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FundamentalProblem:SpacingBetweenEvents

GeneralFormulation:Studyingsystem,observevaluesatt1,
t2,t3,....

Question:whatrulesgovernthespacingsbetweentheti?

Examples:

•SpacingsbetweenPrimes.

•SpacingsbetweenEnergyLevelsofNuclei.

•SpacingsbetweenEigenvaluesofMatrices.

•SpacingsbetweenZerosofFunctions.
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GoalsoftheTalk

•Determinecorrectscaletostudyspacings.

•Seesimilarbehaviorindifferentsystems.

•Discusstools/techniquesneededtoprovethere-
sults.

•PredictivepowerofRandomMatrixTheory:sug-
gestsanswersforquestionsinNumberTheory.
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PARTI

NORMALIZEDSPACINGS

4



Example:FractionalParts

•Forα6∈Q,setxn=n
2
αmod1.

•Orderx1,...,xN:0≤y1≤···≤yN≤1.

•Expectspacingsbetweenadjacenty’sofsize
1
N.

•Shouldstudy
yn+1−yn

1/N.

•Poissonianbehaviorformostα:behavelikeNnumbers
chosenuniformlyin[0,1].
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Example:Primes

•π(x)=#{p:pprime,p≤x}∼
x

logx

•Averagespacingbetweenprimesatmostxis
x

π(x)∼logx.

•Ifpn,pn+1∼x,study
pn+1

logpn+1−
pn

logpn.

•Onereasonwhytwinprimesaresohard:
2

logx→0.
Aside:(Nicely1994)Twinprimesledtofindingthe

Pentiumbug!
∑

p
p,p+2prime

(1

p
+

1

p+2

)
≈1.90216058.
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PoissonProcess:SpacingsbetweenPrimes

Observation:Seesimilarbehaviorinspacingsbetweennor-
malizedfractionalpartsn

2
αmod1andnormalizedprimes.

StudyspacingsbetweennormalizedadjacentprimesinI=
[10

15
,10

15
+2·10

7
]:

Numericallyobserveandconjecturethatas|I|→∞

#
{
pi∈I:

pi+1
logpi+1−

pi
logpi∈[α,β]

}

#{pi∈I}−→
∫β

α

e−xdx.
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PARTII

RANDOMMATRIXTHEORY
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OriginsofRandomMatrixTheory

ClassicalMechanics:3-BodyProblemIntractable.

HeavynucleilikeUranium(200+protons/neutrons)even
worse!

Getsomeinfobyshootinghigh-energyneutronsintonucleus,
seewhatcomesout.

FundamentalEquation:Hψn=Enψn

H:matrix,entriesdependonsystem
En:energylevels
ψn:energyeigenfunctions
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OriginsofRandomMatrixTheory(continued)

StatisticalMechanics:foreachconfiguration,calculatequantity(saypres-
sure).

Averageoverallconfigurations–mostconfigurationsclosetosystemav-
erage.

Nuclearphysics:choosematrixatrandom,calculateeigenvalues,average
overmatrices.

Lookat:RealSymmetric(A
T

=A),ComplexHermitian(A
T

=A),
ClassicalCompactgroups(unitary,orthogonal).
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RandomMatrixEnsembles

RealSymmetricMatrices:

A=





a11a12a13···a1N

a21a22a23···a2N
...............
aN1aN2aN3···aNN



=A

T
,aij=aji,λi∈R.

Define

Prob(A:aij∈[αij,βij])=
∏

1≤i≤j≤N

∫βij

αij

p(xij)dxij.

WanttounderstandeigenvaluesofrandomlychosenA.

12



MAINTOOL:EigenvalueTraceLemma

Trace(A)=a11+a22+···+aNN.

EigenvalueTraceLemma:Trace(A
k
)=

N∑

i=1

λi(A)
k
.

•Willgivecorrectnormalizationforzeros;

•Allowsustopassfromknowledgeofmatrixentriestoknowl-
edgeofeigenvalues.

13



CorrectScaleforEigenvaluesofRealSymmetric
Matrices

EntrieschosenfromMean0,Variance1Density

Trace(A
2
)=

N∑

i=1

λi(A)
2
.

BytheCentralLimitTheorem:

Trace(A
2
)=

N∑

i=1

N∑

j=1

aijaji=

N∑

i=1

N∑

j=1

a
2
ij∼N

2

N∑

i=1

λi(A)
2
∼N

2

GivesNAverage(λi(A)
2
)∼N

2
orAverage(λi(A))∼

√
N.
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EigenvalueDistribution

δ(x−x0)isaunitpointmassatx0.

