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FundamentalProblem:SpacingBetweenEvents

GeneralFormulation:Studyingsystem,observevaluesatt1,
t2,t3,....

Question:whatrulesgovernthespacingsbetweentheti?

Examples:

•Spacingsb/wPrimes.

•Spacingsb/wEnergyLevelsofNuclei.

•Spacingsb/wEigenvaluesofMatrices.

•Spacingsb/wZerosofFunctions.
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GoalsoftheTalk

•Determinecorrectscaletostudyspacings.

•Seesimilarbehaviorindifferentsystems.

•Discusstools/techniquesneededtoprovetheresults.
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PARTI

NORMALIZEDSPACINGS

and

BACKGROUNDMATERIAL
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NormalizedSpacing

Example:FractionalParts

Forα6∈Q,setxn=nαmod1.

Orderx1,...,xN:0≤y1≤···≤yN≤1.

Expectspacingsbetweenadjacenty’sofsize1
N.

Shouldstudy
yn+1−yn

1/N.
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NormalizedSpacing

Example:Primes

π(x)=#{p:pprime,p≤x}≈x
logx

(AveSpacingb/wPrimesatmostx)=x
π(x)≈logx.

Ifpn,pn+1≈x,study
pn+1−pn

logx.

Onereasonwhytwinprimesaresohard:2
logx→0.

Aside:Twinprimesledtofindingthepentiumbug!
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PARTII

PROBABILITYANDLINEARALGEBRAREVIEW
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ProbabilityReview

Letp(x)beaprobabilitydensity:

p(x)≥0 ∫∞

−∞
p(x)dx=1.

Thus

Prob(x∈[a,b])=

∫b

a
p(x)dx.

Moments:

kth-moment=

∫∞

−∞
xkp(x)dx.

GoodfunctionuniquelydeterminedbyitsTaylorSeries,agoodprobability
densityisuniquelydeterminedbyitsmoments.
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ProbabilityReview(cont)

Importantquantities:

1.Meanµ=
∫
xp(x)dx.

2.Varianceσ2=
∫

(x−µ)2p(x)dx.
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LinearAlgebraReview



a11···a1N
.........
aN1···aNN





v1
...
vN


=



w1
...
wN




Ingeneral,inA−→v=−→w,−→wwillhavedifferentmagnitudeanddirection
than−→v.

−→v6=−→0isaneigenvectorwitheigenvalueλif

A−→v=λ−→v.

Note

A
2−→v=A(A−→v)=A(λ−→v)=λ

2−→v.
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LinearAlgebraReview(cont)

Say−→vieigenvectorswitheigenvaluesλi.

Assume
−→v=c1−→v1+···+ck−→vk.

Then

Am−→v=Am(c1−→v1+···+ck−→vk)

=Am(c1−→v1)+···+Am(ck−→vk)

=c1Am−→v1+···+ckAm−→vk

=c1λm
1−→v1+···+ckλm

k
−→vk.
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PARTII

RANDOMMATRIXTHEORY
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OriginsofRandomMatrixTheory

ClassicalMechanics:3BodyProblemIntractable.

HeavynucleilikeUranium(200+protons/neutrons)evenworse!

Getsomeinfobyshootinghigh-energyneutronsintonucleus,seewhat
comesout.

FundamentalEquation:

Hψn=Enψn

H:matrix,entriesdependonsystem
En:aretheenergylevels
ψn:aretheenergyeigenfunctions
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Origins(cont)

StatisticalMechanics:foreachconfiguration,calculatequantity(saypres-
sure).

Averageoverallconfigurations–mostconfigurationsclosetosystemaver-
age.

Nuclearphysics:choosematrixatrandom,calculateeigenvalues,average
overmatrices.

Lookat:RealSymmetric(A=A
T

),ComplexHermitian(A
T

=A),Clas-
sicalCompactgroups.
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RandomMatrixEnsembles

RealSymmetricMatrices:

A=





a11a12a13···a1N
a12a22a23···a2N

...............
a1Na2Na3N···aNN



=AT,aij=aji

Fixp,define

Prob(A)=
∏

1≤i≤j≤N
p(aij).

Thismeans

Prob
(
A:aij∈[αij,βij]

)
=

∏

1≤i≤j≤N

∫βij

xij=αij

p(xij)dxij.

WanttounderstandeigenvaluesofA.
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EigenvalueDistribution

δ(x−x0)isaunitpointmassatx0.

