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Origins of Random Matrix Theory
Classical Mechanicss Body Problem Intractable.

Heavy nuclei like Uranium200+ protons / neu-
trons) even worse!

Info by shooting high-energy neutrons into nu-
cleus.

Fundamental Equation:Quantum Mechanics

H% — Enwn

Similar to stat mech, leads to considering eigen-
values of ensembles of matrices.

Real Symmetric (GOE), Complex Hermitian (GUE),
Classical Compact Groups.



Measures of Spacings:
n-Level Correlations

{a;} be anincreasing sequence of numb&rg; R" !
a compact box. Define thelevel correlation by

#{(ajl = Qygy ooy Oy ajn,) S ijl #]k < N}
lim
N—o00 N

Results on Zeros (Assuming GRH):

1. Normalized spacings df(s) starting atl0*’
(Odlyzko)

2. Pair and triple correlations af(s) (Mont-
gomery, Hejhal)

3. n-level correlations for all automorphic cup-
sidal L-functions (Rudnick-Sarnak)

4. n-level correlations for the classical com-
pact groups (Katz-Sarnak)

5. Insensitive to any finite set of zeros



Measures of Spacings:
n-Level Density and Families

Let o(z) = | ], ¢i(xi), ¢ even Schwartz func-
tions, ¢ compactly supported.

Dn,f(qb) _ Z &1 (Lf’}/}jl)) . (Lfv}j”))

jl_:--_-»jn
distinct

L; = Conductor, Scale factor for low zeros.

1. individual zeros contribute in limit
2. most of contribution is from low zeros

3. average over similar curves (family)

D D,



Limiting Behavior

AsS N — oo,

\]:N\ Z Dus(®

feFyn

N‘ Ty H¢< logLf>

fEfN jl 7777 Jn 1
JiFLiL

. / / S(x)W,
- / . / S Wy g (9)dy

Conj: Distribution of Low Zeros agrees
with a classical compact group.
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Correspondences

Similarities b/w Nuclel and.-Fns:

Zeros «—— Energy Levels

Support «—— Neutron Energy

Conjecture:Zeros near central point
In a family of L-functions behave like
eigenvalues near 1 of a classical com-
pact group (Unitary, Symplectic, Orthog-
onal).



Some Number Theory Results

e Orthogonal:

lwaniec-Luo-Sarnakil-level density for
H=(N), N square-free;

Dueiiez-Miller: 1, 2-level for {¢ x f* :
f € Hi(1)}, ¢ even Maass;

Miller: One-parameter families of ellip-
tic curves.

e Symplectic:
Rubinstein:n-level densities for.(s, x4);

Duefiez-Miller: 1-level for{¢ x f : f €
Hi(1)}, ¢ even Maass.

e Unitary: Miller, Hughes-Rudnick: Families
of Primitive Dirichlet Characters.



Main Tools

e EXplicit Formula:Relates sums over
Zeros to sums over primes.

e Averaging FormulasOrthogonality
of characters, Petersson formula.

e Control of conductorsMonotone.



1-Level Densities

Fourier Transforms fot-level densities:

Wi s0(even(w) = 8(w) + n(u)

Wi solu = 0(u) + 5

W1 s0(odg) (1) = 0(u) — In(u) + 1
Wi sp(u) = 6(u) — gn(u)

W1 p(u) = 0(u)

whered(u) is the Dirac Delta functional and



Dirichlet Characters: m Prime
{xo0} U{xi}i1<m_o are all the characters manl.

Consider the family of primitive characters mod
a primem (m — 2 characters):

PP CE )

X%Xo Yx

:/¢dy

S Y Y (et ) + Xl

X#XO —~ log (m/m)" \log(m/x
B %{) zp: 10;0512;7 &5(210;?51};#)) X (p) + X (Pl
1
* O(log m)

Can pass Character Sum through Test
Function.