ForeachN×NmatrixA,attachaprobabilitymeasure:

µA,N(x)=
1

N

N∑

i=1

δ

(
x−

λi(A)

2
√
N

)
.

Equivalently,

∫β

α

µA,N(x)dx=
#

{
λi:

λi(A)

2
√
N∈[α,β]

}

N
.

kthMomentofµA,N=
1

N

N∑

i=1

λi(A)
k

(2
√
N)k

=
Trace(A

k
)

2kN
k
2+1

.
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Wigner’sSemi-CircleLaw

N×Nrealsymmetricmatrices,uppertriangularentriesin-
dependentlychosenfromafixedprobabilitydensityponR.

∫β

α

µA,N(x)dx=
#

{
λi:

λi(A)

2
√
N∈[α,β]

}

N
.

THEOREM:Wigner’sSemi-CircleLaw:Assumephas
mean0,variance1,othermomentsfinite.AsN→∞,al-
mostallAhaveµA,NclosetotheSemi-Circledensity

S(x)=

{2
π

√
1−x2if|x|≤1

0otherwise.

Technical:AsN→∞withprobabilityonetheKolmogorov-
SmirnovdiscrepencybetweenµA,NandStendstozero.

Disc(µA,N,S)=sup
x

∣∣
∣∣
∫x

−∞
µA,N(t)dt−

∫x

−∞
S(t)dt

∣∣
∣∣
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ProofofWigner’sSemi-CircleLaw

1.EigenvalueTraceLemma
(
Trace(A

k
)=

∑
iλi(A)

k)
con-

vertssumsovereigenvaluestosumsoverentriesofA.

2.Expectedvalueofkth-momentofµA,N(x)is
∫∞

−∞
···

∫∞

−∞

Trace(A
k
)

2kN
k
2+1

∏

i≤j
p(aij)daij.

3.Showtheexpectedvalueofkth-momentofµA,N(x)equals
thekth-momentoftheSemi-Circle.

17



RandomMatrixTheory:Semi-CircleExperiments

1.ChooseaprobabilitydistributionponR.

2.ChoosealargeN(sizeofmatrices).

3.LookatalargenumberofN×Nrealsymmetricmatrices,
eachmatrixhasitsuppertriangularentriesindependently
chosenfromp.

4.Calculatethenormalizedeigenvalues
λi(A)

2
√
N,investigatetheir

properties.
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RandomMatrixTheory:Semi-CircleLaw

−1.5−1−0.500.511.5
0

0.005

0.01

0.015

0.02

0.025
Distribution of eigenvalues−−Gaussian, N=400, 500 matrices

500Matrices:Gaussian400×400p(x)=
1√
2πe−x2/2
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RandomMatrixTheory:Semi-CircleLaw

−300−200−1000100200300
0

500

1000

1500

2000

2500

 
The eigenvalues of the Cauchy
distribution are NOT semicirular. 

CauchyDistribution:p(x)=
1

π(1+x2),x∈R

InfiniteVariance
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GaussianOrthogonalEnsemble(GOE)Conjecture

LetGOE(x)≈
π
2xe−π4x2

.

LetpbeaprobabilitydistributiononRwithmeanzero,vari-
anceoneandfinitehighermoments.

GOEConjecture:AsN→∞,formostAtheprobability
densityofthespacingbetweenconsecutivenormalizedeigen-
valuesconvergestoGOE(x):

#
{
i:

λi+1(A)

2
√
N−

λi(A)

2
√
N∈[α,β]

}

N−→
∫β

α

GOE(x)dx.

OnlyprovedforpaGaussianwithmean0andvariance1.

Whataboutnumericaldatainothercases?
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UniformDistribution:p(x)=
1
2for|x|≤1

00.511.522.533.544.55
0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

 

The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 uniform matrices, normalized in batches
of 20. 

5000:300×300uniformon[−1,1]
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CauchyDistribution:p(x)=
1

π(1+x2),x∈R

00.511.522.533.544.55
0

2000

4000

6000

8000

10000

12000

 
 

The local spacings of the central 3/5 of the eigenvalues
of 5000 100x100 Cauchy matrices, normalized in batches
of 20. 

5000:100×100Cauchy

00.511.522.533.544.55
0

0.5

1

1.5

2

2.5

3

3.5
x 10

4

The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 Cauchy matrices, normalized in batches
of 20. 

5000:300×300Cauchy
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PARTIII

NUMBERTHEORY

IDEA:

ZerosofRandomMatricesProvideaGoodModelfor
ZerosofNumberTheoreticFunctions
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RiemannZetaFunction

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(
1−

1

ps

)−1

,Re(s)>1.