ToeachA,attachaprobabilitymeasure:

µA,N(x)=
1

N

N∑

i=1

δ

(
x−

λi(A)

2
√
N

)

Equivalently

∫b

a
µA,N(x)dx=

#
{
λi:

λi(A)

2
√
N∈[a,b]

}

N
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Semi-CircleLaw

N×Nrealsymmetricmatrices,entriesi.i.d.r.v.fromafixed
p(x).

Semi-CircleLaw:Assumephasmean0,variance1,other
momentsfinite.ThenforalmostallA,asN→∞

µA,N(x)−→
{2
π

√
1−x2if|x|≤1

0otherwise.
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RandomMatrixTheory:Semi-CircleLaw
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500Matrices:Gaussian400×400

p(x)=1 √
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18



RandomMatrixTheory:Semi-CircleLaw
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The eigenvalues of the Cauchy
distribution are NOT semicirular. 

CauchyDistr:p(x)=1
π(1+x2)
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GOEConjecture

GOEConjecture:AsN→∞,theprobabilitydensityofthe
spacingb/wconsecutivenormalizedeigenvaluesapproachesa
limitindependentofp.

OnlyknownifpisaGaussian.

GOE(x)≈Axe−Bx2
.
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UniformDistribution:p(x)=1
2for|x|≤1
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 uniform matrices, normalized in batches
of 20. 

5000:300×300uniformon[−1,1]
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CauchyDistribution:p(x)=1
π(1+x2)
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The local spacings of the central 3/5 of the eigenvalues
of 5000 100x100 Cauchy matrices, normalized in batches
of 20. 

5000:100×100Cauchy
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FatThinFamilies

NeedafamilyFATenoughtodoaveraging.

NeedafamilyTHINenoughsothateverythingisn’taver-
agedout.

RealSymmetricMatriceshave
N(N+1)

2independententries.
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RandomGraphs
   1

2
3

4

Degreeofavertex=numberofedgesleavingthevertex.

Adjacencymatrix:aij=numberedgesb/wVerticesiandj.

A=





0011
0010
1102
1020





TheseareRealSymmetricMatrices.
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McKay’sLaw

d=6.

FatThin:fatenoughtoaverage,thinenoughtogetsomethingdifferentthan
Semi-circle.
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3-Regular,2000VerticesandGOE
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PARTIII

NUMBERTHEORY
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RiemannZetaFunction

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(
1−

1

ps

)−1

,Re(s)>1.

GeometricSeries(andExtendingFunctions):If|u|<1,
∞∑

k=0

uk=1+u+u2+u3+···=
1

1−u

UniqueFactorization:n=p
r1
1···p

rm
m.

∏

p

(
1−

1

ps

)−1

=

[
1+

1

2s+

(1

2s

)2

+···
][

1+
1

3s+

(1

3s

)2

+···
]
···

=
∑

n

1

ns.
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RiemannZetaFunction(cont):

ζ(s)=
∑

n

1

ns=
∏

p

(
1−

1

ps

)−1

,Re(s)>1

π(x)=#{p:pisprime,p≤x}

Propertiesofζ(s)andPrimes:

•lims→1+ζ(s)=∞,π(x)→∞.

•ζ(2)=π2

6,π(x)→∞.
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RiemannZetaFunction(cont):

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(
1−

1

ps

)−1

,Re(s)>1.

FunctionalEquation:

ξ(s)=Γ
(s

2

)
π−s2

ζ(s)=ξ(1−s).

RiemannHypothesis:

AllzeroshaveRe(s)=
1

2
;canwritezerosas

1

2
+iγ.

Observation:
Spacingsb/wzerosappearsameasb/weigenvaluesofComplexHermitian
matrices(A

T
=A).
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Zerosofζ(s)vsGUE 2NICHOLASM.KATZANDPETERSARNAK

Figure1.Nearestneighborspacingsamong70millionzeroesbe-
yondthe10

20
-thzeroofzeta,versesµ1(GUE).

