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The 4-Level Density of Eigenvalues of the Gaussian
Symplectic Ensemble
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=~ (I 1l @) du) (12 Al du) [ ) de = § (%% () du) ([, Al du) [Sf x)dxf
(S=5% falu) du) (2 lulfu(0)a(u) du) 25, falx) de = (5% Au) dur) (2 lulfo(u)fa(u) du) 5, falx) dx —
4 (S0 10l () (0) du) [, fa(x) o — & (S5 falu) du) (5, Afa(u) du) [, falx) dx —

4 (S0 lulf()ff(u) du) [, fa(x) dx — & (S5 Alu) du) ([, Ba(u) du) [, falx) dx —

4 (S0 10l ()R (u) du) [, fa(x) dx — 4 (L fifafy(u) du) [, falx) dx +

(U= By (5, Aa) du) (J5° A () 7 (un) dun) [, falx) o+

2(J% lulf(h(w) du) (J57 i (un) 7 () dul)f, o) dx +

(ffmf;fs(uwu) (o A (1) & (un) dun) [%5, Fa(x) o+

F (U Adu) (7, hu)du) (J5° fo (un) £ (un) dun) [, falx) o+

2 (%, ulf (@) (u) du) (f57 f (un) & (un) dur) [, fa(x) o+

(f,oo fifs( U)du) (Jo™ f2 (u1) & (u1) duy) [, £ X)dXJr(f, f(u )(f;o fif (i) X (1) dur) [, fax) dx+

(% Awdu) (1% fz(u)du)(fo i (un) % (un) dun) [, falx) d+

2 (% lulfi(w)ha(u) )(Jo A () 7 () dn) [ fa x)dx+
(S A du) (f5° F () du1>/ f4<x>dx+(/, du) (Jo fifs (1) & (u >dU1)f°° ) d +
(1 wﬁ(U)dU)( 5ty (1) du1> ;‘ f4(x)dx+s(1o flfzf3<u1>x<u1> duy) [, fa(x) dx +

(/% A du) (/0 wfs(u)du)( x)dx+
2(/ lu |fz(u) fy(u)du) ([, A(x) dx) ./,m a(x>dx+(/ o P (u) du) ([ fi0) dx) [, falx) dix
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—3 (/% falu) du) (57 fo () & (r) dun) ([ 1) dx) 5, fal) dx =

3 (/2% fotuy du) (57 fs () & () dun) ([ 1) dx) 5, falx) dx =

2(f57 B (1) % (1) don) (S o x)dx>f7 fa(x) dx +

(U= A du) (5 o) du) (S 00 dx) [ flx) dx+

2(J%, lulh(@h(w) du) (1% fz(X dx)f, a0 dx+ (2, ﬁfs(u)du) (S5 B0 dx) 5 falx) dx
3 (S Bu) ) (J5 () 7 (o) dug) (5% () o) [ falx) o —

3 (7% Aty du) (5 (1) & (1) dn) (5% Bax) o) [, falx) dix —

2(J& Af ( u1) (n dul)(f7 f x)dx)f7 fa(x) dx —

3 (U= A du) (72 A dx) (15 0 dx) [ falx) dx+

(e h( ul) (u1) duy) (L f(x) dx) (L f x)dx)jL f(x) dx +

(= f3(u)du)( (i) () de) [ 5 falx) dx — 2 (Jg™ f3 () 7 (un) dun) (S5 (A1) (x) ) [, falx) o+
1 )( o by du) (1, fBlx )dx)} () dx +

2(J% UIfl fo(u) du) ([ wf3<x dx) I B0 d+ (5, #Fa () ) (2%, () de) %, falx) dix =
(A u)du) (J& A () % (u1) duy) (L f(x) dx) [, falx) dx

(U Alwydu) (5o () dul)(jw@(x )dx) [ falx) dx —

2(J° 7% (ur) £ (u1) dul)(L dx)jooﬂ;()dx—

;( fg(u)du)( ° f(x) dx) ('7 x)dx)/ ° falx
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+ (& () % (u1) dur) (f";,fl( )dx) (f°° (x) dx)f‘j’ (x)dx —

%(f f u)du)( > B(x) dx)( B x)dx) [, fa(x) dx +

(5> () (1) dn) (5, fo(x) dx) (S5 A(x) de) [ falx) o+

(S5 A0 dx) (72 B dx) (S5 B0 dix) [0 falx) dix =

2([% (AR) (0 &) ([ Bl &) [ fr x)dx+(fi° o) du) (%% (Fifs) (<) ) [ falx) dx —

257 fo (i) & (1) dun) (5 (63) () d) [ falx) d =2 (5 B(x) o) (S5 (A1) x)dx)f, a(x) dx +
(S Aty du) (S () (<) dx) [ falx) dx =2 (J57 fu () & (n) dun) (S5 (afs) () o) [, fa(x) e —
2(J= A0 ax) (5 (BF) () dx) [ () dx+8 ([, (Aifafs) (x) dx ) [ fu(x) dx

3 (/7% By du) (7%, fu)du) [, <f1f4>(x)dx— (S5 lul ) (u) du) [, (f) (x) dx —

2(J%, B de) [, (m)( Yo+ (S0 () du) (J5 o (un) R (un) don) [ (Afy) () o+

(S%o Bty ) (J5° 5 (un) % () dn) [ (Aife) () de+4 (57 25 (1) 7 (1 dul)f (fife) (<) dx+
(= By du) (S dx) j, (f1f) (<) abe =2 (57 f3 (1) & ) dln) ([ Pa(x) ) [, (RFa) () i+
(o fz(U)dU) (J wf3 Ybe) [ () (x) dx =2 (Jg° o (un) & () dln) (S5 ) o) [ 5 (ifa) () dix —
2(J% 0 dx) (7, B(x) dx) [%, (Afa) () dx+4 ([, fzf_o,)(x)dx)] ° (fif) (x) dx —