GeometricSeries(andExtendingFunctions):If|u|<1,
∞∑

k=0

u
k

=1+u+u
2
+u

3
+···=

1

1−u

UniqueFactorization:n=p
r1
1···p

rm
m.

∏

p

(
1−

1

ps

)−1

=

[
1+

1

2s+

(1

2s

)2

+···
][

1+
1

3s+

(1

3s

)2

+···
]
···

=
∑

n

1

ns.
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RiemannZetaFunction(continued):

ζ(s)=
∑

n

1

ns=
∏

p

(
1−

1

ps

)−1

,Re(s)>1

π(x)=#{p:pisprime,p≤x}

Propertiesofζ(s)andPrimes:Proofsthatπ(x)→∞.
•lims→1+ζ(s)=∞.

•ζ(2)=
π2

6.

•ζ(1+it)6=0fort∈Rimpliesπ(x)∼
x

logx.
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RiemannZetaFunction(continued):

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(
1−

1

ps

)−1

,Re(s)>1.

FunctionalEquation:

ξ(s)=π−s2
Γ

(s
2

)
ζ(s)=ξ(1−s).

RiemannHypothesis:
•AllzeroshaveRe(s)=

1
2;canwritezerosas

1
2+iγ,γ∈R.

•Numberofzeroswith0≤γ≤TisaboutTlogT.

Observation:
•Spacingsbetweennormalizedzerosappearsameasbe-

tweennormalizedeigenvaluesofComplexHermitianma-
trices(A

T
=A).
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NormalizedZerosofRiemannZetaFunction
Zeros

1
2+iγ,γ∈R

Know#{γ:0≤γ≤T}isaboutTlogT.

Averagespacingofzeroswithγ∼Tis
T

TlogT=
1

logT.

Contrastwithprimes:Averagespacingofprimesp∼xis
x

x/logx=logx.

Normalizedzeros:studyγn+1logγn+1−γnlogγn.

Contrastwithprimes,wherewestudied
pn+1

logpn+1−
pn

logpn.
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Zerosofζ(s)vs.GUE(x):
2NICHOLASM.KATZANDPETERSARNAK

Figure1.Nearestneighborspacingsamong70millionzeroesbe-
yondthe10

20
-thzeroofzeta,versesµ1(GUE).

RH(needlesstosay,inthenumericalexperimentsreportedonbelowallzeroes
foundwereonthelineRe(s)=

1
2)andordertheordinatesγ:

......γ−1≤0≤γ1≤γ2.... (4)

Thenγj=−γ−j,j=1,2,...,andinfactγ1isratherlarge,beingequalto
14.1347....Itisknown(apparentlyalreadytoRiemann)that

#{j:0≤γj≤T}∼
TlogT

2π
,asT→∞. (5)

Inparticular,themeanspacingbetweentheγ
′
jstendstozeroasj→∞.Inorder

toexaminethe(statistical)lawofthelocalspacingsbetweenthesenumberswe
re-normalize(or“unfold”asitissometimescalled)asfollows:
Set

γ̂j=
γjlogγj

2π
forj≥1. (6)

Theconsecutivespacingsδjaredefinedtobe

δj=γ̂j+1−γ̂j,j=1,2,.... (7)

Moregenerally,thek−thconsecutivespacingsare

δ
(k)
j=γ̂j+k−γ̂j,j=1,2,.... (8)

Whatlaws(i.e.distributions),ifany,dothesenumbersobey?
Duringtheyears1980-present,Odlyzko[OD]hasmadeanextensiveandpro-

foundnumericalstudyofthezeroesandinparticulartheirlocalspacings.He
findsthattheyobeythelawsforthe(scaled)spacingsbetweentheeigenvaluesof

70millionspacingsbetweenadjacentnormalizedzerosofζ(s),
startingatthe10

20thzero(fromOdlyzko)
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GeneralL-Functions

•EulerProduct:

L(s):=

∞∑

n=1

an
ns=

∏

p

1

Lp(p−s),Re(s)�0,Lp(x)=polynomial.

•FunctionalEquation:

Λ(s):=(Γ−Factors)·L(s)

Λ(s)=
ε(s)

CsΛ(1−s),C>0iscalledtheConductor

•RiemannHypothesis:
AllzeroshaveRe(s)=

1
2;canwritezerosas

1
2+iγ,γ∈R.

