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MeasuresofSpacings:n-LevelCorrelations

{αj}anincreasingsequenceofnumbers,B⊂Rn−1acompact
box.Definethen-levelcorrelationby

lim
N→∞

#

{(
αj1−αj2,...,αjn−1−αjn

)
∈B,ji6=jk≤N

}

N

ResultsonZeros(assumingGRH):

•Normalizedspacingsofζ(s)startingat10
20

(Odlyzko)

•Pairandtriplecorrelationsofζ(s)(Montgomery,Hejhal)

•n-levelcorrelationsforallautomorphiccupsidalL-fns(Rudnick-Sarnak)

•n-levelcorrelationsfortheclassicalcompactgroups(Katz-Sarnak)

•insensitivetoanyfinitesetofzeros

•universalityofanswer
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MeasuresofSpacings:
n-LevelDensityandFamilies

LetgibeevenSchwartzfunctionswhoseFourierTransformis
compactlysupported.LetL(s,f)beanL-functionwithzeros
1
2+iγf(γf∈R)andconductorCf.Definethen-leveldensity
by

Dn,f(g)=
∑

j1,...,jn
ji6=±jk

g1

(
γf,j1

logCf

2π

)
···gn

(
γf,jn

logCf

2π

)

•Individualzeroscontributeinlimit

•Mostofcontributionisfromlowzeros

•AverageoversimilarL-functions(family)

Toanygeometricfamily,Katz-Sarnakpredictthen-leveldensityde-
pendsonlyonasymmetrygroup(aclassicalcompactgroup)attached
tothefamily.
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n-LevelDensity

AsN→∞:
1

|FN|
∑

f∈FN

Dn,f(g)=
1

|FN|
∑

f∈FN

∑

j1,...,jn
ji6=±jk

∏

i

gi

(
γf,ji

logCt

2π

)

−→
∫
···

∫
g(x)Wn,G(F)(x)dx

−→
∫
···

∫
ĝ(u)Ŵn,G(F)(u)du.

Conjecture:DistributionofZerosnearCentralPointagrees
withDistributionofEigenvaluesnear1ofaClassicalCom-
pactGroup.
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1-LevelDensities

LetGbeoneoftheclassicalcompactgroups:Unitary,Sym-
plectic,Orthogonal(orSO(even),SO(odd)).

Fortestfunctionsgwithsupp(ĝ)⊂(−1,1),1-leveldensityof
Gis

ĝ(0)−cG
g(0)

2
,

where

cG=





0GisUnitary

1GisSymplectic

−1GisOrthogonal.
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SomeResults:SimpleFamilies

•Orthogonal:
Iwaniec-Luo-Sarnak:1-leveldensityforH±

k(N),Nsquare-
free.

Miller,Young:familiesofellipticcurves.
Güloğlu:1-levelfor{Symrf:f∈Hk(1)},rodd.

•Symplectic:
Rubinstein:n-leveldensitiesforL(s,χd).
Güloğlu:1-levelfor{Symrf:f∈Hk(1)},reven.

•Unitary:
Hughes-Rudnick,Miller:FamiliesofPrimitiveDirichlet

Characters.
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IdentifyingtheSymmetryGroups

Oftenananalysisofthemonodromygroupinthefunctionfield
casesuggeststheanswer.

AllsimplefamiliesstudiedtodatearebuiltfromGL1orGL2
L-functions.

Tools:ExplicitFormula,OrthogonalityofCharacters/Peters-
sonFormula.

Howtoidentifysymmetrygroupingeneral?Onepossibilityis
bythesignsofthefunctionalequation:

FolkloreConjecture:Ifallsignsareevenandnocorrespond-
ingfamilywithoddsigns,Symplecticsymmetry;otherwise
SO(even).
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SomeResults:Rankin-SelbergConvolutionofFamilies
Notation:
•πafixedcuspidalautomorphicrepresentationofGLnover

Q;

•φafixedHecke-Maasscuspformoflevel1;

•Fχd:familyofprimitivequadraticcharacters;

•FHk:familyofweightkcuspidalnewformsoflevel1;

•Fsym2H
k:familyofsymmetricsquaresofabovefamily.

•Orthogonal:
Rubinstein:π×FχdifL(s,sym2π)isentire.
Dueñez-Miller:φ×Fsym2H

k.

•Symplectic:
Rubinstein:π×FχdifL(s,sym2π)hasapole.
Dueñez-Miller:φ×FHk.
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ExplicitFormula

•π:cuspidalautomorphicrepresentationonGLn.

•Rπ>0:analyticconductorofL(s,π).

•ByGRHthenon-trivialzerosare1
2+iγπ,j.

•Satakeparameters{απ,i(p)}ni=1;λπ(pν)=∑n
i=1απ,i(p)ν.

•L(s,π)=∑
n

λπ(n)
ns=∏

p
∏n

i=1(1−απ,i(p)p−s)−1.