%(Jwﬁ )(J,wf"s(u)du).fi‘ufza) Yo —4 ([ % luli()fa(u) du) [, (Bfa) (x) dx -

2( [, At(u) du) [% (Bfa) () dx+ (/% (v du) ([ A u1>x<u1 duy) [, (f2fa) (x) dx +

(7 Atwydu) (5 f (1) & (vn) dur) [ <f2f4>(x> a4 (Jg7 f (1) £ (1) dun) [, (Ffy) () dx
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+( )(f, fi(x) de) [, (Bfa) (x) dx

2(f 1) dun) (S5 i) ) [ (Bf) (x) dx+ (S5 Alw) du) ([, f x)dx)f (Hfy) (x) dx —
2(f5 A () ¥ (1) dul)(f A dx) [, <fzf4>(x)dx— (= b dx) (S ) de) [ (fa) () dx+
4(f°° (R5) (x) dx) [, (Bfa) () dx — 4 ([ B(u) du) [, (Affy) (x) dx+

8
%(

5 (un) R (ur) dun) [, (Fiafa) (x) ae+8 ([0, f(x) de) [, (Aifafy) (x) dx —

(% flud)( 2 Hu) du) [, (f) (x Yo — 4 ([, lul i (w)h(u) du) [%, () () dx -

(/%% o (u) dur) [ (@a)( >dx+(f, u)du) (J57 A (1) 7 (un) dur) [%, (Bf) () dx+

1% f1(U)dU)(0 fo (1) & (1) du) [, <f3f4>(x)dx+4(f0 1ty (1) X (u >du1)f () (x) dx +
2 By du) (5, ) % (Bf) () dx = 2 (J5™ o (11) X (en) dr) (S5 Fi(x) o) [ (Fafa) () o+
fl(u)du)(

f1X)dX) 0 () dx) [, (1) (x) dx + 4 (5 () (x) dx) [, (ffy) (x) dx -

% % fz(X de) [ () () dx =2 (J57 i (1) £ () dur) ([ () dx) [, (Rf) () dx -
(= (=

([ falu) du) [, (Rfsfa) () ax+8 (J57 fo ulm 1) din) [, (Affa) (x) dx +

(j"" dx) I (Rifsf) (<) dx = 4 ([, A(u) du) [, (Bfif) () dx+

(Jo A (u1) & (u1) dun) [%, (Rfafa) (x )dx+8(] o LX) dx) [, (Bfify) (x) dx — 48 [, (ifff) (x) dx—
( U|f3 d“) Jo" Jo° i (1) 2 (u2) (=% (w1 — w2) = & (—u1 + u2) + X (11 + w2)) dundup —

( " fifa(u d") Joo Joo fi () fo (u2) (=% (u1 — w2) = X (—u1 + u2) + & (1 + up)) dur duy +

[0 Fa(u) dur) (S fa(x) o) J5° J5™ o (un) o () (=% (= ) = & (—tn + o) + % (ug + ) dluy iy

(
(7=
(
¢
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—2 (7% B0 ) (J7% a0 d) [ S5 () fo (1) (=7 (1 — 1) = F (—un + 1) + % (un + ) dl lp +
4 (S (Bf) () ) J57 J5 i (1) B () (<3 (11 — ) = & (w1 + 1) + X (t1 + u)) gy —
4 (7% ulfa(u)fa(u) du) [ J7 i () fs (u2) (=% (1 — 1) = F (—un + 1) + 7 (un + )l —

(f, fyfy(u du)fo Joo A (un) 3 (u2) (=7 (1 — ) — % (=

(S50 falw) du) (122 ) ) Jo7 S5 o (1) f () (<R (

2(ff°wf2(x)dx) (ffom f4(X)dX) Joo Jo~ A (un) A () (=% (u1 — ) = X (—u1 + tp) + % (u1 + u2)) duy dup +
4(ff°w(f2f4)(x)dx) Joo Jo~ A () B () (=% (u1 — ) = X (—uy + ) + & (u1 + u2)) duy dup —

4(f°° |ul A (u)fa( U)du) Joo Jo~ f2 (u1) B (u2) (=% (u1 — up) = X (—u1 + up) + X (u1 + 1)) duy dup —

2(

=

up 4 up) + X (ug + w2)) dupdup +
up —up) — X (—u1 + ) + X (u1 + wp)) duydup —

5% f1f4 du)fo fo f Ul)fa(uz)( X(u — ) = X (—up +u2) + X (u1 + u2)) dudup +

2(J= a0 ax) (1%, f4(><)d><) f?ff@(w)é(%)(-)i(m—Uz)—X(—Ul+U2)+X(U1+Uz))dulduz+
4 (S () () ) J57 S5 fo (1) 3 () (=X (11 — ) = & (1 + up) + X (ug + ) dy iy +

4 ([ ) d) 5 J5° o (1) f3 (u2) (— (= up) = & (—u1 + p) + % (u1 + tp)) dun dup +

4 (S a0 ) J5° S5 o () s (1) (=X (11 — w2) = & (—u1 + ) + & (11 + ) dy oy +

a(J

o () ) J5 5 A (1) %5 (u2) (—% (v — u2) = F (—un + ) + & (11 + 1)) dn duy —
(S Bluydu) (% ) du) J57 f5° A (1) fa (u2) (<% (1 — w2) = & (w1 + 1) + X (11 + ) duy duy —
4

(.Loo\ |f2(U)f3(U)dU) Joo Joo A (un) fa (u2) (=% (u1 — w2) = X (—u1 + wa) + & (1 + u2)) duy dup
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*2(f7 fyf3(u du) Jo7 Jo” A (un) fa (u2) (=% (u1 — ) = X (—u1 + 1) + % (u1 + u2)) duy dup +

(S50 oty du) (S22 OO dx) f5° S5 i () f (u2) (~% (1 = ) = F (—u1 + t2) + % (11 + ) dlus dup +
(/= fz(u)du> (S50 B0 dx) Jo° f5° o (un) fa (1) (~ % (o = ) = R (—un + ) + % (un + ) dl sy
2(J2 0 ax) ([ B ) [57 fo* f (1) fo (1) (<7 (11— w2) = & (w1 + u2) + X (u1 + u)) duydy +
4(ff°oo(f2f3)(x)dx)fgof[;oﬁ(ul)ﬂ(uz)(* (U1 —wp) = X (—uy + ) + % (u1 + up)) duy duy —