•NumberofZeros:

Numberofzeroswithγ∼TislikeTlogT

Zerosnears=
1

2
haveγ∼

1

logC
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(Heuristic):KnowledgeofZeros

P(x)polynomial,zerosr1,...,rn.Then

P(x)=(x−r1)(x−r2)···(x−rn)

=x
n

+an−1(r1,...,rn)x
n−1

+···+a0(r1,...,rn)

where

an−1(r1,...,rn)=−(r1+···+rn)
...

a0(r1,...,rn)=r1r2···rn.

KnowledgeofzerosgivesinfooncoefficientsofP(x).
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ExplicitFormula/ContourIntegration:
AnalogueofEigenvalueTraceLemma

−
ζ′(s)

ζ(s)
=−

d
ds

logζ(s)

=
d
ds

∑

p

log
(
1−p−s)

=
∑

p

logp·p−s
1−p−s

=
∑

p

logp

ps+Good(s).

ContourIntegration:
∫
−
ζ′(s)

ζ(s)

x
s

s
dsvs

∑

p

logp

∫(x
p

)s
ds

s
.

KnowledgeofzerosgivesinfoontheL-functioncoefficients.
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InterestingL-Functions

WhatmakesanL-Functioninteresting?

•Coefficientsanofarithmeticsignificance.

•LookforL-Functionswithmultiplezeros:
•Conjecturedthatallzerosaresimpleexceptfordeep

reasons;
•Domultiplezerosattractorrepelnearbyzeros?

WillseeL-FunctionsofEllipticCurvesareinteresting.

•Manyhavemultiplezerosats=
1
2.

•Caninvestigateifthesezerosattractorrepel.
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EllipticCurves:E:y
2

=x
3
+Ax+B

34



EllipticCurves:GroupofRationalSolutionsE(Q)

StudyingE:y
2

=x
3
+Ax+B

Mordell-WeilTheorem:Rationalsolutions:E(Q)=Z
r⊕

FiniteGroup.

Question:howdoesrdependonE?

AttachanL-FunctiontoE:Asζ(s)givesusinformationon
primes,expectL-FunctiongivesusinformationonE.

Review:LegendreSymbol:
(0
p

)
=0and

(a
p

)
=

{
1ifx

2
≡amodphastwosolutions

−1ifx
2
≡amodphasnosolutions.

Note1+
(a
p

)
isthenumberofsolutionstox

2
≡amodp.
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L-FunctionofanEllipticCurveE:y
2

=x
3
+Ax+B

LetNpbethenumberofsolutionsmodp:

Np:=
∑

xmodp

[
1+

(x3
+Ax+B

p

)]
=p+

∑

xmodp

(x3
+Ax+B

p

)

Localdata:ap=p−Np.UsetobuildtheL-function:

L(E,s):=

∞∑

n=1

an
ns.

LocaltoGlobal:{ap}pprime←→E(Q)=Z
r⊕

FiniteGroup.

BirchandSwinnerton-DyerConjecture:Geometricrankr
equalsnumberofzerosofL(E,s)ats=

1
2.Possibilityof

repulsion/attractionfromzerosats=
1
2!
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FamiliesofEllipticCurves:

E:y
2

=x
3
+A(T)x+B(T),A(T),B(T)∈Z[T].

HaveaFAMILYofL-Functions:
•t∈ZgivesanellipticcurveEtwithconductorCt.

•t∈ZgivesafamilyofL-functionsL(Et,s).

•Ctistypicallygrowingpolynomiallyint.

SimilartoRMTwherewehadmanyN×Nmatrices
•DoEtfromthesamefamilyhavesimilarproperties?

•N→∞becomesCt→∞.
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FamiliesofEllipticCurves

Mordell-WeilTheoremforFamilies:

•E:y
2

=x
3
+A(T)x+B(T),A(T),B(T)∈Z[T].

•GroupofRationalFunctionSolutions:
P(T)=(x(T),y(T)).
E(Q(T))=Z

r(E)⊕
FiniteGroup.

•SpecializationTheorem:Forallt∈Zsufficientlylarge:
r(Et)≥r(E).

Questions:
•Howdoesr(Et)varyinthefamily?

•HowdothezerosofL(s,Et)varyinthefamily?
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ExampleofaFamilyofEllipticCurves

ConsiderE:y
2

=x
3
−T

2
x+T

4
.

•Canfindsomerationalsolutionsbyinspection:
•P1(T)=(T,T

2
)

•P2(T)=(T
2
,T

3
)

•ThesepointsgenerateinfinitepartofE(Q(T)).
•ThismeanstherankofE(Q(T))is2.