RH(needlesstosay,inthenumericalexperimentsreportedonbelowallzeroes
foundwereonthelineRe(s)=

1
2)andordertheordinatesγ:

......γ−1≤0≤γ1≤γ2.... (4)

Thenγj=−γ−j,j=1,2,...,andinfactγ1isratherlarge,beingequalto
14.1347....Itisknown(apparentlyalreadytoRiemann)that

#{j:0≤γj≤T}∼
TlogT

2π
,asT→∞. (5)

Inparticular,themeanspacingbetweentheγ
′
jstendstozeroasj→∞.Inorder

toexaminethe(statistical)lawofthelocalspacingsbetweenthesenumberswe
re-normalize(or“unfold”asitissometimescalled)asfollows:
Set

γ̂j=
γjlogγj

2π
forj≥1. (6)

Theconsecutivespacingsδjaredefinedtobe

δj=γ̂j+1−γ̂j,j=1,2,.... (7)

Moregenerally,thek−thconsecutivespacingsare

δ
(k)
j=γ̂j+k−γ̂j,j=1,2,.... (8)

Whatlaws(i.e.distributions),ifany,dothesenumbersobey?
Duringtheyears1980-present,Odlyzko[OD]hasmadeanextensiveandpro-

foundnumericalstudyofthezeroesandinparticulartheirlocalspacings.He
findsthattheyobeythelawsforthe(scaled)spacingsbetweentheeigenvaluesof

70millionspacingsb/wadjacentzerosofζ(s),startingatthe
1020thzero(fromOdlyzko)
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FamiliesofL-Functions

Moregenerally,wemayconsideranL-function

L(s,f)=

∞∑

n=1

an(f)

ns=
∏

p

Lp(p−s,f)−1,Re(s)>s0.

Examples:

•DirichletCharacters:an(f)=χf(n).

•EllipticCurves:y2=x3+Afx+Bf,ap(f)isrelatedto
numberofsolnsmodp.

GeneralRiemannHypothesis:AllL-functions(afternormal-
ization)havetheirzerosonthecriticalline.
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MeasuresofSpacings:
n-LevelCorrelations

{αj}beanincreasingsequenceofnumbers,B⊂R
n−1

acompactbox.Definethe
n-levelcorrelationby

lim
N→∞

#

{(
αj1−αj2,...,αjn−1−αjn

)
∈B,ji6=jk

}

N

Insteadofusingabox,canuseasmoothtestfunction.

Results:

1.Normalizedspacingsofζ(s)startingat10
20

(Odlyzko)

2.Pairandtriplecorrelationsofζ(s)(Montgomery,Hejhal)

3.n-levelcorrelationsforallautomorphiccupsidalL-functions(Rudnick-
Sarnak)

4.n-levelcorrelationsfortheclassicalcompactgroups(Katz-Sarnak)

5.insensitivetoanyfinitesetofzeros
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MeasuresofSpacings:
n-LevelDensityandFamilies

Letφ(x)=
∏
iφi(xi),φievenSchwartzfunctionswhoseFourier

Transformsarecompactlysupported.

Dn,f(φ)=
∑

j1,...,jn
distinct

φ1

(
Lfγ

(j1)
f

)
···φn

(
Lfγ

(jn)
f

)

1.individualzeroscontributeinlimit

2.mostofcontributionisfromlowzeros

3.averageoversimilarcurves(family)

Toanygeometricfamily,Katz-Sarnakpredictthen-level
densitydependsonlyonasymmetrygroup(aclassicalcom-
pactgroup)attachedtothefamily.
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NumberTheoryResults

•Orthogonal:
Iwaniec-Luo-Sarnak:1-leveldensityforholomorphicevenweightk

cuspidalnewformsofsquare-freelevelN(SO(even)andSO(odd)ifsplit
bysign).

Miller:One-parameterfamiliesofellipticcurves.

•Symplectic:Rubinstein:n-leveldensitiesfortwistsL(s,χd)ofthezeta-
function.

•Unitary:Miller,Hughes-Rudnick:FamiliesofPrimitiveDirichletChar-
acters.
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MainTools

•AveragingFormulas:PeterssonformulainILS,Orthogonal-
ityofcharactersinRubinstein,Miller,Hughes-Rudnick.

•ExplicitFormula:Relatessumsoverzerostosumsover
primes.

•Controlofconductors:Monotone.
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PARTIV

SKETCHOFPROOFS
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SKETCHOFPROOF:EigenvalueTraceLemma

Trace(A)=a11+a22+···+aNN.

THEOREM:Trace(Ak)=

N∑

i=1

λi(A)k.

Allowsustopassfromknowledgeofmatrixentriestoknowl-
edgeofeigenvalues.
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SKETCHOFPROOF:CorrectScale

Trace(A2)=

N∑

i=1

λi(A)2.