3 (U= Aydu) (5 ) du) J57 f5° fo (1) fo (u2) (<X (11 = ) = & (—un + ) + X (u1 + u)) duyduy —
4(f°° Julfy (u)f3( U)d“) Joo Jo~ f2 (u1) fa (u2) (=% (u1 — up) = X (—u1 + up) + X (u1 + 1)) duy dup —
(f, ff3(u du)fo fo fo (1) fy () (=% (ur — tp) — & (—uy + up) + % (u1 + up)) duy dup +

(S50 falu) du) ([0 O ) f5° Jo™ fo (un) o (u2) (~% (11— ) = F (—u1 + ) + % (11 + v)) dls i +
(ffooo fl(u)du) (f, f3(x) dx) 10" Jo fo () fa (u2) (=% (w1 — w2) = X (w1 + u2) + % (u1 + u2)) duy dup —
2(J% A ax) (7 B dx) 57 J5° f (un) fa (u2) (<% (g = u2) = R (—u1 + u2) + % (un + ) duydy +
4 (S (AB) () %) J57 S5 fo (1) fa () (<% (11 — ) = & (—uy + 1) + X (ug + u)) duy iy —
2(J% Alu) du) [5° [57 FFo (un) fa (u2) (— (1 — ) — R (—t + ) + (1 + u)) dly i +

4 (J7 BOVa) 5 J5° o (1) fa (u2) (— (s — up) = & (—u1 + p) + % (u1 + tp)) g dutp —

(U7 Aoy du) (7 Blu)du) J57 5 f (un) fa (1) (—% (11 — ) = R (—n + up) + % (un + up)) duy dup —
4 (I lulh(h(u) du) J57 J5 5 (un) f (u2) (<7 (e = o) = § (—un + ) + F (1 + ) don dp —
2(} i (u d”).fgo.fbwfs(ul)ﬁ(uz)(*X(Ul*U2)*X(*U1+U2)+X(U1+UZ))dU1dU2
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(foowfz )( w fLlx dX) 1o Jo 3 () fa (u2) (=% (w1 — w2) = (w1 + u2) + % (u1 + u2)) duy dup +

%o fi(w)du) (%5 B0 dx) [5° f57 Fs (un) fa (1) (% (un = ) = R (—un + ) + % (un + ) dluy dusy —

[7 Ax) ax) (J %% 0 ) [5° J57 f (1) o (u2) (=% (1 — ) = (—t1 + ) + % (11 + ) dly i +
flfz X)dx) Joo Jo~ B (un) fa (u2) (=% (u1 — ) = X (—up + u2) + % (u1 + u2)) duy dup —

o

(.

(%

([ folu) du) [5° J5° Fs (un) fa (1) (% (un = u2) = %
(= x

(/2

(

6

2 (—u1 +u) + % (u1 + wp)) duy dup +
4 ( o) J5° J57 A (un) fa (1) (— (11 — u) = R (—wn + ) + % (un + ) cuy iy —
2( %, filu) )fg Jo~ B3 (u1) fa () (=% (1 — t2) = X (—u1 + u2) + & (u1 + up)) dur dup +
4 (%, f(x) )fo Jo~ fofs (u1) fa () (=% (u1 — up) — X (—u1 + u2) + % (u1 + ) duy dup —
16 f5° Jo~ fifafs (u1) fy (u2) (=% (uy — u2) — & (—u1 + tp) + X (uy + u2)) duydup —
2 (S fa(u) du) fo° f5° o () i (u2) (—% (1 = ) = R (—w1 + ) + F (un + ) dly dp +
4 (S 0 o) Jo° J57 o () Ao (u2) (~% (1 — ) = F (—u1 + ) + % (11 + ) duy oy —
2( 50 f2(u) d )fg Jo© fa (u1) Afa (1) (—% (1 — t2) — X (—u1 + u2) + % (u1 + 1)) dur dup +
4( w P2(x)d )fg Jo© B (u1) Aty (u2) (=% (u1 — u2) = X (—u1 + ) + X (u1 + 1)) duy dup —
8 Jo Jo o3 (u1) Ay (un) (=% (u1 — up) — % (

) (=x(

) (=x(

) (=x(

)
)
-x )
X(—u +up) + X (u1 + w2)) duydup —
- )
)
)

( e f3(u) d )fg Jo© h (u1) Bfa (u) (=% (1 — ) = X (—u1 + ) + & (u1 + up)) duy dup +
( oooofa(x)dx) Joo Joo i (u1) £fy (u2) (= (u1 — u2) = X (—u1 + up) + X (uy + 1)) duy dup —
2 (S Alu) du) [5° 57 fs (un) oo (u2) (% (= ) = R (—ui + o) +  (un + ) dly
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+4 (ffow fi(x) dx) Joo Jo~ B (u1) Bfa (u) (=% (u1 — ) = X (—uy + ) + % (u1 + u2)) duy dup —

8o Jo fifs (u) ffs (u2) (=% (u1 — up) = X (—u1 + u2) + X (u1 + u2)) durduy —

16 Jo Jo_ f3 (u1) fifafy (u2) (=% (u1 — u2) = X (—u1 + u2) + X (u1 + u2)) duy dup —

2([ % hlu)du) [ 5 A (n) F5Fy (u2) (7 (o — up) = F (—u + up) + X (11 + ) dun oy +

( fz(x)dX) Jo~ Jo~ fi (u1) By (u2) (— (U1 ) — X (—un + ) + X (u1 + u2)) duy duy —

( fl(”)du) Jo~ Jo fo (u1) £y (u2) (=% (u1 — w2) = X (—up + ) + % (ug + up)) duyduz +

( )dX) 15" J5° 2 () 5% (u2) (=% (1 — w2) = R (—u1 + ) + X (i1 + u2)) dundup —

8o fo flfz(u1)f3f4(u2)(* (1 — ) = X (—u1 + u2) + X (u1 + u2)) durduy —

16 [5° Jo~ f2 (u1) fifafy (u2) (=% (u1 — u2) = X (—u1 + up) + X (u1 + 1)) duy dup —

