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Elliptic Curves

E/Q: Forai ∈ Q,

y2+a1xy+a3y = x3+a2x
2+a4x+a6.

Often can write asy2 = x3 +Ax+B.

One-parameter families:

y2 = x3 + A(t)x + B(t)

A(t), B(t) ∈ Z[t].
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Elliptic Curves (cont)

Let Np be the number of solns modp:

Np =
∑

x(p)

[
1 +

(
x3 + Ax + B

p

)]
= p+

∑

x(p)

(
x3 + Ax + B

p

)

Local data:ap = p−Np.

L(s, E) =
∏

p|∆

(
1− app

−s
)−1 ∏

p †∆

(
1− app

−s + p1−2s
)−1

Rational solutions a group:E(Q) = Zr
⊕

T .

Birch and Swinnerton-Dyer Conjecture:
Geometric rank equals the analytic rank.
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Mestre’s Construction

Consider6-tuple of integersai.

q(x) =

6∏
i=1

(x− ai)

p(t, x) = q(x− t)q(x + t).

∃g(t, x) of degree6 in x andr(t, x) of degree
at most5 in x such that

p(t, x) = g2(t, x)− r(t, x).

Consider

y2 = r(t, x).
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Rosen-Silverman Theorem

For a one-parameter familyE/Q(t), define

AE(p) =
1

p

p−1∑
t=0

at(p).

Thm [R-S]: LetE : y2 = x3 + A(t)x + B(t),
and assume Tate’s conjecture (known for ratio-
nal surfaces) for the surface. Then

lim
X→∞

1

X

∑

p≤X

−AE(p) log p = rankE(Q(t)).

ConstructE with AE(p) = −r+O(1
p).

PNT impliesr is the rank overQ(t).
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Quadratic Legendre Sums

LEMMA: Quadratic Legendre Sums:
a andb are not both zero modp, p > 2.
Then

p−1∑
t=0

(
at2 + bt + c

p

)
=

{
(p− 1)

(
a
p

)
if p | b2 − 4ac

−(
a
p

)
otherwise

Moral: Can handle linear and quadratic
Legendre sums; for cubic best is Hasse,
giving O(

√
p).
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Rank 6 Rational Surfaces overQ(t)

y2 = ft(x) = x3t2 + 2g(x)t− h(x)

g(x) = x3 + ax2 + bx + c, c 6= 0

h(x) = (A− 1)x3 + Bx2 + Cx + D

Dt(x) = g(x)2 + x3h(x).

Dt(x) is one-fourth the discriminant
of the quadratic (int) polynomial

x3t2 + 2g(x)t− h(x).
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Discriminant Method

The number of distinct, non-zero roots
of Dt(x) will control the rank.

Dt(xi) = 0 gives

y2 = x3
i (t− α(xi))

2 .

If xi = 2, then

∑

t(p)

(
x3

i (t− α(xi))
2

p

)
= p− 1.
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Sketch of Proof

Studying
∑

t(p)

∑

x 6≡0(p)

(
x3t2 + 2g(x)t− h(x)

p

)
.

x = 0, thet-sum vanishes ifc 6= 0.

Forx 6≡ 0, have

p−1∑
t=0

(
x3t2 + 2g(x)t− h(x)

p

)
=

{
(p− 1)

(
x3

p

)
if p | Dt(x)

−1
(
x3

p

)
otherwise

Find coefficientsa, b, c, A,B,C,D with Dt(x)
six distinct, non-zero perfect square roots.

Gives6(p− 1)− 1(−6) + 0 = 6p.
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Determining Constantsa, . . . , D

For 1 ≤ i ≤ 6, let ri = ρ2
i .

Dt(x) = g(x)2 + x3h(x)

= A
(
x6 +

B + 2a

A
x5 +

C + a2 + 2b

A
x4 +

D + 2ab + 2c

A
x3

+
2ac + b2

A
x2 +

2bc

A
x +

c2

A

)

= A(x6 + R5x
5 + R4x

4 + R3x
3 + R2x

2 + R1x + R0)

= A(x− r1)(x− r2)(x− r3)(x− r4)(x− r5)(x− r6).

Can matchx5, x4, x3 terms (B, C, D).
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Determining Constants (cont)

We must simultaneously solve

2ac + b2 = R2A

2bc = R1A

c2 = R0A.

SendA → Aw2, rescalingb andc by w.

Takeri = ρ2
i = i2. Then

A = 64R3
0 = 8916100448256000000

c = 8R2
0 = 2149908480000

b = 4R0R1 = −1603174809600
a = 4R0R2 −R2

1 = 16660111104

B = R5A− 2a = −811365140824616222208
C = R4A− a2 − 2b = 26497490347321493520384
D = R3A− 2ab− 2c = −343107594345448813363200
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Increasing Rank: Cubic in t

Cubics fail: if discriminant vanishes,

y2 = a(x) (t− α(x))3

y2 = a(x) (t− α(x)) (t− β(x))2 .

Both vanish in

∑

t(p)

(∗
p

)
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Increasing Rank: Quartic in t

y2 = A(x)t4 + B(x)t2 + C(x).

Two ways to get points overQ(t):

• B2(x)− 4A(x)C(x) = 0,
A(x) a square.

y2 = a2(x)[t2 − b(x)]2.