∑

j

g

(
γπ,j

logRπ

2π

)
=ĝ(0)−2

∑

p

∞∑

ν=1

ĝ

(
ν

logp

logRπ

)λπ(pν)logp

pν/2logRπ

gevenSchwartzfunction,ĝcompactlysupported.

Usuallynocontributionfromν≥3(RamanujanConjectures).
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1-LevelDensityforaFamily
AssumingconductorsconstantinfamilyF,havetostudy

λf(pν)=αf,1(p)ν+···+αf,n(p)ν

S1(F)=−2
∑

p

ĝ

(logp

logR

)logp
√plogR


1

|F|
∑

f∈F
λf(p)




S2(F)=−2
∑

p

ĝ

(
2

logp

logR

)logp

plogR


1

|F|
∑

f∈F
λf(p2)




•Exceptforfamiliesofellipticcurveswithrank,firstsum
zeroinallknowncases(rankzerofamilies).

•Thecorrespondingclassicalcompactgroupisdeterminedby

1

|F|
∑

f∈F
λf(p2)=cF=





0Unitary

1Symplectic

−1Orthogonal.
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1-LevelDensityforRankin-SelbergConvolutionof
Families

FamiliesFandG.

Satakeparameters{αf,i(p)}ni=1and{βg,j(p)}mj=1.

FamilyF×G,L(s,f×g)hasparameters{αf,i(p)βg,j(p)}i=1...n,j=1...m.

af×g(pν)=

n∑

i=1

m∑

j=1

αf,i(p)νβ
g,j(p)ν

=

n∑

i=1

αf,i(p)ν
m∑

j=1

βg,j(p)ν

=λf(pν)·λg(pν).

Technicalrestriction:needfandgunrelated(i.e.,gisnotthe
contragredientoff)forourapplications.
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1-LevelDensityforRankin-SelbergConvolutionof
Families(cont)

ToanalyzeSν(F×G)wemuststudy

1

|F×G|
∑

f×g∈F×G
λf(pν)·λg(pν)=


1

|F|
∑

f∈F
λf(pν)


·


1

|G|
∑

g∈G
λg(pν)




•ν=1:Ifoneofthefamiliesisrankzero,soisF×G;
S1(F×G)willnotcontribute.

•ν=2:cF×G=cF·cG.

Ifeachfamilyisofrank0,thesymmetrytypeoftheconvo-
lutionistheproductofthesymmetrytypes.

11



One-ParameterFamiliesofEllipticCurvesoverQ(T)

One-parameterfamilyE:y2=x3+A(T)x+B(T)ofrankr
overQ(T).

at(p)=λt(p)√pisofsize√p,at+mp(p)=at(p).

RationalEllipticSurfaces(RosenandSilverman):Ifrank
roverQ(T):

lim
X→∞

1

X

∑

p≤X


1

p

∑

tmodp

at(p)


logp=−r

Surfaceswithj(T)non-constant(Michel):
1

p

∑

tmodp

at(p2)=–p+O(√p).

12



1-LevelDensityofOne-ParameterFamiliesofElliptic
Curves

Rescalezerosbyaveragelog-conductor(forconvenience).
Firstsumcontributes

S1(E)=−2
∑

p

ĝ

(logp

logR

)logp
√plogR

1

N

∑

t∈[N,2N]

λt(p)

∼−2
∑

p

ĝ

(logp

logR

)logp
√plogR

1

N

N

p

∑

tmodp

at(p)
√p

∼−2
∑

p

ĝ

(logp

logR

)logp
√plogR

–r
√p

∼2r
∑

p

ĝ

(logp

logR

)logp

plogR

∼rg(0).
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1-LevelDensityofOne-ParameterFamiliesofElliptic
Curves

Secondsumhandledsimilarly:

S2(E)=−2
∑

p

ĝ

(
2

logp

logR

)logp

plogR

1

N

∑

t∈[N,2N]

λt(p2)

∼−2
∑

p

ĝ

(
2

logp

logR

)logp

plogR

1

N

N

p

∑

tmodp

at(p2)

p

∼−2
∑

p

ĝ

(
2

logp

logR

)logp

plogR

–1·p2

p2

∼1·2
∑

p

ĝ

(
2

logp

logR

)logp

plogR

∼1·
g(0)

2
.
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1-LevelDensityofOne-ParameterFamiliesofElliptic
Curves

Combiningwefindthatthe1-leveldensityofaone-parameter
familyofEllipticCurvesofrankroverQ(T)is

ĝ(0)+
g(0)

2
+rg(0).

Agreeswithscalinglimitsof
(

Ir×r

SO(even)

)
or

(
Ir×r

SO(odd)

)
.

WhatisthesymmetrytypeofEr1×Er2,Erione-parameterfam-
ilyofECsofrankri?
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1-LevelDensityforEr1×Er2

ToevaluateS1(Er1×Er2)muststudy
∑

p

ĝ

(logp

logR

)logp
√plogR

1

NM

∑

t1∈[N,2N]
t2∈[M,2M]

λt1,t2(p)

∼
∑

p

ĝ

(logp

logR

)logp
√plogR


1

N

N

p

∑

t1(p)

at1(p)
√p





1

M

M

p

∑

t2(p)

ãt2(p)
√p




∼
∑

p

ĝ

(logp

logR

)logp
√plogR

–r1
√p

–r2
√p

∼O

(1

logR

)
.