16 o° Jo© i (1) fafafa (u2) (=X (u1 — u2) = & (—u1 + u2) + % (u1 + up)) dur dup +

(f, fa(x dx)fo Jo© S5 i) (u2) s “3)( (ur —up —u3) + X(— 1+ up — u3) — X(uy + o — u3) + (-

u1—u2+U3)—X(ul—U2+U3)—X(—u1+uz+U3)+X(u1+uz+U3))du1du2dU3—

(} f3(u du) I o Jo” Al Ul)fz(uz)@(%)(??(w—Uz—U3)+X(—U1+U2—Ua)—X(U1+U2—U3)+X(—
ul—u2+U3)—X(u1—u2+U3>—;z(—u1+uz+u3)+x(u1+u2+U3))du1dusz3+

([ B0 ax) 57 J57 Js* i) (ua)fa (us) (R(ur = — u3) + (= un + i — u3) = R(un + up — u3) + (-
U1*U2+U3)*X(U1*U2+U3)*X(*U1+U2+U3)+X(U1+U2+U3))du1du2du3*

2(.f'f°oof2(u)du) Jo fo Je ﬁ(“l)@(uz)ﬁ(%)(?i(ul*Uz*U3)+X(*U1+U2*U3)*X(U1+UZ*U3)+X(*
U1*U2+U3)*X(U1*UZ+U3)*X(*U1+Uz+u3)+X(U1+UZ+U3))dU1dU2dU3
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+4( [7 B ) J57 J5° J57 Fuun) () faus) (s — w2 = ug) + X — w1 + up = u3) = R(un + tp — ug) + 7~
H1*u2+u3)*X(U1*U2+U3)*7€(*U1+U2+U3)+X(U1+U2+U3))duldu2du3*

2( [ Ay du) [o° f5° I3 foun)fa(ua)fa () (R — i — us) + (= un + up — u3) = (e + v — ug) + X(—
ul—UQ+U3)—X(U1—uz+U3)—)€(—u1+uz+U3)+X(u1+uz+U3))du1du2dU3+

4(fj°oof1(><)d><) Il 6(“1)@(”2)&(“3)()?(“1—Uz—U3)+X(—U1+U2—Ua)—X(U1+U2—U3)+X(—
u1—u2+U3)—X(ul—U2+U3)—X(—u1+uz+U3)+X(u1+uz+ug))du1du2dU3—

810 I Jo” ff"z(ul)é(uz)ﬂ(%)(ﬂul—Uz—U3)+X(—U1+U2—Ua)—X(U1+U2—U3)+X(—U1—U2+U3)—
X(Ul—U2+U3)—X(—U1+U2+U3)+X(U1+U2+U3))dU1dU2dU3—Sf(;wf(;’ofooofz(“l)fffs(uz)ﬁ(u3)()€(u1—
up—u3) +X(—u +u—u3) = X(ur+ux—u3) + X(—ur —wp+uz) —X(u —wtu3) —X(—ur+uptuz) +
X(Ul+U2+U3))du1duzdu3—3[50fgwf&”ﬂ(ul)f{fs(uz)ﬂ(u3)()€(u1—Uz—U3)+X(—U1+U2—U3)—X(U1+
Uz—u3)+X(—U1—U2+U3)—X(U1—U2+U3)—X(—U1+U2+U3)+X(U1+U2+U3))dulduzdu3—

810 1o Jo” 6(“1)%(“2)&*4(“3)(72(“1—Uz—U3)+X(—U1+U2—Ua)—X(U1+U2—U3)+X(—U1—U2+U3)—
X(uy — up + u3) —X(—u1+uz+U3)+X(u1+uz+U3))du1dusz3fsjg° I f0°°ﬂ(ul)fg(uz)ﬁf‘;(%)()&(ul -
up—u3) +X(—u +u—u3) = X(ur+ux—u3) + X(—ur —wptuz) —X(u —uptu3) —X(—up+uptuz) +
X(Ul+U2+U3))du1duzdua—3[6”f(;’ofgooﬂ(ul)é(uz)f'aAf4(u3)(X(U1—Uz—U3)+X(—U1+U2—U3)—X(U1+
Uz—u3)+X(—U1—U2+U3)—X(U1—U2+U3)—X(—U1+U2+U3)+X(U1+U2+U3))dU1dU2du3—
3]&?,/?]50]};0ﬂ(“l)é(%)%(%)ﬂ(%)(*X(Ul*Uz*U3*U4)*X(*U1+U2*U3*U4)+X(U1+U2*U3*
ug) = X(—up —wp+uz —ug) + X(ur —up +uz —ua) + X(— 1+ up +uz —us) — Fur +up +uz —ug) — X(—
up—up —uztug) +x(up —up —uz+ug) +X(— o +ux—u3+ug) = X(up+ux —u3tug) +X(—u—w
uz+ug) —F(ug —uptus+ug) —x(—uv1+up+uz+ug)+x(ug +up+us+ u4))du1dusz3du4 help it's alive!
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Equation 1.1

The 4-Level Density of Eigenvalues of the Gaussian
Symplectlc Ensemble

(L )(jL fz(u)du) (j7 du)f7 fa(u) du —
5 (/o xu1>>fi<ul>du1)(1, B(uydu) (J2, f(u) du) [, f(u) du+
%(1 2o lulfy (0 () du) (5, F(w) ) [ wf4(u)duf
5 (S Ay dn) (S0 (0= x (u2)) o () dun ) (%% Fo(u) ) [, Fa(w) du+
1%(,1'E°m<1—x<un>f1<u1> dun ) ([ (1= x (1)) o (u2) duz)(L ()du) [, )du+
[ R(u) du) ([, (v du) [, fa(u) du+ § (/%5 folw) du)(L lulfy (u)fy(u du) I falu) du—
% <1 X(Uz ) o (u2) duz) (5, ulfa(u)fs () dur) [, () du+

u du) I fa(u) du—
I lulfa(u)fs (u) du) [, fa(u) du+

/—\/—\/—\/—\

)
% )( ulf2(u)f3
f (1 x(u1)) A (u1) dU1)
(/= \u|f1fz<u>f3(u)du)1 % fal) du—

15 (% o) du) (S B(wydu) (5, (- X(U3))f3(U3) du3) [, falu) du+

(S (0= () A () duy ) (1%, o) dur) (5, (1= % (u3)) s (u3) dlus ) 5, fa(u) du —

(S5 lulfy () oty ) (%5 (1= x (u3)) i (u3) dug) [, fo(u) du+

(I Aitwydu) (S50 (1= () f () dn) (% (1= X (u)) s (u3) dlu) %, fa() dlu—

(S5 =) A () dun ) (5% (1= x (02)) fo () ) (5, (1= x (u3)) f (u3) dlug) [ () du
(S5 W) dur) (2, (1= x (u3)) s (u3) dug) [, () du