Character Sums

m—1 k=1(m)
Z x(k) = { 0 otherwise

X

For any primep # m

 jm—=1-1 p=1(m)
ZX(}?) B {1 otherwise

X7FX0

Substitute into

D[ —

logp A logp ~ _
— 2. log (m /) (log(m /ﬂ) x(p)+x(p)lp

XXOP
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First Sum

o

—2 < logp A( logp ) _%
m — 2 - log(m/m) " \log(m /) b
m—1 & logp ~7 logp _
o (Togtm/m)
" m — 2 Z 1og(m/7r)¢ log(m /) b

p=1(m)

o

m
pte Y p

p=1(m)

<

k=1(m)
k>m+1
1 1 1 m” 1
<L — k72 + — k2
1
< —m°/?
m™m

No contribution ifo < 2.
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Results

Theorem [Hughes-Rudnick 2002]
JFn all primitive characters with prime
conductorN.

If supp(¢) < 2, asN — oo, agrees
with Unitary.

Theorem [Miller 2002]
F all primitive characters with con-
ductor odd square-free integerid, 2V |.

AN

If supp(¢) < 2, asN — oo, agrees
with Unitary.
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Elliptic Curves

Conductors grow rapidly.

Results are for small support, where
Orthogonal densities indistinguishable.

Study 2-Level Density.

Dy f(¢) = > (/51(Lf7§v )) ' an(Lf’V}jn))

distinct

D, :iz
’ cF
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2-Level Densities

0 if G = SO(even
c(g)_{ 1 ifg = SO
1 if G = SO(odd

ForG = SO(even, SO or SO(oddt

—2¢1¢2 ¢1(0)¢2(0)
+c(G)¢ () ()
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Elliptic Curves

E v’ 4aizy+asy = v3+asx*+asx+ag, a; € Q
Often can writeF : 42 = 2 + Ax + B.

Let NV, be the number of solns mad

N, =3 [1+ (x3+1;1?:13+B)] Y <x3+Aaz—|—B>

z(p) z(p) b

Local data:ap(p) = p — Np. Use to
build the L-function:

) = — Y (:C3+A:C+B>

x mod p P
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Elliptic Curves:
Arithmetic Progression

One-parameter families:
By = 2° + Alt)r + B(t), A(t),B(t) € Z(¢).

We have

Can handle sums a#(p) for ¢ in arith-
metic progression.
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Elliptic Curves (cont)

L(E,s) = Z“E(”) =TT Lu(E. 5).

n=1 p

By GRH: All zeros on the critical line.
Rational solutionsE(Q) =7Z" & T.
Birch and Swinnerton-Dyer Conjecture:

Geometric rank equals the analytic rank
(order of vanishing at central point).

17



Comments on Previous Results

e explicit formula relating zeros and
Fourier coeffs;

e averaging formulagor the family;

e conductors easy to contr@onstant
or monotone)

Elliptic curve E;: discriminantA(t),
conductorNg, = C(t) is

- I

p|A(2)
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Normalization of Zeros

Local (hard) vs Global (easy).
AsS N — oo

1 log Np (.
- I T o5

EEF jl 7777 ]77/ 1
JiFEI

— / / O2)Wh g(F)(x)dx
=~ [ [ W)y

Conj: Distribution of Low Zeros agrees
with Orthogonal Densities.
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1-Level Expansion

DuA) = |zz¢<10gNE )

EcF
EecF
2 logp 1~ logp
1A E;EZ log Nip’ <1og N | 1)

ZZ logp 1A 1ogp 2 ()
\]'—| . 108;NE10 1OgNE g
L0 loglogNE
log Ng
Want to move > ;. », Leads us to study

A, r(p) = Z a;(p), r=1or2.
t mod p
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2-Level Expansion

Need to evaluate terms like

1 logpi \
3 Lo (22 )

EEF@ 1]9

Analogue of Petersson / Orthogonality:
If p1,...,py are distinct primes

> al(py)-a"(pn)

t mod p1---pn
= Ay £(p1) - Ay, 7 (Pn)-

21



Input

For many families

(1): Ay plp) = —rp + O(1)
(2) : Ay £(p) = p* + O(p*/?)

Rational Elliptic Surfaces (Rosen and
Silverman): If rank- overQ(t):

Surfaces withy(¢) non-constant (Michel):

Ay 7(p) =p° + O (pg/ 2) .
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DEFINITIONS

Durld) =z Y. Y H@(ME “)

EEF]l 7777 ]TL (]
JiFEIL
Dg}(qs): n-level density with contri-

bution ofr zeros at central point removed.