BytheCentralLimitTheorem:

Trace(A2)=

N∑

i=1

N∑

j=1

aijaji=

N∑

i=1

N∑

j=1

a2
ij∼N2

N∑

i=1

λi(A)2∼N2

GivesNAve(λi(A)2)∼N2orAve(λi(A))∼
√
N.
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SKETCHOFPROOF:EigenvalueDistribution

δ(x−x0)isaunitpointmassatx0.

ToeachA,attachaprobabilitymeasure:

µA,N(x)=
1

N

N∑

i=1

δ

(
x−

λi(A)

2
√
N

)

Obtain:

kth-moment=

∫∞

−∞
xkµ

A,N(x)dx=
1

N

N∑

i=1

λi(A)k

(2
√
N)k

=
Trace(Ak)

2kN
k
2+1
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SKETCHOFPROOF:Semi-CircleLaw

N×Nrealsymmetricmatrices,entriesi.i.d.r.v.fromafixed
p(x).

Semi-CircleLaw:Assumephasmean0,variance1,other
momentsfinite.ThenforalmostallA,asN→∞

µA,N(x)−→
{2
π

√
1−x2if|x|≤1

0otherwise.

Traceformulaconvertssumsovereigenvaluestosumsoveren-
triesofA.
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SKETCHOFPROOF:Semi-CircleLaw

N×Nrealsymmetricmatrices,entriesi.i.d.r.v.fromafixed
p(x).

Semi-CircleLaw:Assumephasmean0,variance1,other
momentsfinite.ThenforalmostallA,asN→∞

µA,N(x)−→
{2
π

√
1−x2if|x|≤1

0otherwise.

Traceformulaconvertssumsovereigenvaluestosumsoveren-
triesofA.

Expectedvalueofkth-momentofµA,N(x)is
∫∞

−∞
···
∫∞

−∞

Trace(Ak)

2kN
k
2+1

∏

i≤j
p(aij)daij
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SKETCHOFPROOF:2nd-Moment

Trace(A2)=

N∑

i=1

N∑

j=1

aijaji=

N∑

i=1

N∑

j=1

a2
ij.

Substitutingintoexpansiongives

1

22N2

∫∞

−∞
···
∫∞

−∞

N∑

i=1

N∑

j=1

a2
ji·p(a11)da11···p(aNN)daNN

Integrationfactorsas
∫∞

aij=−∞
a2
ijp(aij)daij·

∏

(k,l)6=(ij)
k<l

∫∞

akl=−∞
p(akl)dakl=1.

HaveN2summands,answeris1
4.
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SKETCHOFPROOF:ZeroKnowledge(Heuristic)

P(x)polynomial,zerosr1,...,rn.Then

P(x)=(x−r1)(x−r2)···(x−rn)

=xn+an−1(r1,...,rn)xn−1+···+a0(r1,...,rn)

where

an−1(r1,...,rn)=−(r1+···+rn)
...

a0(r1,...,rn)=r1r2···rn.

Knowledgeofzerosgivesinfooncoefficients.
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ExplicitFormula:(ContourIntegration)

−
ζ′(s)

ζ(s)
=−

d
ds

logζ(s)

=
d
ds

∑

p

log
(
1−p−s)

=
∑

p

logp·p−s
1−p−s

=
∑

p

logp

ps+Good(s).

ContourIntegration:
∫
−
ζ′(s)

ζ(s)

x
s

s
dsvs

∑

p

logp

∫(x
p

)sds
s
.

Knowledgeofzerosgivesinfooncoefficients.
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DirichletL-Functions(mprime)

Letχbeaprimitivecharactermodm,c(m,χ)Gausssumofmodulus √m.

L(s,χ)=
∏

p

(1−χ(p)p−s)−1

Λ(s,χ)=π−1
2(s+ε)

Γ
(s+ε

2

)
m

1
2(s+ε)

L(s,χ),

where

ε=

{
0ifχ(−1)=1

1ifχ(−1)=−1

Λ(s,χ)=(−i)
εc(m,χ)
√mΛ(1−s,χ̄).
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ExplicitFormula

LetφbeanevenSchwartzfunctionwithcompactsupport(−σ,σ).

Letχbeanon-trivialprimitiveDirichletcharacterofconductorm.

∑
φ

(
γ

log(
m
π)

2π

)
=

∫∞

−∞
φ(y)dy

−
∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2

−
∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.
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Expansion

Considerthefamilyofprimitivecharactersmodaprimem(m−2char-
acters):

∫∞

−∞
φ(y)dy

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.