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

3 (U ftwy du) (72, ATa(u) du) [, fa(u) du—
(S (1= x (w2)) o () duz) ([0, A () ) [, Fal) dr+2 ([, lul )it (u) dur) [, Fa(u) du+
(S Alwydu) (%2 BFs(u) du) [, fa(u) du
(1°°< X)) fi () dun ) (S5 Bh(u du) I )du+2(/'°“ lulfy ()56 () dr) [, o () du+

(% Ahfiu du) f4(u)du——(L (W du) (1% A du) (/%% A0 dx) [ fa(u)du+
(ffow( u2)) f2 (u2) duz) (L fa(u )( o (%) dX) J2% fau) du —
[% \U\fz( f3( du)(L 1) d) [ () du+
( )( (u3)) 5 (u3) du3> (f, fi(x) dx) S5 fa(u) du—
(S a-x uz) b () duz) (S5 (1= (u3)) fs (u3) dus ) (5 Ailx) de) [ falu) du—
(S5 B du) (72, A(x) dx) [ f4(u)du—
(L f u)du)( @(u)du)( dx)f7 fi(u) du+
(f (L= x(u1)) fi (1) d“l) (f )(f, fa(x) dX)f, fa(u) du —
f um Yawdu) (/% ()x)f falu) du+
2o ) ) (% (1= x (u)) s () s ) (% o) ) %, () du—

(1-x u1> A u1>du1) (S5 (1= x (u3)) f (u3) dus) (%, o) ) [ fa(u) du—
f7 Ffs(u) du) (%% fax) dx) [, falu) du+
f7 f3(u) du) ( > A(x) dx) (L f(x) dx) I u) du—

(1—x(u3)) f3 (u3) dLI3) (f7 fi x)dx) (fim )fioof:;(u)du

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

(j % B(u) du) (J% () (x) dx) [, fau) du+
(- X(Ua) )3 (u3) dus) (%% (Fify) (x) dx) [0 fa(u) du—
% i) du) (%% folu) du) (%2 Bx) dx) [, fa(u) du+
i <1 x(um 1(U)dU1) (I Bty du) (S B(x) de) [ fau) du—
u\fl fo(u) du) (% fa(x) dx) [0, fa(u) du+
u)du) ({ > (1= x (1)) () duz) (L @(x)dx) I fa(u) du—
(1= x (u)) A (1) dul) (S5 (1= x () o (1) dun) (2 Fa(x) ) [ fa() du—

e~~~ N

\\\

8

[,

f1(x) dx) o 13(x) dx) I, fa(u) du+

(/%
()= )
(L i (u ) ( dx) I, fa(u) du+
(L f(u) du) ( oofl(x dx) (L f(x) dx) e, f4(u) du—
(S (1= x (w2)) fo (1) duz) (52, Ax) de) ([ F3(x) i) 2, fa(u) du+
( u)du)( 2, 6(x) dx) (L f x)dx) e, f4(u)du—
(% (1= x () f () dul) (/= ) (f, x)dx ) %, falu) du -
( (
)

J% ol )(
2o (1) (x) dx) (122 () dx) [ fa(u)du—%( = ) du) (J (5) (x) dx) [, falu) du+
(f (1—x(m))h (1) dU2) (f (fif3) (%) dx)f f4( Ydu +
5 a0 ax) (S5 () () ax) [, fau) du— 3 (5 Ay du) (S5 () (x) dx) [, fau) du+
(f (1—x(u1))fi () dul) (f (h) (x) dx)f fo(u) du +

o il ax) (% (Bf) () dx) [, falu) du— 4 ([, (i) (x) dx) [ fa(u) du

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

1 w@(u)du) (/= (un = up) X (11 + ) i (un) o (1) dy iy ) %, fa(u) o +

(/= (u3)) f3 (u3) dus) (J oo]“f,o (1= (1 = ) X (u1 + ) i (n) o () dur ) [, () o+
(fwoo X)dx)([—oo] v (1= X (u1 = u2) x (11 + 2)) f1 (u1) fo (2 dU1dU2)f w0 fa(u) du —

(S Blwydu) (%5 [ (1= x (e = us) x (un + u3)) i (ur) 5 (us dU1dU3)l w fa(u) du+

(S5 (1= x (w2) fa () dUZ) (S0 S5 (= (0 = u3) x (1 + 03)) i (1) Fy U3)dU1dU3)f oo fa(u) du +
(Jh x)dx)( . X (1 = u3) x (u1 + u3)) fy (un) fy (u3) dur s ) [, fa(u) du —

(fwoo )( X (u2 = u3) X (2 + u3)) f2 (u2) F3 (u3 duzdu3) Jo% fau) du+

(J%% (1= x () A (i dul) (f I (=3 (= u3) x (1 + u3)) o () i (u3) g ) 5, fa(u) dlu+
(Sh x)dx) (o S uz—ua)x(uz+us>>fz(uz>f3<u3>du2du3)f,mf4(u>du—

) 8

S S S 2—x u1*Uz*u3)X(U1+"2*U3)7c(U1+U2+U3)*X(U1*u2*U3)X(U1*U2+U3)X(U1+UQ+U3))‘
(S By du) ([ folu) du) [, \um( )fa(u) du—