• Two of A(x), B(x), C(x) = 0,
other a square.

y2 =
[
s(x)ti

]2
.
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Quartic in t (cont)

Example:

A(x) = x4

B(x) = 2x(b3x
3 + b2x

2 + b1x + b0) + b2

C(x) = x(b2
3x

3 + c2x
2 + c1x + c0).

Found rank8 example.

Best possible is rank14:

• 8 from B2(x)− 4A(x)C(x) = 0.

• 6 from two of three vanish, other2.
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Numerically Approximating Ranks:

Cusp formf , levelN , weight2:

f (−1/Nz) = −εNz2f (z)

f (i/y
√

N) = εy2f (iy/
√

N).

Define

L(f, s) = (2π)sΓ(s)−1

∫ i∞

0

(−iz)sf (z)
dz

z

Λ(f, s) = (2π)−sN s/2Γ(s)L(f, s).

To eachE corresponds anf , write
∫∞

0 =∫ 1

0 +
∫∞

1 and use transformations.
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Algorithm for Lr(s, E):

Differentiater times with respect tos:

Λ(r)(E, 1) = (1 + ε(−1)r)

∫ ∞

1

f (iy/
√

N)(log y)rdy.

Substitute series expansion, integrate by parts:

L(r)(E, 1) = 2r!

∞∑
n=1

an

n
Gr

(
2πn√

N

)
,

where

Gr(x) =
1

(r − 1)!

∫ ∞

1

e−xy(log y)r−1dy

y
.

Need about
√

N log N terms.
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Programming Issues

• Conductors overflow C’s long, pass
from PARI asc1109 + c0.

• Calculateap, thenapk. To getan,
have file with largest prime power
factor ofn.

• Haven’t, but could pre-computeGr(x).

Have C Program and PARI package
available for downloading.

Handling conductors of size4 · 109,
couple hundred in an hour.
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Excess Rank Calculations
Families with y2 = ft(x); D(t) SqFree

Family t Range Num t r r/Q(t) r + 1 r + 2 r + 3

+4(4t + 2) [2, 2002] 1622 0 95.44 4.56

−4(4t + 2) [2, 2002] 1622 0 70.53 29.35

9t + 1 [2, 247] 169 0 71.01 28.99

t2 + 9t + 1 [2, 272] 169 1 71.60 27.81

t(t− 1) [2, 2002] 643 0 40.44 48.68 10.26 0.62

(6t + 1)x2 [2, 101] 93 1 34.41 47.31 17.20 1.08

(6t + 1)x [2, 77] 66 2 30.30 50.00 16.67 3.03

1. x3 + 4(4t + 2)x, 4t + 2 Sq-Free, odd.

2. x3 − 4(4t + 2)x, 4t + 2 Sq-Free, even.

3. x3 + 24(−3)3(9t + 1)2, 9t + 1 Sq-Free, even.

4. x3 + tx2 − (t + 3)x + 1, t2 + 3t + 9 Sq-Free, odd.

5. x3 + (t + 1)x2 + tx, t(t− 1) Sq-Free, rank0.

6. x3 + (6t + 1)x2 + 1, 4(6t + 1)3 + 27 Sq-Free, rank1.

7. x3− (6t + 1)2x + (6t + 1)2, (6t + 1)[4(6t + 1)2− 27]

Sq-Free, rank2.
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Excess Rank Calculations
Families with y2 = ft(x); All D(t)

Family t Range Num t r r/Q(t) r + 1 r + 2 r + 3

+4(4t + 2) [2, 2002] 2001 0 6.45 85.76 3.95 3.85

−4(4t + 2) [2, 2002] 2001 0 63.52 9.90 25.99 .50

9t + 1 [2, 247] 247 0 55.28 23.98 20.73

t2 + 9t + 1 [2, 272] 271 1 73.80 25.83

t(t− 1) [2, 2002] 2001 0 42.03 48.43 9.25 0.30

(6t + 1)x2 [2, 101] 100 1 32.00 50.00 17.00 1.00

(6t + 1)x [2, 77] 76 2 32.89 50.00 14.47 2.63

1. x3 + 4(4t + 2)x, 4t + 2.

2. x3 − 4(4t + 2)x, 4t + 2.

3. x3 + 24(−3)3(9t + 1)2.

4. x3 + tx2 − (t + 3)x + 1.

5. x3 + (t + 1)x2 + tx.

6. x3 + (6t + 1)x2 + 1.

7. x3 − (6t + 1)2x + (6t + 1)2.
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Appendix: Standard Conjectures

Generalized Riemann Hypothesis (for Elliptic Curves):
Let L(s, E) be the (normalized)L-function of the ellip-
tic curveE. Then the non-trivial zeros ofL(s, E) satisfy
Re(s) = 1

2.

Birch and Swinnerton-Dyer Conjecture [BSD1], [BSD2]:
LetE be an elliptic curve of geometric rankr overQ (the
Mordell-Weil group isZr ⊕ T , T is the subset of torsion
points). Then the analytic rank (the order of vanishing of
theL-function at the critical point) is alsor.

Tate’s Conjecture for Elliptic Surfaces [Ta]: Let
E/Q be an elliptic surface andL2(E , s) be theL-series
attached toH2

ét(E/Q,Ql). ThenL2(E , s) has a mero-
morphic continuation toC and satisfies−ords=2L2(E , s)

= rank NS(E/Q), whereNS(E/Q) is theQ-rational
part of the Néron-Severi group ofE . Further, L2(E , s)

does not vanish on the line Re(s) = 2.
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