NotecanpassCharacterSumthroughTestFunction.
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CharacterSums
AnalogueofEigenvalueTraceLemma

∑

χ

χ(k)=

{
m−1k≡1(m)

0otherwise

Foranyprimep6=m

∑

χ6=χ0

χ(p)=

{
m−1−1p≡1(m)

−1otherwise

Givesresultsforsupportin[−2,2].

Togofurtherrequiresboundsinerrorsinprimescongruentto1modm.
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CharacterSums

Letδ1p;m=1ifp≡1modmand0otherwise.Forp6=m
∑

χ6=χ0

χ(p)=−1+φ(m)δ1p;m

Substitutinginto

1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2

yields

2

m−2

mσ
∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2[−1+φ(m)δ1p;m]

Nocontributionifσ<2.
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PARTV

CONCLUSIONS
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Correspondences

Similaritiesb/wNucleiandPrimes:

EnergyLevels←→Zerosofζ(s)

NeutronEnergy←→SupportofTestFns

DifferentElements:U,Pu,...←→DifferentL-Functions
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Summary

•Similarbehaviorindifferentsystems.

•Findcorrectscale.

•Averageoversimilarelements.

•NeedaTraceLemma.

•Thinsubsetscanexhibitverydifferentbehavior.
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OpenProblems(RMT)
RealSymmetricBandMatrices








a1,1a1,20···000
a1,2a2,2a2,3···000
0a2,3a3,3···000
.....................
000···aN−2,N−2aN−2,N0
000···aN−2,NaN−1,N−1aN−1,N

000···0aN−1,NaN,N








RealSymmetricToeplitzMatrices





b0b1b2···bN−1

b1b0b1···bN−2

b2b1b0···bN−3
...............

bN−1bN−2bN−3···b0






Dependenceonp,RatesofConvergence,Non-independenten-
tries
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OpenProblems(NT)
PrimesinCongruenceClasses:
ImprovingsupportforDirichletL-fnsrelatedtosizeofπm,1(x)−

π(x)
φ(m).

IdentifyingClassicalCompactGroup:
InfunctionfieldknowwhatthecorrespondingRMTgroupis;littleknown
forGLnL-fns.

Montgomery-OdlyzkoLaw:
NumericalobservationthatzerosofL-fnsatheightTbehavelikeeigenval-
uesofN×NmatriceswithN=log

T
2π.

FiniteHeight/FiniteFamilySize:
Knowcorrectmodelforhighzeros(N=log

T
2π);whatisthecorrectmodel

forzerosnearthecentralpointasconductortendstoinfinity?

55



APPENDIXI:
DirichletL-Functions
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DirichletCharacters:
mPrime

(Z/mZ)∗iscyclicoforderm−1withgeneratorg.

Letζm−1=e
2πi/(m−1)

.

Theprincipalcharacterχ0isgivenby

χ0(k)=

{
1(k,m)=1

0(k,m)>1.

Them−2primitivecharactersaredetermined(bymultiplicativity)by
actionong.

Aseachχ:(Z/mZ)∗→C∗,foreachχthereexistsanlsuchthatχ(g)=
ζ
l
m−1.Henceforeachl,1≤l≤m−2wehave

χl(k)=

{
ζ
la
m−1k≡g

a
(m)

0(k,m)>0
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DirichletL-Functions

Letχbeaprimitivecharactermodm.Let

c(m,χ)=

m−1 ∑

k=0

χ(k)e
2πik/m

.

c(m,χ)isaGausssumofmodulus√m.

L(s,χ)=
∏

p

(1−χ(p)p−s)−1

Λ(s,χ)=π−1
2(s+ε)

Γ
(s+ε

2

)
m

1
2(s+ε)

L(s,χ),

where

ε=

{
0ifχ(−1)=1

1ifχ(−1)=−1

Λ(s,χ)=(−i)
εc(m,χ)
√mΛ(1−s,χ̄).
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ExplicitFormula

LetφbeanevenSchwartzfunctionwithcompactsupport(−σ,σ).

Letχbeanon-trivialprimitiveDirichletcharacterofconductorm.

∑
φ

(
γ

log(
m
π)

2π

)
=

∫∞

−∞
φ(y)dy

−
∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2

−
∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.
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Expansion

{χ0}∪{χl}1≤l≤m−2areallthecharactersmodm.

Considerthefamilyofprimitivecharactersmodaprimem(m−2char-
acters):

∫∞

−∞
φ(y)dy

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−

1

2

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.