(S (L= (u2)) o (1) duz) (%% F3(u) dur) [, [ula(u)fa(u) du+

(%% lulfa(w)fs () ) [ ulfy () () du —

(I Buy du) (J%% (1= x (1)) f (u3) duss) [, uli ()i () +

(S5 (L= (u2)) o (12) dn) (5 (1= (u3)) s (u3) dus) [, Ll (u)fa () dlu+

2 (%% Bf(u) du) [, lulh () )du+§(f, f(u)du) ([ falu) du) [, ulfa(u)fy (u) du -

3 (% (= () i () dun) (% () du) %5, Julfa(u)fa(u) du +

4 (2% lulfi (0) () du) [, lulfa(u)fy (u) du

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

(e wﬁ(ﬂ)dU) (S5 (1= (u3)) s (u3) dus) [, lul () () dlu+

/—\MH

3 (U (1= x () i () du ) (J o (1= x (u3)) f3 (u3) dU3)l 2o lulfy (u)fa(u) du +

2 ([, Ats(u) du) [ |ulfo(u)fa(u) du+2 ([, f(u) du) [, |ulATa(u)fa(u) du -

2(/ w (1= X (u3)) 3 (u3) du3)/ v [ulfifa(u)fa(u) du +

(U )( o () du) [, |ulfy () () du

%(f < un)) fi () dug ) (2, o) dur) [, lulfs(u)fa () du+

(% \um() (u)d )f \u|f3(> (u) du —

3% )( ) (1) du) [, |ulfs (u)fa(u) du+

3 (U >f1<u1> dul) (f (1= X (u2)) o (u) duz) [ %, [ulfo(u)fa(u) du+

Q(fmﬁfz ) 2o lulfs () fa(w) du+2 (5, () dur) [ |ulFs (u)f (1) du

2 (%% (1= x () f (1) dun) [, Ll AT (u)fa () du+2 (S5, Fu(u) dr) 5 [l (u) o () dlu —

2(f%a- < 1) i () dun ) [ [ulfFs(u)fa () du+16 [, [ulfifo s (u)fa(u) du —
(S0 Atwy da) (S Bow) du) (S f3<) ) [ % (1= x (a)) o () g +

—

f (1= () f () dul)(f, fo(u)du) ([0, fou) dur) [, (1= x (ug) fy (ua) dug —

S lulfu (o) du) ([ fi(u) du) [ (1 x (ua) o (a) dug +

f,wfl(uwu) (f,w(l—m 2)) f2 (u2) dua ) (%% f(u) dur) [0, (L= x (ua) f (us) dlug —

[ 1 =x(u >>fi<u1>du1)(f <1—x<uz)>fz(uz>du2)(fi° A(u)du) [, (1= x (ug)) fy (ug) dug —
(S5 Ay dur) (52, Fo(u) du) [0, (1 x (ua)) fa (ug) dua

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

(/ wfz(u)du) (%% lul () () du) [, (1= x (ua)) o (ug) g+
e (L= x (1)) f (12) duz) (J,m ulfi(u)fs(u) du) [ (1= x (us)) fa () g —
°‘; )(/ lulfy (u)fy(u) dur) [, (L= (ua)) fa (ug) dlug +
w)) i () dul) (/ 2o lulfo(u)fy(u) dur) [, (1= x (ua)) fy (ug) dug —
< U|f1f2(u)f3 u) dur) [, (1= (us)) f (ua) dug +
E;mu)du)( Wb (1%, 1—x< 3)) 3 (u3) dus ) [0 (1= x (ua)) o (ua) g —
[ (= x ) A () duy ) ([0, o) dur) (5, (L= (u3)) f3 (u3) ) [, (1= (ua)) fy (g) dlug +
(,°° lulfy () (u) du) (%, (1= (u3) f () dug) [ (1= x (g) f (ua) dug —
I i) du) (%5 (1= (u2)) fo (u2) duz) ([ (1= x (u3)) 3 (u3) dlus) [ (1= (ua)) fu (ua) clug +
S (= x () f (u) dul)(fw (1= (2)) o (u2) duz) ([ (1= x (u3)) 3 (u3) dlus) [ (1= x (ua)) Fs () clg

LS N TN N T |
T~~~ N
/_\/_\\ ‘. \ \
—

Ti

\\

= =

A~

6
(f, i (u ) ( x(u3)) 3 (u3) du3) S5 (L= x(ua)) fa (ua) dug —
(f H u)du) ( f1f3 u)du) T (1= x (us) ) fy (ug) dug +
(f (1= x (1)) 2 (u2) duz) (ffo fifs(u ) "o (1= X (ug)) fa (ug) dug —

(fw\uvz( )flfg( o) [ (1= x (ua) () g —

(S50 Ay du) (122 B () du) [, (1 x (ua)) fa (ug) dug +

(S5 (=) A (wr) dun ) (5 BT(u) dur) 5 (1= x (ua)) fa (ua) dug —

2 (S5, ulf () (u) du) [, (1 x (ua)) fa (ug) dua =2 (f 5 fifafs(u) du) [0, (1= x (ug)) fa () dua +
b (ffoo fo(u) du) (ffw f3(u) du) I Aifa(u) du

Jake Levinson
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Equation 1.1

(J'ﬁ‘;u—x( 2)) o (u) dup ) (%5 Fa(u) du) [%5 iFa(u) du+2 (5, [ulfa(u) () dur) [, Fy () dlu —
%5l )( o (1= x (u3)) f5 (u3) dU3) IS fa(u) du+

5 (L= x () o (1) dup) (% (1= x (43)) Fs (u3) dlus ) [ FFa(u) du+

B du) I () du+2 ([, fa(u) du) [, lulfo(u)a(u) du—

/m 1= x (u3)) f (3) dus ) [ |ulfo(u)fifa(u) du+2 ([, folu) du) [ [ulfs(u)fifa(u) du
fiu—x( 2)) b (12) ) [, [l ()i Ta() -+ 8 [, |ul 5 (u) i (u) du +