F . Rational one-parameter family,
t € [N, 2N|, conductors monotone.
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ASSUMPTIONS

1-parameter family of Ell Curves, rank
r overQ(t), rational surface. Assume

o GRH;
e j(t) non-constant;

e S(-Free Sieve i\(¢) has irr poly fac-
tor of deg> 4.

Pass to positive percent sub-seqg where
conductors polynomial of degree.

¢; even Schwartz, suppost:

e 0| < min (%, %) for 1-level

o 0y + 09 < 5= for 2-level.

24



MAIN RESULT

Theorem (Miller 2004):Under previ-
ous conditions, ad — oo, n =1, 2:

SO(even) Iif all even

{ SO If half odd
SO(odd) ifall odd

1 and 2-level densities confirm Katz-
Sarnak, B-SD predictions for small
support.

25



Examples

Constant-Sign Families:
1.y2 = 27 + 24(=3)3(9t + 1),
9t + 1 Square-Free: all even.

2.y% = a3 + 4(4t + 2)u,
4t + 2 Square-Free:
+ all odd, — all even.

3.y° =2 +ta? — (t+3)x +1,
t? + 3t + 9 Square-Free: all odd.

First two rank(O over Q(¢), third is
rank 1.

Without2-Level Density, couldn’t say
whichorthogonal group.
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Examples (cont)

Rational Surface of Rank6 over Q(¢):

' = 25+ (2at — B)x® + (2bt — C)(t* +2t — A+ 1Dx
+(2ct — D)(t* + 2t — A+ 1)

- 8,916, 100, 448, 256, 000, 000
— 811,365, 140, 824, 616, 222, 208
26,497,490, 347, 321, 493, 520, 384
—343,107, 594, 345, 448, 813, 363, 200
16,660, 111,104
—1,603, 174, 809, 600

- 2,149, 908, 480, 000

o e QT
|

Need GRH, Sg-Free Sieve to handle sieving.
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Sketch of Proof

1. Sieving (Arithmetic Progressions)
2. Partial Summation (Complete Sums)

3. Controlling Conductors (Monotone).

28



Sieving

2N NFk/2
SOSM) = Yopd Y sw
d=1

safree te[N,2N]

logt N Nk/2

= > uld ZS B ZQS(t)

d=1 d>log! N
te[N 2N] te[N,2N]

Handle first by progressions.

Handle second by Cauchy-Schwarthie num-
ber oft in the second sum (by Sg-Free Sieve
Conj) iso(N):

DO —

D S < (Zs%))%- <Z1>

teT teT teT

< (tez SQ(t)> 0(\/N>

[N,2N]

DN —
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Sieving (cont)

logl N
> ould) Yo S
=1 D=0

te[N,2N]

t;(d) roots of D(t) = 0 mod d°.
L(d), () + d2, . ty(d) + {%} 2.

If (d,p1p2) = 1, go through complete
set of residue Classv%fi2 times
1D2 '
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Partial Summation

aqip(t') = aya;p)(p), Gaip(u) is related to
the test functions] and: from progressions.

Applying Partial Summation

[N/d?]

S<d7 LT p) — Z ag,z’,p@/)Gd,i,p(t,)

t'=0

-~ <[N1/) il A, F7(p) + 0O (pR)> Gaip([N/d%)

[N/d?]—1
_ Z (;JAT,]—‘(]»‘FO (pR)> <Gd7i,p(u)Gd,i7p(u+1)>

u=0

31



Difficult Piece: Fourth Sum |

[N/d’]—

> o B)(Gaip(u) = Gajplu+1))

TaylorG,; p(u) — Gy p(u+1) gives

RN 1
s d2P"log N*

1 : ph
7 Zi,d givesO(5r logN).

Problem is in summing over the primes,
as we no longer ha\ﬁ%.
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Fourth Sum: Il

If exactly one of the;'s is non-zero, then

Gd,ijp(u) — dep(u + 1)

2
[N/d?]—1 | |
8 M) oettn)
log C(t;(d) + ud?) log C'(ti(d) + (u + 1)d?)

If the conductors are monotone, for fixed{
andp, small independent aV.