•Whatisr(Et)fort∈Z

•r(E1)=1.NotsurprisingasP1(1)=P2(1)!
•r(E2)=2.
•r(E42)=4!
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L-FunctionsandRandomMatrixTheory

•Spacingsbetweennormalizedzerosofall“nice”L-functions
looklikespacingsbetweennormalizedeigenvaluesofcom-
plexHermitianmatrices.
•(GUEModel)LimitasN→∞ofN×Ncomplex

Hermitianmatriceswithuppertriangularentriesindepen-
dentlychosenfromthestandardnormal.
•Zeroswithγ∼Twell-modelledbyN×Nmatrices

withN∼logT.

•Forawhile,seemedthiswastheonlysetofmatricesrele-
vanttonumbertheory.
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L-FunctionsandRandomMatrixTheory

•GUEModelcannotbeenoughforallofNumberTheory:
•Appearstobegoodfordescribingbehaviorofzeros

farfroms=
1
2.

•Insensitivetofinitelymanyzeros.

•Oftenzerosnears=
1
2areinteresting:

•DifferenttypesofofL-functionshavedifferentbehav-
iorofzerosnears=

1
2.

•Possibilityofmultiplezerosats=
1
2andattractionor

repulsion.
•Needatheoryfortheselowzeros.
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MeasuresofSpacings:
1-LevelDensityandFamilies

LetφbeanevenSchwartzfunctionwhoseFourierTransform
iscompactlysupported.LetL(s)beanL-functionwithzeros
1
2+iγ(γ∈R)andconductorC.Definethe1-leveldensityby

∑

n

φ(γnlogC)

•Individualzerosγncontributeinlimit

•Mostofcontributionisfromlowzeros

•AverageoversimilarL-functions(family)

Toanygeometricfamily,Katz-Sarnakpredictthe1-level
densitydependsonlyonasymmetrygroup(aclassicalcom-
pactgroup)attachedtothefamily.
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RandomMatrixEnsemblesandNumberTheory

•Zerosfarawayfroms=
1
2well-modelledbyGUE.

•ChooseoneL-Function,lookathighzeros.
•OneL-functionhasenoughfreedomtoaverage.

•Storydifferentforzerosnears=
1
2.

•OneL-functionnolongersufficesforaveraging.
•LookatmanysimilarL-functions.
•HopeL-functions’zerosnears=

1
2behavesimilarly.

•AnalogywithRandomMatrixTheory:
•RMT:pickmanyN×Nmatricesatrandom,average,

studylimitasN→∞.
•NT:pickmanyL-functionsinafamilywithconduc-

torsaboutthesamesize,average,studywhathappensas
conductorsgotoinfinity.
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RandomMatrixEnsembles

RealSymmetric,ComplexHermitianMatrices:
1.λ∈R.

2.Randomness:uppertriangularentriesindependentlycho-
senfromp;freedomtochoosep.

ClassicalCompactGroups:
1.λ=e

iθ
,θ∈(−π,π]⊂R.

2.Randomness:Haarmeasure;canonicalchoice.

3.Subgroups:OrthogonalMatrices(Q
T
Q=I):

SO(even):e
iθ

:···≤−θ2≤−θ1≤0≤θ1≤θ2≤···
SO(odd):e

iθ
:···≤−θ2≤−θ1≤θ0=0≤θ1≤θ2≤···
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TheoremsforFamiliesofEllipticCurves
FamilyE:y

2
=x

3
+A(T)x+B(T),specializedcurvesEt

IffamilyEhasrankr(E):Asconductorsgotoinfinity:

•ResultssuggestEthasatleastr(E)zerosats=
1
2;

•Behaviorofremainingzerosnears=
1
2agreewitheigen-

valuesnear1oforthogonalgroups.

MethodofProof

•ExplicitFormula:(AnalogueofEigenvalueTraceLemma)
•RelatesSumsoverZerostoSumsoverPrimes.
•Givescorrectscale.

•SummationFormulas:(AnalogueofIntegratingMatrixEn-
tries)
•SumsofLegendreSymbols.
•LikeCentralLimitTheorem,justfirsttwomoments

matter:
∑

tmodpap,tand
∑

tmodpa
2
p,t.
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PredictionsfromRandomMatrixTheory
FamilyEofEllipticCurveswithrankr(E)

FamiliesofEllipticCurveswell-modelledbyOrthogonalGroups:
zerosnears=

1
2looklikeeigenvaluesnear1.

AsconductorCtgoestoinfinity,expecthalftheellipticcurves
Ettohaverankr(E),halftohaverankr(E)+1.

AsconductorCtgoestoinfinity,foreachEtexpectther(E)
familyzerostobeindependentoftheotherzerosofEtnear
s=

1
2.