[%0 i) du) ([ F(u) du) [, %y (u) du—

fi‘;u—x( ) A () duy ) ([, F(u) du) [, £6(u) du+2 ([, [ulf (u)fs (u) du) [, 6 (u) du—
I i) du) (12 (1= x (u3)) fs (u3) dus) [, FFa(u) du+

S5 (= () fy () dun ) (5 (1= x (u3)) f (u3) dlug) [, fFa(u) du+

% AR du) [, Ba(u) dut2 ([, f(u)du) [, [ulfi(u)hTa(u) du -

f"‘;u—x( 3)) s (us) dus) %, [ulf () Fa (u) du+2 ([, Fi(u) du) 2, [ulfa () o (u) du —

S5 W =x (u)) A (u1) d”l) T2 lulfa(u)Efa(u) du+8 [% [ul i3 () frfa (u) du+

(/55 falu) du) 5 Aty (u)du—2 (122, (1= x (u >>f3<u3 dus ) [, fifafa(u) du+

16 [, |ulfy(u) i hrfa(u) du+ } (f? fi(u) )(f? du)ffow@hﬂ;(u)du—

4(f (1—x(u1))fi () dul) (L f(u du)f7 £t (u du+2(ff°w\u\fl(u)f2(u)du)ffowfgﬁ;(u)duf
(% Ay du) (1% (1= x (02) f () ) [, Ffa(u) du+

F (U =2 ()) A () dur) (S5 (1= (2)) f (1) dun) [, FiHa(u) d

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

+ (/% fa(u) du) I 5t () du+2 (5 Folu) du) [, |ulfi (u)ffa (u) du —

2(J% (1= x(2) f (1) dun) [, lulfy () () du+2 ([ 5 () da) [, Julfo(u)fsa(u) du —
2(,/700(17;(( D) (1) dun ) [ ol () a(u) du+8 [, ulﬁfz(u)f3f4( )du+
2([% hluydu) [5, Afsfy(u)du—2 ([ (1—x (1) f (1) dup) [ fifsfa(u)du+
16 5, Julfs (u) it () du+2 ([, Fu() du) [, By fa(u) du —
2([% (L= x () A () dun) [, Bohsfa(u )du+16f |l (u)offa(u) du + 24 [, Fi 575 fa(u) dus —
[% é(u)du) (S5 lulfs () fa () da) 2, () e+

u3)) fy (us) dus ) (%, [ulfa(u )f4<u)du) [ i) dx =

(S5 lulfs(u)fa(u) du) [, Fi(x) dx+
) f2

(
(/%
(/= fz(u) du)
(
(

% 2)) f (u2) duz ) ([, lulfo(u)fe () dur) %5, £1.06) dx = & (5, |ul 5 (u)fy (u) du) 5, 1) dix +
g(f u)du)(f7 @(u)du)(f‘” (17;(( 4)) fa (ug) dU4)f7 1 (x) dx —

3 (5% (1= x () o () dun) (2 FoCu) d) (2 (1= x () fa () dlug) [5, A0 o+

I b)) du) (2, <1— (va)) o (ua) dug) 5, fi(x) o —

(U= hluydu) (5 (1= (us)) f (us) dus ) ([ (1 x (ua)) fa (ug) dug) [ 1 (6) dix +

(oo (2))f2( >duz) (f (1= x (u3)) f (us) dug) ([, (1= (ua)) fy (ua) dug) [, () dc+
%(f Hh(u )(f“’ ) fa (ua) dU4) I A(x) dx —

%(f f( u)du) (f"‘;ofm u)du)f7 £(x) dx +

3 (% (1= x (u3)) 3 (u3) dus) (% fFa () dr) [0 A dix = & ([0 [ul () o () dur) [, () dx

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions



Equation 1.1

—3 (U= fotu) du) (%, Ftalu) du) [, A(x) o+
(] > (1= x (1))  (u2) duz) (j > B (u du) I A(x) dx — 4(1 ° ulfy(u )f3f4(u)du) I A(x) dx—
(; X0 du)] ° f(x) dx — ('Lm A (u )du) (‘Lwlu\ﬁ( du) [ fa(x) dx +

I

(1= (u3)) f (u3) du3) (1‘ w\u\fa(u)fk(uwu) ,I'E;&(x)dx—

1%, A(u) du) ( |ulf3(u du) I, B(x) dx +

[5 L—x Ul)

(/7% ) a)

(= (1 X (un)) f () du ) (%5 o) du) (%5 (1= (ua)) fr (ua) dua) [, fo() dx+

%

(.

(.

( fi (u1) dul) (_Lw\u\fg( )f4(u)du) [, fo(x) dx — 4([ ° B (u)f(u du) [, B(x) dx +
3

1

8

(% ulfy ()fa () o) (% (2= x () f (ua) dlu ) 5 o) dix —
%

1

8

1

2

1

2

1

2

1

2

%

(S oty ) (%50 (1= (u)) f (ua) du ) [ %, Falo) dix —
)
)d

(S5 Aty du) (S5 (1= (u3)) i (us) dig) (% (1= x (u)) fo () dlug) 2, Fo(x) dx+
(S xun i (un) dun ) (5 (1= x (u3)) f (us) dus) ([, (1= (ua)) fy (ua) dug) [, Fo(x) o+
(L A0 (f°° (1—x(ua)) fa (ua) dU4)f7 f(x) dx —
( ° A( u)du)( > AH( u)du) [, f(x) dx +
(S22 (1= (u3)) i (u3) g ) (%5 Ffa(u) da) 5 o) e — 4 (5, lulfy () Fy (1) ) [, Fa(x) b —
( u)du) (f” B u)du) [, f(x) dx +
(f (1—x(u1))fi () dul) (L fifa(u du)f7 f(x) dx — 4(f ulfi(u)Ha(u du)f7 x) dx —
4 (7% Asfau) du) [, 00 dx+2 (1% ulf(0)fa(w) du) (1% A0 dx) 5% ox) dx -