If two of the r;'s are non-zero:

|CL16L2 — blbg‘ a1ao — bias + bias — b1b2|

IA

a1y — blag‘ + ‘blag — blb2|
as| - |ay — by| + |by| - |ag — by

33



Handling the Conductors: |

y2—|—a1(t)azy—|—a3(t)y — 333—|—a2(t)a:2+a4(t)a:—|—a6(t)

Hp

PlIA(?)

D1(t) = primitive irred. poly. factors
A(t) andcy(t) share

Do (t) = remaining primitive irred. poly.
factors ofA(t)

D(t) = D1(t)Doft)

D(t) sg-free,C(t) like D?(t)Do(t) ex-
cept for a finite set of bad primes.

Careful:t(t + 1)(t + 2)(t + 3).
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Handling the Conductors: Il

v rar () xy+as(t)y = 2’ +as(t)r*+au(t)z+ag(t)
Let P be the product of the bad primes.

Tate’s Algorithm givesf,(¢), depend only
ona;(t) mod powers op.

Apply Tate’s Algorithm tols;, . Getf,(¢1)
for p| P. Form large,p| P,

fp(T) = fp(P™t +11) = fp(t1),
and order op dividing D(P"'t + t1) is
Independent of.

2
Get integers st'(7) = cbadDégﬂ Di;T>,

D(7) sq-free.

35



Excess Rank

One-parameter family, rankoverQ(t).
RMT = 50% rankr, r+1.
For many families, observe

Percentwith rankr =32%
Percent with rank r+1 = 48%
Percent with rank r+2 = 18%
Percent with rank r+3 = 2%

Problem: small data sets, sub-families,
convergence ratieg(conductoy.

36



Data on Excess Rank

y2+a1xy+a3y = x3+a2x2+a4aj+a6
Family: a; : 0 to 10, rest—10 to 10.

Percent with rank 0 = 28.60%
Percent with rank 1 = 47.56%
Percent with rank 2 = 20.97%
Percentwithrank 3= 2.79%
Percentwithrank 4= .08%

14 Hours, 2,139,291 curves (2,971 sin-
gular, 248,478 distinct).

37



Data on Excess Rank

2

Y-ty

— xg—%tx

Each data set 2000 curves from start.

t-Start Rk 0 Rk 1 Rk 2 Rk 3 Time (hrs)

-1000
1000
4000
8000

24000
50000

Last set has conductors of siz& !, but

39.4
38.4
37.4
37.3
35.1
36.7

47.8
47.3
47.8
48.8
50.1
48.3

12.3
13.6
13.7
12.9
13.9
13.8

0.6
0.6
1.1
1.0
0.8
1.2

on logarithmic scale still small.

38
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1
2.5
6.8
51.8



N o os W N e

Excess Rank Calculations
Families with y* = f;(z); D(t) SqFree

Family t Range Numt¢ r rr+1 r+2 r+3
+4(4t +2) [2,2002] 1622 0 95.44 4.56
—4(4t+2) [2,2002] 1622 0 70.53 29.35
9 + 1 2, 247] 169 0 71.01 28.99
249t +1 [2,272] 169 1 71.60 27.81
tt—1) 2,2002] 643 0 40.44 48.68 10.26 0.62
(6t + 1)x?  [2,101] 93 1 34.41 47.31 17.20 1.08
(6t 4+ )z [2,77] 66 2 30.30 50.00 16.67 3.03

2%+ 4(4t + 2)z, 4t + 2 Sg-Free, odd.
2% — 4(4t + 2)x, 4t + 2 Sg-Free, even.
3+ 24(=3)3(9t + 1)2, 9t + 1 Sg-Free, even.

3+ ta? — (t +3)z + 1, 1 + 3t + 9 Sg-Free, odd.

23+ (t + 1)2? + ta, t(t — 1) Sg-Free, rank.
3+ (6t + 1)z* + 1, 4(6t + 1)% + 27 Sq-Free, rank.
2% — (6t + 1)%x + (6t + 1), (6t + 1)[4(6t + 1)% — 27]

Sqg-Free, rank.
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Excess Rank Calculations
Families with y* = f;(z); All D(t)

Family t Range Numt

+4(4t +2) [2,2002] 2001
—4(4t +2) [2,2002] 2001
9t + 1 (2, 247] 247
2+ 9t+1 [2,272) 271
tt—1)  [2,2002] 2001
(6t + 1)z [2,101] 100
(6t + 1)z [2,77] 76

3+ 4(4t + 2)x, 4t + 2 Sg-Free, odd.
— 4(4t + 2)x, 4t + 2 Sg-Free, even.
23+ 24(=3)%(9t + 1)2, 9t + 1 Sg-Free, even.

