” pairs, yielding

1), at least one must be greater than
1

Second Sum- Z Z Z So k(s).j(s) < 9'm

SOk
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Summary:

Agrees with Unitary folwr < 2.
We proved:

Lemma;:

e m square-free odd integer with= r(m) factors;
o m = [[i_;mi;

o My =][;_ (mi—2).

Consider the familyF,, of primitive characters mod
m. Then

First Sum << —2"m?2?

Second Sumk —3"m?2.
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Dirichlet Characters:
m € |[N,2N| Square-free

F all primitive characters with conductor odd square-
free integer iNN, 2N |.

At leastN/log> N primes in the interval.

At leastN " gfg ~=N 2log™% N primitive characters:

1 < logQN.

M > N?log >N = —
= 8 M =N
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Bounds

1 1
Slm < MQT( ) 27

1
Som <K M?“( ™)

or(m)  — 7(m), the number of divisors ofn, and
37°< ) < 73 (m).

l\DIH

While it is possible to prove

ZT n) logaz) !

n<x

the crude bound

T(n) < c(e)n’

yields the same region of convergence.
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First Sum Bound

1
< > —_or(m) 30

1
< =N S 1(m)

< =N 27 () N1

log®> N
N2
< C(E)N%U+€_1 log* N.

<

N%UC(G)N1+€

No contribution ifo < 2.

Second sum handled similarly.
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