Inparticular,thedistributionofthefirstzeroaboves=
1
2

shouldbeindependentofr(E).
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ExcessRank

One-parameterfamily,rankr(E)overQ(T).
Foreacht∈Z,considercurvesEt.
RMT=⇒50%rankr(E),50%rankr(E)+1.

Formanyfamilies,observe
Percentwithrankr(E)=32%Percentwithrankr(E)+1=48%
Percentwithrankr(E)+2=18%Percentwithrankr(E)+3=2%

Problem:smalldatasets,sub-families,convergenceratelog(conductor)?

IntervalPrimesTwinPrimesPairs
[1,10]2,3,5,7(40%)(3,5),(5,7)(20%)

[11,20]11,13,17,19(40%)(11,13),(17,19)(20%)

Smalldatacanbemisleading!Remember
∑

n≤N
1
n∼logN.

47



DataonExcessRank

y
2

=x
3
+16Tx+32

Eachdatasetrunsover2000consecutivet-values.

t-StartRk0Rk1Rk2Rk3Time(hrs)
-100039.447.812.30.6<1
100038.447.313.60.6<1
400037.447.813.71.11
800037.348.812.91.02.5

2400035.150.113.90.86.8
5000036.748.313.81.251.8

Lastsethasconductorsofsize10
11

,butonlogarithmicscale
stillsmall.
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SO(even)RandomMatrixModels

RMT:2Neigenvalues,inpairse±iθj,probabilitymeasureon
[0,π]

N
:

∏

j<k

(cosθk−cosθj)
2∏

j

dθj

IndependentModel:2rEigenvaluesat1

{(
g
I2r

)
:g∈SO(2N−2r)

}

InteractionModel:2rEigenvaluesat1
Sub-ensembleofSO(2N)with2reigenvaluesforcedtobe
+1:

∏

j<k

(cosθk−cosθj)
2∏

j

(1−cosθj)
2r∏

j

dθj,

with1≤j,k≤N−r.
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ComparingthetwoRandomMatrixModels

Forsmallsupport,1-leveldensitiesforEllipticCurvesagree
withIndependentModel.

EllipticCurveE,conductorC,expectfirstzeroaboves=
1
2

tobe
1
2+iγwithγ∼

1
logC.

Ifrzerosatcentralpoint,ifrepulsionofzerosisofsize
cr

logC,
woulddetectinzerosnearcentralpoint:

∑

n

φ(γnlogC).

Correctionsofsize

φ(x+cr)−φ(x)≈φ′(x)·cr.
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TheoreticalDistributionofFirstNormalizedZero

123

0.2

0.4

0.6

0.8

Firstnormalizedeigenvalue:230,400fromSO(6)withHaar
Measure

123

0.1

0.2

0.3

0.4

0.5

Firstnormalizedeigenvalue:322,560fromSO(7)withHaar
Measure
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Rank0Curves:1stNormalizedZero
(Farleftandrightbinsjustforformatting)

0.511.522.5

20

40

60

80

100

120

750curves,log(cond)∈[3.2,12.6];mean=1.04

0.511.522.5

20

40

60

80

100

120

750curves,log(cond)∈[12.6,14.9];mean=.88
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Rank2Curves:1stNormalizedZero

1234

20

40

60

80

100

665curves,log(cond)∈[10,10.3125];mean=2.30

1234

20

40

60

80

100

665curves,log(cond)∈[16,16.5];mean=1.82
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Rank2Curves:y
2

=x
3
−T

2
x+T

2
:1stNormalizedZero

01234

2.5

5

7.5

10

12.5

15

17.5

35curves,log(cond)∈[7.8,16.1];mean=2.24

01234

2.5

5

7.5

10

12.5

15

17.5

34curves,log(cond)∈[16.2,23.3];mean=2.00
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PARTVI

CONCLUSIONS
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Correspondences

SimilaritiesbetweenNucleiandPrimes:

EnergyLevels←→ZerosofL-Functions

NeutronEnergy←→SupportofTestFunctions

DifferentElements:U,Pu,...←→DifferentL-Functions

56



Summary

•Findcorrectscaletocomparedifferentsystems.

•Similarbehaviorindifferentsystems.

•NeedaTraceLemma.

•Averageoversimilarelements.

•Needmoredata.
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OpenProblems(NT)
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OpenProblems(NT)

IdentifyingClassicalCompactGroup:
GivenareasonablefamilyofL-functions,determinethecor-
respondingsymmetrygroup.

Montgomery-OdlyzkoLaw:
ShowthatzerosofL-functionsatheightT→∞behavelike
eigenvaluesofN×NmatriceswithN∼log

T
2π.