_ o O O

r

6.45
63.52
55.28
73.80

0 42.03

32.00

2 32.89

r+1

r+2 r+3

85.76
9.90
23.98

48.43
50.00
50.00

3.95
25.99
20.73
25.83

9.25
17.00
14.47

cxd 4 ta? — (4 3)x + 1, 12 + 3t + 9 Sg-Free, odd.

c2? + (t+ 1)a® + ta, t(t — 1) Sg-Free, rank.
2%+ (6t + 1)z + 1, 4(6t + 1)% + 27 Sg-Free, rank.

2% — (6t +1)%x + (6t + 1)
Sqg-Free, rank.

40
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3.85
.50

0.30
1.00
2.63



Additional Experiments

RMT predicts the effect of multiple eigen-
values at 1 on nearby eigenvalues. (Duenez).

Extensive numerical investigation of ze-

ros near central point underway (Duenez,
Lint, Miller).
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Orthogonal Random Matrix Models
RMT: 2N eigenvalues, in pairs™?i, probabil-

ity measure o0, 7]":

dep(d) H(COS 0y — cos 0;)? H df;

j<k J

First Model:
Sub-ensemble o§O(2N) with the last2n of
the2N eigenvalues equatl:

deg,(0) H(cos Or—cos ;) H(l—cos 0;)*" H db;,
j<k J J

withl < 5.k < N —n.

Second Model:

Aonon = {(g I ) g € SO(2N — 277,)}
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Random Matrix Models and
One-Level Densities

Fourier transform of 1-level density:
1

po(w) = 8(u) + S(u)

Fourier transform of 1-level density
(Rank 2, Independent):

P2, Ind(1) = [5(u) + %n(u) + 2] .

Fourier transform of 1-level density
(Rank 2, Interaction):

pram() = {30u) + ) + 2| +2(1l 1)),
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Testing RMT Models

For small support, 1-level densities for Elliptic
Curves agree Witbr,lndep and r'Otpr,lnteraction

CurveE conductorV g, expectfirst zero

(1) 1) . 1
3+ iy with v ~ Tog Ng°

If » zeros at central point, if repulsion
of zeros is of SIZ% might detect
In 1-level density:

Loy (vbf log NE>

Ee]—" 7

Corrections of size
0 (5’30 + CT>_¢<370> ~ Qb/ (:Ij(:l:o, CT))'CT-
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Rank O Curves: 1st Normalized Zero

120}
100
80/
60|
40}
20|

0.5 1 1.5 2 2.5

750curveslog(cond € [3.2,12.6]; mean= 1.04
120¢
100¢

80}

60

40;

20;

0.5 1 1.5 2 2.5

750curveslog(cond € [12.6, 14.9]; mean= .88
(Far left and right bins just for formatting)
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Rank 2 Curves: 1st Normalized Zero

100/
80|
60|
40/

20;

1 2 3 4

665 curveslog(cond € [10,10.3125);
mean= 2.30

100;
80+
60+
40+

20¢

1 2 3 4

665 curveslog(cond € [16, 16.5];
mean= 1.82
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Rank 2 Curves: [0, 0,0, —t2, t*]
1st Normalized Zero

17.5¢
15}
12. 5}
10}

\l

N
g g o

0 1 2 3 4
35 curveslog(cond € [7.8,16.1]; mean= 2.24

17.5¢

0 1 2 3 4

34curveslog(cond € [16.2,23.3]; mean= 2.00
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Summary

e Similar behavior in different systems.
e Find correct scale.

e Average over similar elements.

e Need an Explicit Formula.

e Different statistics tell different sto-
ries.

e Evidence for B-SD, RMT Interpre-
tation of zeros

e Need more data.
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Appendices