NotecanpassCharacterSumthroughTestFunction.
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CharacterSums

∑

χ

χ(k)=

{
m−1k≡1(m)

0otherwise

Foranyprimep6=m

∑

χ6=χ0

χ(p)=

{
m−1−1p≡1(m)

−1otherwise

Substituteinto

1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2
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FirstSum

−2

m−2

mσ
∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2

+2
m−1

m−2

mσ
∑

p≡1(m)

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2

�
1

m

mσ
∑

p

p−1
2+

mσ
∑

p≡1(m)

p−1
2

�
1

m

mσ
∑

k

k−1
2+

mσ
∑

k≡1(m)
k≥m+1

k−1
2

�
1

m

mσ
∑

k

k−1
2+

1

m

mσ
∑

k

k−1
2

�
1

m
m
σ/2
.

Nocontributionifσ<2.
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SecondSum

1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)χ2
(p)+χ

2
(p)

p
.

∑

χ6=χ0

[χ
2
(p)+χ

2
(p)]=

{
2(m−2)p≡±1(m)

−2p6≡±1(m)

UptoO
(1

logm

)
wefindthat

�
1

m−2

mσ/2
∑

p

p−1
+

2m−2

m−2

mσ/2
∑

p≡±1(m)

p−1

�
1

m−2

mσ/2
∑

k

k−1
+

mσ/2
∑

k≡1(m)
k≥m+1

k−1
+

mσ/2
∑

k≡−1(m)
k≥m−1

k−1

�
log(m

σ/2
)

m−2
+

1

m

mσ/2
∑

k

k−1
+

1

m

mσ/2
∑

k

k−1
+O

(1

m

)

�
logm

m
+

logm

m
+

logm

m
.
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DirichletCharacters:mSquare-free
Fixanrandletm1,...,mrbedistinctoddprimes.

m=m1m2···mr

M1=(m1−1)(m2−1)···(mr−1)=φ(m)

M2=(m1−2)(m2−2)···(mr−2).

M2isthenumberofprimitivecharactersmodm,eachofconductorm.

Ageneralprimitivecharactermodmisgivenbyχ(u)=χl1(u)χl2(u)···χlr(u).

LetF={χ:χ=χl1χl2···χlr}.

1

M2

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2

∑

χ∈F
[χ(p)+χ(p)]

1

M2

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
p−1∑

χ∈F
[χ

2
(p)+χ

2
(p)]
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CharactersSums:

mi−2
∑

li=1

χli(p)=

{
mi−1−1p≡1(mi)

−1otherwise

Define

δmi(p,1)=

{
1p≡1(mi)

0otherwise

Then

∑

χ∈F
χ(p)=

m1−2 ∑

l1=1

···
mr−2 ∑

lr=1

χl1(p)···χlr(p)

=

r∏

i=1

mi−2
∑

li=1

χli(p)

=

r∏

i=1

(
−1+(mi−1)δmi(p,1)

)
.
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ExpansionPreliminaries:
k(s)isans-tuple(k1,k2,...,ks)withk1<k2<···<ks.

Thisisjustasubsetof(1,2,...,r),2
r

possiblechoicesfork(s).

δk(s)(p,1)=

s∏

i=1

δmki(p,1).

Ifs=0wedefineδk(0)(p,1)=1∀p.

Then

r∏

i=1

(−1+(mi−1)δmi(p,1))

=

r∑

s=0

∑

k(s)

(−1)
r−sδ

k(s)(p,1)

s∏

i=1

(mki−1)
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FirstSum:

�
mσ
∑

p

p−1
2

1

M2


1+

r∑

s=1

∑

k(s)

δk(s)(p,1)

s∏

i=1

(mki−1)


.

Asm/M2≤3
r
,s=0sumcontributes

S1,0=
1

M2

mσ
∑

p

p−1
2�3

r
m

1
2σ−1

,

hencenegligibleforσ<2.Nowwestudy

S1,k(s)=
1

M2

s∏

i=1

(mki−1)

mσ
∑

p

p−1
2δk(s)(p,1)

�
1

M2

s∏

i=1

(mki−1)

mσ
∑

n≡1(mk(s))

n−1
2

�
1

M2

s∏

i=1

(mki−1)
1

∏s
i=1(mki)

mσ
∑

n

n−1
2

�3
r
m

1
2σ−1

.
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FirstSum(cont):
Thereare2

r
choices,yielding

S1�6
r
m

1
2σ−1

,

whichisnegligibleasmgoestoinfinityforfixedrifσ<2.