FiniteHeight/FiniteFamilySize:
Knowcorrectmodelforhighzeros(N=log

T
2π);whatis

thecorrectmodelforzerosnearthecentralpointaswemove
throughthefamily(orderedbyconductor)?
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APPENDIXI:
DirichletL-Functions
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DirichletCharacters:
mPrime

(Z/mZ)∗iscyclicoforderm−1withgeneratorg.

Letζm−1=e
2πi/(m−1)

.

Theprincipalcharacterχ0isgivenby

χ0(k)=

{
1(k,m)=1

0(k,m)>1.

Them−2primitivecharactersaredetermined(bymultiplicativity)by
actionong.

Aseachχ:(Z/mZ)∗→C∗,foreachχthereexistsanlsuchthat
χ(g)=ζ

l
m−1.Henceforeachl,1≤l≤m−2wehave

χl(k)=

{
ζ
la
m−1k≡g

a
(m)

0(k,m)>0
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DirichletL-Functions

Letχbeaprimitivecharactermodm.Let

c(m,χ)=

m−1 ∑

k=0

χ(k)e
2πik/m

.

c(m,χ)isaGausssumofmodulus√m.

L(s,χ)=
∏

p

(1−χ(p)p−s)−1

Λ(s,χ)=π−1
2(s+ε)

Γ
(s+ε

2

)
m

1
2(s+ε)

L(s,χ),

where

ε=

{
0ifχ(−1)=1

1ifχ(−1)=−1

Λ(s,χ)=(−i)
εc(m,χ)
√mΛ(1−s,χ̄).
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ExplicitFormula

LetφbeanevenSchwartzfunctionwithcompactsupportin(−σ,σ).

Letχbeanon-trivialprimitiveDirichletcharacterofconductorm.

∑
φ

(
γ

log(
m
π)

2π

)
=

∫∞

−∞
φ(y)dy

−
∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2

−
∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.
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Expansion

{χ0}∪{χl}1≤l≤m−2areallthecharactersmodm.

Considerthefamilyofprimitivecharactersmodaprimem(m−2char-
acters):

∫∞

−∞
φ(y)dy

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−

1

2

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.

NotecanpassCharacterSumthroughTestFunction.
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CharacterSums

∑

χ

χ(k)=

{
m−1k≡1(m)

0otherwise

Foranyprimep6=m

∑

χ6=χ0

χ(p)=

{
m−1−1p≡1(m)

−1otherwise

Substituteinto

1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2
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FirstSum

−2

m−2

mσ
∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2

+2
m−1

m−2

mσ
∑

p≡1(m)

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2

�
1

m

mσ
∑

p

p−1
2+

mσ
∑

p≡1(m)

p−1
2

�
1

m

mσ
∑

k

k−1
2+

mσ
∑

k≡1(m)
k≥m+1

k−1
2

�
1

m

mσ
∑

k

k−1
2+

1

m

mσ
∑

k

k−1
2

�
1

m
m
σ/2
.

Nocontributionifσ<2.

66



SecondSum

1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)χ
2
(p)+χ

2
(p)

p
.

∑

χ6=χ0

[χ
2
(p)+χ

2
(p)]=

{
2(m−2)p≡±1(m)

−2p6≡±1(m)

UptoO
(1

logm

)
wefindthat

�
1

m−2

mσ/2
∑

p

p−1
+

2m−2

m−2

mσ/2
∑

p≡±1(m)

p−1

�
1

m−2

mσ/2
∑

k

k−1
+

mσ/2
∑

k≡1(m)
k≥m+1

k−1
+

mσ/2
∑

k≡−1(m)
k≥m−1

k−1

�
log(m

σ/2
)

m−2
+

1

m

mσ/2
∑

k

k−1
+

1

m

mσ/2
∑

k

k−1
+O

(1

m

)

�
logm

m
+

logm

m
+

logm

m
.
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DirichletCharacters:mSquare-free
Fixanrandletm1,...,mrbedistinctoddprimes.

m=m1m2···mr

M1=(m1−1)(m2−1)···(mr−1)=φ(m)

M2=(m1−2)(m2−2)···(mr−2).

M2isthenumberofprimitivecharactersmodm,eachofconductorm.

Ageneralprimitivecharactermodmisgivenbyχ(u)=χl1(u)χl2(u)···χlr(u).

LetF={χ:χ=χl1χl2···χlr}.