The first two appendices list various standard conjec-
tures. The second provides (at least conjecturally) when
a family should have equidistribution of signs of func-
tional equations. Experimental evidence is provided in
the third appendix, which is on the distribution of signs
of elliptic curves in a one-parameter family. Testing whether
or not a generic family is equidistributed in sign. We
looked at 1000 consecutive elliptic curves, and calcu-
lated the excess of positive over negative. We did this
many times, and created a histogram plot. The fluctua-
tions look Gaussian! The third appendix gives the for-
mula to numerically approximate the analytic rank of an
elliptic curve. For a curve of conductdyz, one needs
about\/Ng log Nr Fourier coefficients. The fourth ap-
pendix gives some estimates on bounding the number of
curves in a family with given rank.
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Appendix I: Standard Conjectures

Generalized Riemann Hypothesis (for Elliptic Curves)
Let L(s, E') be the (normalized]-function of the ellip-
tic curve E. Then the non-trivial zeros di(s, ) satisfy

Res) = 1.

Birch and Swinnerton-Dyer Conjecture [BSD1], [BSDZ2]
Let £ be an elliptic curve of geometric rankoverQ (the
Mordell-Weil group isZ” & T', T' is the subset of torsion
points). Then the analytic rank (the order of vanishing of
the L-function at the central point) is alsa

Tate’s Conjecture for Elliptic Surfaces [Ta] LetE/Q
be an elliptic surface and.,(€, s) be the L-series at-
tached toHg(£/Q, Q). ThenLy(&, s) has a meromor-
phic continuation toC and satisfies-ord,_,Ly(E, s) =
rank NS(E/Q), whereNS(E/Q) is theQ-rational part
of the Neron-Severi group &f. Further, Ly(&, s) does
not vanish on the line Re) = 2.

Most of the 1-param families we investigate are rational
surfaces, where Tate’s conjecture is known. See [RSI].
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Appendix II: Equidistribution of Signs

ABC Conjecture Fix ¢ > 0. For co-prime positive integers, b and ¢ with
c=a+bandN(a,b,c) =[], 4. Ps ¢ <c N(a,b,¢)'".

The full strength of ABC is never needed; rather, we need a consequence of
ABC, the Square-Free Sieve (see [Gr]):

Square-Free Sieve Conjecturd=ix an irreducible polynomialf (¢) of degree
at least4. AsN — oo, the number of € [N, 2N] with f(¢) divisible byp? for
somep > log N iso(NV).

For irreducible polynomials of degree at m8sthe above is known, complete
with a better error than(N) ([Ho], chapterd).

Restricted Sign Conjecture (for the Family F) Consider a one-parameter
family F of elliptic curves. AV — oo, the signs of the curvek; are equidis-
tributed fort € [N, 2N].

The Restricted Sign conjecture often fails. First, there are families with con-
stantj(E;) where all curves have the same sign. Helfgott [He] has recently related
the Restricted Sign conjecture to the Square-Free Sieve conjecture and standard
conjectures on sums of Moebius:

Polynomial MoebiusLet f(¢) be a non-constant polynomial such that no fixed
square divideg (t) for all t. Then>_ Y, u(f(t)) = o(N).

The Polynomial Moebius conjecture is known for lingdt).

Helfgott shows the Square-Free Sieve and Polynomial Moebius imply the Re-
stricted Sign conjecture for many families. More preciselyMgt) be the prod-
uct of the irreducible polynomials dividing (¢) and notc,().

Theorem: Equidistribution of Sign in a Family [He]: Let F be a one-
parameter family with;(¢) € Z[t]. If j(E;) and M (t) are non-constant, then the
signs ofE;, t € [N, 2N], are equidistributed asv — oo. Further, if we restrict
to goodt, t € [NV, 2N] such thatD(¢) is good (usually square-free), the signs are
still equidistributed in the limit.
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Distribution of Signs: % = 2°® + (t + 1)2% + tw

450

400 bl
V2o H(t+H L)X+
t(t-1) square free

350 Rank: 0 -
2,021,699 curves
BlockSize=1000

3001 BinSize=16 |

250

200

100

50

0
-150

Excess Sign: 1424

-100

-50 0

50 100 150

Histogram plotD(t) sg-free, first - 10° sucht.