Cannotletrgotoinfinity.

Ifmistheproductofthefirstrprimes,

logm=

r∑

k=1

logpk

=
∑

p≤r
logp≈r

Therefore

6
r
≈m

log6
≈m

1.79
.
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SecondSumExpansions:

mi−2
∑

li=1

χ
2
li(p)=

{
mi−1−1p≡±1(mi)

−1otherwise

∑

χ∈F
χ

2
(p)

=

m1−2 ∑

l1=1

···
mr−2 ∑

lr=1

χ
2
l1(p)···χ

2
lr(p)

=

r∏

i=1

mi−2
∑

li=1

χ
2
li(p)

=

r∏

i=1

(−1+(mi−1)δmi(p,1)+(mi−1)δmi(p,−1))
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SecondSumBounds:
Handlesimilarlyasbefore.Say

p≡1modmk1,...,mka

p≡−1modmka+1,...,mkb

Howsmallcanpbe?

+1congruencesimplyp≥mk1···mka+1.

−1congruencesimplyp≥mka+1···mkb−1.

Sincetheproductofthesetwolowerboundsisgreaterthan
∏b

i=1(mki−1),

atleastonemustbegreaterthan
(∏b

i=1(mki−1)
)1

2
.

Thereare3
r

pairs,yielding

SecondSum=

r∑

s=0

∑

k(s)

∑

j(s)

S2,k(s),j(s)�9
r
m−1

2.
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APPENDIXII:
EllipticCurveL-Functions
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ExcessRank

One-parameterfamily,rankroverQ(t),RMT=⇒50%rankr,
r+1.

Formanyfamilies,observe

Percentwithrankr=32%
Percentwithrankr+1=48%
Percentwithrankr+2=18%
Percentwithrankr+3=2%

Problem:smalldatasets,sub-families,convergenceratelog(conductor)?
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DataonExcessRank

y2+a1xy+a3y=x3+a2x2+a4x+a6

Family:a1:0to10,rest−10to10.

Percentwithrank0=28.60%
Percentwithrank1=47.56%
Percentwithrank2=20.97%
Percentwithrank3=2.79%
Percentwithrank4=.08%

14Hours,2,139,291curves(2,971singular,248,478distinct).
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DataonExcessRank

y2+y=x3+tx

Eachdataset2000curvesfromstart.

t-StartRk0Rk1Rk2Rk3Time(hrs)
-100039.447.812.30.6<1
100038.447.313.60.6<1
400037.447.813.71.11
800037.348.812.91.02.5

2400035.150.113.90.86.8
5000036.748.313.81.251.8

Lastsethasconductorsofsize1011,butonlogarithmicscale
stillsmall.
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ExcessRankCalculations
Familieswithy

2
=ft(x);D(t)SqFree

FamilytRangeNumtrrr+1r+2r+3

+4(4t+2)[2,2002]1622095.444.56

−4(4t+2)[2,2002]1622070.5329.35

9t+1[2,247]169071.0128.99

t
2
+9t+1[2,272]169171.6027.81

t(t−1)[2,2002]643040.4448.6810.260.62

(6t+1)x
2

[2,101]93134.4147.3117.201.08

(6t+1)x[2,77]66230.3050.0016.673.03

1.x
3
+4(4t+2)x,4t+2Sq-Free,odd.

2.x
3
−4(4t+2)x,4t+2Sq-Free,even.

3.x
3
+2

4
(−3)

3
(9t+1)

2
,9t+1Sq-Free,even.

4.x
3
+tx

2
−(t+3)x+1,t

2
+3t+9Sq-Free,odd.

5.x
3
+(t+1)x

2
+tx,t(t−1)Sq-Free,rank0.

6.x
3
+(6t+1)x

2
+1,4(6t+1)

3
+27Sq-Free,rank1.

7.x
3
−(6t+1)

2
x+(6t+1)

2
,(6t+1)[4(6t+1)

2
−27]Sq-Free,rank2.
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ExcessRankCalculations
Familieswithy

2
=ft(x);AllD(t)

FamilytRangeNumtrrr+1r+2r+3

+4(4t+2)[2,2002]200106.4585.763.953.85

−4(4t+2)[2,2002]2001063.529.9025.99.50

9t+1[2,247]247055.2823.9820.73

t
2
+9t+1[2,272]271173.8025.83

t(t−1)[2,2002]2001042.0348.439.250.30

(6t+1)x
2

[2,101]100132.0050.0017.001.00

(6t+1)x[2,77]76232.8950.0014.472.63

1.x
3
+4(4t+2)x,4t+2Sq-Free,odd.