1

M2

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
p−1

2

∑

χ∈F
[χ(p)+χ(p)]

1

M2

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
p−1∑

χ∈F
[χ

2
(p)+χ

2
(p)]
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CharactersSums:

mi−2
∑

li=1

χli(p)=

{
mi−1−1p≡1(mi)

−1otherwise

Define

δmi(p,1)=

{
1p≡1(mi)

0otherwise

Then

∑

χ∈F
χ(p)=

m1−2 ∑

l1=1

···
mr−2 ∑

lr=1

χl1(p)···χlr(p)

=

r∏

i=1

mi−2
∑

li=1

χli(p)

=

r∏

i=1

(−1+(mi−1)δmi(p,1)).
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ExpansionPreliminaries:
k(s)isans-tuple(k1,k2,...,ks)withk1<k2<···<ks.

Thisisjustasubsetof(1,2,...,r),2
r

possiblechoicesfork(s).

δk(s)(p,1)=

s∏

i=1

δmki(p,1).

Ifs=0wedefineδk(0)(p,1)=1∀p.

Then

r∏

i=1

(−1+(mi−1)δmi(p,1))

=

r ∑

s=0

∑

k(s)

(−1)
r−sδ

k(s)(p,1)

s∏

i=1

(mki−1)
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FirstSum:

�
mσ
∑

p

p−1
2

1

M2


1+

r ∑

s=1

∑

k(s)

δk(s)(p,1)

s∏

i=1

(mki−1)


.

Asm/M2≤3
r
,s=0sumcontributes

S1,0=
1

M2

mσ
∑

p

p−1
2�3

r
m

1
2σ−1

,

hencenegligibleforσ<2.Nowwestudy

S1,k(s)=
1

M2

s∏

i=1

(mki−1)

mσ
∑

p

p−1
2δk(s)(p,1)

�
1

M2

s∏

i=1

(mki−1)

mσ
∑

n≡1(mk(s))

n−1
2

�
1

M2

s∏

i=1

(mki−1)
1

∏s
i=1(mki)

mσ
∑

n

n−1
2

�3
r
m

1
2σ−1

.
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FirstSum(continued):
Thereare2

r
choices,yielding

S1�6
r
m

1
2σ−1

,

whichisnegligibleasmgoestoinfinityforfixedrifσ<2.

Cannotletrgotoinfinity.

Ifmistheproductofthefirstrprimes,

logm=

r ∑

k=1

logpk

=
∑

p≤r
logp≈r

Therefore

6
r
≈m

log6
≈m

1.79
.
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SecondSumExpansions:

mi−2
∑

li=1

χ
2
li(p)=

{
mi−1−1p≡±1(mi)

−1otherwise

∑

χ∈F
χ

2
(p)

=

m1−2 ∑

l1=1

···
mr−2 ∑

lr=1

χ
2
l1(p)···χ

2
lr(p)

=

r∏

i=1

mi−2
∑

li=1

χ
2
li(p)

=

r∏

i=1

(−1+(mi−1)δmi(p,1)+(mi−1)δmi(p,−1))
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SecondSumBounds:
Handlesimilarlyasbefore.Say

p≡1modmk1,...,mka

p≡−1modmka+1,...,mkb

Howsmallcanpbe?

+1congruencesimplyp≥mk1···mka+1.

−1congruencesimplyp≥mka+1···mkb−1.

Sincetheproductofthesetwolowerboundsisgreaterthan
∏b

i=1(mki−

1),atleastonemustbegreaterthan
(∏b

i=1(mki−1)
)1

2
.

Thereare3
r

pairs,yielding

SecondSum=

r ∑

s=0

∑

k(s)

∑

j(s)

S2,k(s),j(s)�9
r
m−1

2.
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APPENDIXII:
RandomGraphs

RandomGraphs(withPeterSarnak,YakovSinai)

•DustinSteinhauer

•RandyQian

•FeliceKuan

•LeoGoldmakher
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FatThinFamilies

NeedafamilyFATenoughtodoaveraging.

NeedafamilyTHINenoughsothateverythingisn’tav-
eragedout.

RealSymmetricMatriceshave
N(N+1)

2independententries.
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RandomGraphs
   1

2
3

4

Degreeofavertex=numberofedgesleavingthevertex.

Adjacencymatrix:aij=numberedgesbetweenVertexi
andVertexj.

A=





0011
0010
1102
1020





TheseareRealSymmetricMatrices.
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McKay’sLaw

DensityofEigenvaluesford-regulargraphs

f(x)=

{d
2π(d2−x2)

√
4(d−1)−x2|x|≤2

√
d−1

0otherwise.

d=3.
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McKay’sLaw

d=6.

FatThin:fatenoughtoaverage,thinenoughtogetsomethingdifferent
thanSemi-circle.
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3-Regular,2000VerticesandGOE

0.51.1.52.2.53.
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
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