450

4001 g
Y2+t LXK
allt

350 - Rank: 0 7
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Distribution of signs: y? = 2 + (t + 1)2? + ta

12000 T T T T T

y2:x3+(t+1)x2+tx

all t

Rank: 0
50,000,000 curves
BlockSize=1000
BinSize=16
Excess Sign: +1218

10000

8000

6000

4000

2000

0
-150 -100 -50 0 50 100 150

Histogram plot: Allt € [2,5 - 107]

The observed behavior agrees with the predicted be-
havior. Note as the number of curves increase (compar-
ing the plot of5 - 107 points to2 - 10° points), the fit to the
Gaussian improves.

Graphs by Atul Pokharel
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Appendix I
Numerically Approximating Ranks:
Preliminaries

Cusp formf, level N, weight2:

f(=1/Nz) = —eN2*f(2)
f(i/yVN) = ey’ fliy NV N).

A(f,s) =€eA(f,2—5s), e==%l.

To eachF corresponds af, write [ = [/ + [ and
use transformations.
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Algorithm for L'(s, F): |

AE,s) = /0 Oof(iy/\/fv )y*dy
_ / Fliy NNy ldy + / " Hliy NNy dy
= [ I e

Differentiate k times with respect to s:

A®(E, 5) = / " Fly NN (log ) (5! + e(— 1)y )d.

At s =1,

NOE, D) = (14 e(-11) [ flip/B)log o),

Trivially zero for half ofk; let » be analytic rank.
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Algorithm for L"(s, E): I

AO(E, 1) = 2 / " Hiy V) (og y)dy

3 [ e i
n=1 1

Integrating by parts
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Expansion of G, (z)

Gy(x) = (1og )+§: mlind

n—1

P,(t) is a polynomial of degree ()

Q(t) = t; 2
1 T

Qa(t) = 5752 +
Q) = 20+ T4
Qu(t) = 2—14754 + ;T—itQ — @t + %;
Qs(t) = 1—;0755 + ;T—;ﬁ - @ﬂ n %t _

Forr = 0,

N <= a,,
ANE 1) = £ Z % o2y VN

n=1

Need about/N or /N log N terms.
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Appendix IV:
Bounding Excess Rank

Dy #(¢n) = 31(0) + 561(0) + r1(0)

To estimate the percent with rank at least
R, Pr, we get

R&:(0)Pr < 31(0) + 561(0), B> 1.

Note the family rankr has been cancelled
from both sides.

The2-level density givesquaresof the rank
on the left, get a cross terntz.

The disadvantage is our support is smaller.

Once R is large, the2-level density yields
better results. We now give more details.
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n-Level Density and Excess Rank
Bounds

Forn = 1 and2, consider the test functions

Fw) = 3 (5ou—ghl), bl <o

Sy 1
_ sin®(27m50,7)
filz) = (27‘(562)2

Expecto, = 3; only able to prove for; = 7.

Note f,(0) = %, £,(0) = f,(0)~.

Assume B-SD, Equidistribution of Sign
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Notation

AN

Family with rankr, Dy () = f(0) + 2 £(0) + 7 £(0).

By even (odd) we mean a curve whose rankhas
rg — r even (odd).

Py probability even curve has rank r + 2ay.

P,: probability odd curve has rank r + 1 + 2b,.

Dy #(f 7 Z Zf (k)gNEWE)

EeF g
~vg IS the imaginary part of the zeros.
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Average Rank: 1-Level Bounds

Fi0) + 5:(0) + /10

1 1 1
— Y g < — 4+

ﬁ
&
=
=
IA

e All Curves: r = 0, 0 = 3, giving 2.25 (Brumer,
Heath-Brown: [Br], [BHB3], [BHB5])

o 1-Parameter Familiegdeg(N(¢)) + 7+ 3)-(1 + o(1))
(Silverman [Si3]).

Hopel-Level Density true for — oc.

Would yield average rank is+ 3.
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Excess Rank:1-Level Bounds
Assume half even, half odd.

Even curvesl — P, have rank< r + 2aq — 2; replace
ranks withr. P, have rank> r+2a; replace withr+2ay.