2.x
3
−4(4t+2)x,4t+2Sq-Free,even.

3.x
3
+2

4
(−3)

3
(9t+1)

2
,9t+1Sq-Free,even.

4.x
3
+tx

2
−(t+3)x+1,t

2
+3t+9Sq-Free,odd.

5.x
3
+(t+1)x

2
+tx,t(t−1)Sq-Free,rank0.

6.x
3
+(6t+1)x

2
+1,4(6t+1)

3
+27Sq-Free,rank1.

7.x
3
−(6t+1)

2
x+(6t+1)

2
,(6t+1)[4(6t+1)

2
−27]Sq-Free,rank2.
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OrthogonalRandomMatrixModel

RMT:2Neigenvalues,inpairse±iθj,probabilitymeasureon
[0,π]N:

dε0(θ)∝
∏

j<k

(cosθk−cosθj)2∏

j

dθj

Model:forcedzerosindependent(suggestedbyFunctionField
analogue)

A2N,2r=

{(
g
I2r

)
:g∈SO(2N−2r)

}
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OrthogonalRandomMatrixModels

RMT:2Neigenvalues,inpairse±iθj,probabilitymeasureon[0,π]
N

:

dε0(θ)∝
∏

j<k

(cosθk−cosθj)
2∏

j

dθj

InteractionModel:NOTSUGGESTEDBYFUNCTIONFIELD
Sub-ensembleofSO(2N)withthelast2nofthe2Neigenvaluesequal+1:

dε2n(θ)∝
∏

j<k

(cosθk−cosθj)
2∏

j

(1−cosθj)
2n∏

j

dθj,

with1≤j,k≤N−n.

IndependentModel:SUGGESTEDBYFUNCTIONFIELD

A2N,2n=

{(
g
I2n

)
:g∈SO(2N−2n)

}
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RandomMatrixModelsandOne-LevelDensities

Fouriertransformof1-leveldensity:

ρ̂0(u)=δ(u)+
1

2
η(u).

Fouriertransformof1-leveldensity
(Rank2,Independent):

ρ̂2,Ind(u)=

[
δ(u)+

1

2
η(u)+2

]
.

Fouriertransformof1-leveldensity
(Rank2,Interaction):

ρ̂2,Int(u)=

[
δ(u)+

1

2
η(u)+2

]
+2(|u|−1)η(u).
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TestingRMTModel

Forsmallsupport,1-leveldensitiesforEllipticCurvesagree
withρr,Indep.

CurveE,conductorNE,expectfirstzero1
2+iγ

(1)
Ewithγ

(1)
E≈

1
logNE.

Ifrzerosatcentralpoint,ifrepulsionofzerosisofsize
cr

logNE,
mightdetectin1-leveldensity:

1

|FN|
∑

E∈FN

∑

j

φ

(
γ

(j)
ElogNE

2π

)
.

Correctionsofsize

φ(x0+cr)−φ(x0)≈φ′(x(x0,cr))·cr.
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TheoreticalDistributionofFirstNormalizedZero

123

0.2

0.4

0.6

0.8

Firstnormalizedeigenvalue:230,400fromSO(6)withHaar
Measure

123

0.1

0.2

0.3

0.4

0.5

Firstnormalizedeigenvalue:322,560fromSO(7)withHaar
Measure
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Rank0Curves:1stNormalizedZero
(Farleftandrightbinsjustforformatting)

0.511.522.5

20

40

60

80

100

120

750curves,log(cond)∈[3.2,12.6];mean=1.04

0.511.522.5

20

40

60

80

100

120

750curves,log(cond)∈[12.6,14.9];mean=.88
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Rank2Curves:1stNormalizedZero

1234

20

40

60

80

100

665curves,log(cond)∈[10,10.3125];mean=2.30

1234

20

40

60

80

100

665curves,log(cond)∈[16,16.5];mean=1.82

83



Rank2Curves:[0,0,0,−t2,t2]1stNormalizedZero

01234

2.5

5

7.5

10

12.5

15

17.5

35curves,log(cond)∈[7.8,16.1];mean=2.24

01234

2.5

5

7.5

10

12.5

15

17.5

34curves,log(cond)∈[16.2,23.3];mean=2.00
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