Ranksoffamiliesplaynoroleinnewfamily.

SimilartoGoldfeld’sresultsonquadratictwistsofafixedel-
lipticcurve.
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TwistingbyaFixedForm
ConsideraGL2formL(s,f)withSatakeparametersα,αof
size1.

λf(p)=α+α,αα=1

λf(p2)=α2+α2

=α2+1+α2−1

=λsym2f(p)–1

=
[
λf(p)λf(p)−1

]
–1

Thus

λf×g(p2)=λf(p2)·λg(p2)

=λsym2f(p)λg(p2)–λg(p2).

Theminussignchangesthesignofthecontributionfromp
2
,flipssymmetry:

Symplectic←→Orthogonal.
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TwistingbyaFixedForm

π=π̃cuspidalautomorphicrepresentationonGLn.

1

X

∑

p≤X

λπ(p2)logp∼
{

1ifL(s,sym2π)hasapole
−1ifL(s,sym2π)isentire.

Ifχdisaquadraticcharacterthenforalmostallprimes,χd(p2)=
1.
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Summary

•TheoryofLow-LyingZerosismorethanatheoryofsigns
offunctionalequations.

•SimilartoRudnick-Sarnak,secondmomentofSatakepara-
metersseemstodeterminebehavior.

•RanksoffamiliesFandGdonotplayaroleinthemain
termofthelow-lyingzerosofF×G(thoughpotentiallower
ordercorrection).

•DangeringeneralizingfromjustGL1andGL2examples;
attemptstouseTraceFormulastohandlefamiliesonGLn.
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AppendixI:NumericalDataontheIndependenceofthe
FamilyZerosofEllipticCurveswrttheRemainingZeros

BytheBirchandSwinnerton-DyerconjectureandtheSilvermanspecializationtheorem,inaone-parameterfamilyofelliptic
curvesofrankroverQ(T),eventuallyallcurveshaverankatleastr.Thetheoreticalevidencesuggeststhesefamilyzerosare
independentoftheremainingzeros.Whilethenumericalevidenceiscontrary(thefamilyzerosseemtorepelthenearbyzeros),
thisislikelyaneffectofsmalllog-conductors.TheconvergenceisprobablynobetterthanlogNE,andintheregionsinvestigated
thisisatmost25.Nevertheless,unliketheexcessrankdata(exceptforWatkins’example),asthelog-conductorincreasesweare
abletonoticeablyseetherepulsiondecrease.

DEFINITIONS

Dn,FN(φ)=
1

|FN|
∑

Et∈FN

∑

j1,...,jn
ji6=±jk

∏

i

φi

(
γt,ji

logCt

2π

)

D
(r)
n,FN(φ):n-leveldensitywithcontributionofrzerosatcentralpointremoved.

FN:Rationalone-parameterfamilyofellipticcurvesofrankroverQ(T),t∈[N,2N],conductorsmonotone.

ASSUMPTIONS

1-parameterfamilyofEllCurves,rankroverQ(T),rationalsurface.Assume

•GRH;

•j(T)non-constant;

•Sq-FreeSieveif∆(T)hasirred.poly.factorofdegree≥4.

Passtopositivepercentsub-seqwhereconductorspolynomialofdegreem.
φievenSchwartz,supportσi:

•σ1<min
(1

2,
2

3m

)
for1-level.

•σ1+σ2<
1

3mfor2-level.
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MAINRESULT

Theorem(M–):Underpreviousconditions,asN→∞,n=
1,2:

D
(r)
n,FN

(φ)−→
∫

φ(x)WG(x)dx,

where

G=

{SOifhalfodd
SO(even)ifalleven
SO(odd)ifallodd

1and2-leveldensitiesconfirmKatz-Sarnak,BirchandSwinnderton-
Dyerpredictionsforsmallsupport.

•AgreewithIndependentModel,noteuniversality;

•DependenceonFthroughlowerordercorrectionterms.
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TheoreticalDistributionofFirstNormalizedZero

123

0.2

0.4

0.6

0.8

Firstnormalizedeigenvalue:230,400fromSO(6)withHaar
Measure

123

0.1

0.2

0.3

0.4

0.5

Firstnormalizedeigenvalue:322,560fromSO(7)withHaar
Measure
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Rank0Curves:1stNormalizedZero
(Farleftandrightbinsjustforformatting)
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Rank2Curves:1stNormalizedZero
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Rank2Curves:y2=x3−T2x+T2:1stNormalizedZero

01234
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35curves,log(cond)∈[7.8,16.1];mean=2.24
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34curves,log(cond)∈[16.2,23.3];mean=2.00
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