Odd curvesi1 — P, contributingr + 1. P, contributing
r+1+ 2b0

1 1 I
— o4 > —(1—PO)T+PO(7~+2aO)}
01 2 2L
1_
. L
— > aogBPy + byP.
01

1-Level Density Bounds for Excess Rank

Py

IA

P

IA

1
ano1
1
boo1
ap01

Prob{rank> r + 2a¢} <
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2-Level Bounds:

Dy #(f) = D3 #(f) = 2D #(f1f2) + f1(0) f2(0)N(F, —1)

Diof) = T1 [F0)+30] +2 [ 1w Fwa

1=1

+7£1(0) £2(0) + 7 £1(0) fo(0) + (r* +7) £1(0) £2(0)

AN

Dy #(f) = J(0) +5f(0) +7f(0).

DO | —

D; (f) is over all zeros. Gives

1 5 1 1 1 1 2r
— g < —=+—+-+-+—+1r"+r
|.7:\E62;E o5 oy 4 3 oy
1%_27“+1+1+2+ +1
= — — 4+ 4+ -
o5 P, 12 2
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Excess Rank:2-Level Bounds: |

Similar proof yields

Theorem: First 2-Level Density Bounds

T—f-?
g9

_|_
+ )
_|_

1 1
_2 5

+

P <
ao(a
_l_

(

1

ap
1 2
24

H,S

T+D

Foro, = %, r =0, a; = 1. worsethanl-level density.

For fixedo, = 7} andr, as we increase, we eventu-
ally do get a better bound.

Proportional to(ao+1)2 instead ofwlgl.
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Excess Rank:2-Level Bounds: Il
Use D, #(f) instead ofDj ~(f).
rp = number of zeros of curvé. Sum overj; # js.

rp even, getrp(ry—2) (each zero matched withy, —2
others).

TE Odd:(T’E—1>(TE—2)—|—<TE—1) = TE(TE—2)+1.

Theorem: Second-Level Density Bounds

1 1 r 1
P - Q + 24 + 0_2 o GTUQ
0 >
CLO(CLO +7r — 1)
1 1, 1
W + 24 + 0'_2 o 67"2
P < =2
- bo(bo + 7) ’
wherea, # 1 if r = 0.
2.8 192
oy = 2L andr = 0, better fora, > %
o2+8001+192

r =1, better foray > =~

Decay is proportional tg—)ao(lj—l)Q.
Note the numerator is never negative; at Iq@st
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Excess Rank:2-Level Bounds: llla
rp = T+ Zg.

Z]i ng fl(L”ijl)f2<L’)/Ej2>. Let N be one of ther
family zeros, varying givesf;(0) Dy g(f2). Interchang-
Ing 71 andj, we get a contribution oD, z(f) f2(0) for
each of the- family.

Only double counting whep andj, are both a family
zero. Subtract off~ f1(0) f2(0).

For the other zeros: already taken into account con-
tribution from j; one of thezg zeros and, one of ther

family zeros (and vice-versa).

Thus, for a given curve, a lower bound of the contri-
bution from all pairgji, j2) is

r1(0) Dy g(f2) + D1 p(f1) f2(0) — 7 f1(0) f2(0) + 25
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Excess Rank:2-Level Bounds: Ilib

Summing over ally’ € F and simplifying gives

1 I 1
- __l__

1
ZZE S 2t TR
Eef 92
Similar calculation gives

Theorem: Third 2-Level Density Bounds

s+ 3= + o
2 2
PO S 02 ;2
ao
P < 2 7
1 =
b() + b(2)
2448 192
oy = 7 beatsl-level foray > Uﬁzﬂf
_ 2448 192
r # 0. beats first-level onceq, > 01+96?1+
1) 01 —|—48(71+192
) 9601 )

r > 1: beats secongtlevel oncezy > (
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Heath-Brown & Brumer

Family of all elliptic curvesE,, ;.:

= (P ="+ az+bila] < TH,[b] < T

From1-Level Expansion, get

log T logp 1
Ea _2 a, .
r(Eap) < logX Zap 2 <logX>+O (logX>

p<X

If r(E,p) > r > 342155, then|U(E,), X)| > <5+

Led to

log T\ 2
#{Ea,b S FT : 74(£Ca,b) > T}( g2 ) Z ‘U aba ’2k.

a pEF

Find X = Tor, k = [%2]. Yields

Prob(rankE,;) > r) < (llr)™®
log T’
loglog T"

rank E,;,) < 17
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