(

(f7 ( u)du) 2 1= x(ua)) fa (ug) dU4) (jL f(x) dx)f o F2(x) dx

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions



Equation 1.1

3 (S (=X (u3) f (u3) dus) (f“;, (1= % (ua)) fa (g) dm)(i"’;ﬁ(x )dx) [0 B (x) dx+

(S Bta(u) du) (72 i) dx) [ 5 falx) dx — 4 ([ |ulfs(u)fa(u) du) [, (A1) (x) dx+

()7 hlwydu) ([ - x<u4>>f4<u4>du4) %% (Fifo) (x) o

() a- <3>>f3<u3>du3)(/ - X(UA))f4(U4)dU4)ff°w ﬁ@)()dx—

2(J%% () du) [ () (x) dx — (% falu) du) ([, lulfi(u)fa(u) du) [, Fa(x) dx+

(J% (1= X () fo (1) dun ) (% Jula(u )a(u)du) 2% falx) dx —

(S22 Aty da) (% lula(ufa(u) da) [5, F(x) i+

([ (a- X(ul))fl(ul)dul)(f ulfa(u )f4(u)du) [, f(x) dx — 4(; lul % (u)fa du)f7 £3(x) dx +
(L u)du) (L fg(u)du) (f“‘ (1- X(U4))f4(U4 du4)f7 f3(x) dx —

(Lmu X () A (1) dur ) (5% falu) dur) (122 (1= x (ua)) fo (un) dua) [, Fo(x) e+

(S50 ulf () du) (52 (1= x (un)) fa (ua) dua ) [, F3(x) o

( “)du)( (1= x (1)) 2 (u2) du2) (foo(l x (ua)) fa (ua) du4)ff° f3(x) dx +

(fa- xru) i () dur ) (S0 (1= 1 (62)) o () duz) (S5 (1= x (ua)) o () dug) 5, Fo(x) o +
(L fh(u ( (1= x(ua)) fa (ua) du4)f7 f(x) dx —

( b u)du)( [, A u)du)f7 £3(x) dx +

( (1—x () duz) (L fa(u du)f7 f(x) dx — 4(f ulfa(u )f1f4(u)du)ff°wf3(x)dx—
(°°°o u)du)(f o u)du)f7 £3(x) dx +

(f”w (1—x(u1))fi () dul) (L fHa(u du)f7 f(x) dx — 4(f |ulfy(u f2f4(u)du)foof3(x)dx

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions
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Equation 1.1

—4 ([ Abf(u) du) [, f00) dx+2 ([, [ulfa(u)falu) du) (75 A(x) dx) [, fo(x) dx—
(b )(/“’ (1= (ua)) fa (ua) dug) (S A(x) %) [ f3(x)dx
Ha- X(Uz)) (v2) ) (% (1= (0a)) o () o) ([ ) ) [ % Fy() ot
(/= f2f4 )([’” A(x) dx) o B dx 2 (% ul (u)fa(u) d )(ff"mf( Yox) % fa(x) o —
F (U Awd) (S50 ug)) fo () dug) ([ Bo06) ) [0, F3(x) o+
%( (1= (u)) A (u1) 1)( (1—x (ua)) fa (ug) du4) (l f(x dX) S5 B(x) dx +
(f i (u )( o f2(x) X) ST (x) dx +
3 (%0 (1= x () o () dug) (S Fi0) dix) (75 Falx) de) S5 Fa(x) dx
([ (1—x(us)) fy (ug) dU4)( (fif) (%) dx) I, f(x) dx — 4(f ulfa(u )f4(u)du)f (fLF) (x) dx +
3 (U= Blwydu) (5% (1= x (ua) fa (ua) dug ) [ (fs) () o —
%(f (1—x (1)) 2 (u2) duz)( (1—x(ug)) fa (ug) du4)f (Af3) (x)dx —
dx —

2 (%% Blalu) du) [, (Aifs) () dx — ([ (1= x (un)) fa (ua) dlug ) (J 5 () de) [ (Aifs) () dix —

4 (S0 lulf (@) (u) du) [, (f) (x) dx+ & (10 f(u)du) (5% (1= x (ua) fa (ua) dug ) [, (2fs) () o —
(f (1- K(“l))fl(ul)du1) (f (1—x (ug)) fa (ug) du4) oo (R13) (x) dx —

(%% Ffa(u) du) [, (2f3) () dx = ([, (L= (ua)) fo (g) dlug ) (/% fl(x)dx)f (ffs) (x) dx +
([ (= () fa (tg) dlug ) [, (ﬁfzfg)(x)dx—

(L f(u)du) ([ folu) du) (15 f(u)du) [, fo(x) dx+

(f (1= x(u)) A (u1) du1) (f, fo(u )(f, f3(u)du) [ fa(x) dx

Jake Levinson
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Equation 1.1

7( \u\fi Vo (u) u)(foo f du) S5 fa(x) dx +

F (U Aoy du) (72 (1= x () f (1) duz) (S5 Folu) du) [, Falx) dx —

F(% <1 X(m))ﬁ(m) dur ) ([ (1= x (u2)) fo (12) dup) (%5 F3(u) dr) [ falx) b —

3 (U7 ARy du) ([ Au) du) [, fa() dx — ([, falu) du) ([ [ulfy (u)s(u) du) [, fa(x) de +
(S (L= X (02)) o (u2) du) (%% Ll ()Fs(u) ) %, falo) dix—

(S5 Ay du) (12 lulfs(u)fa(u) du) [, falx) de+

(o= X(”l))ﬁ(“l) dun ) (%% |ulfo () () du) [, fa(x) de — 4 ([, [ul A (u)fa(u) dur) [, fol(x) o+
1

8

1

(S5 (1= x () f () dr ) (2 o) ) (2 (1= x (u)) s (u3) dlu) 2, falx) dx+

) (5% (1= x (u3)) i (u3) dlus) 5, Fa(x) cix —

F (U= Ayde) (5% (0= x (w0)) fo () dun ) (% (1= x (u3)) fs (u3) dus ) [, (x) dix +

(fa- xumﬁ(un dun) (%2 (1= x (s2)) o (2) ) (2 (1= x (u3)) 5 (3) duig) [ Falx) e+
( > Aty (u) du (f°° (1—x(u3)) s (u3) dU3)f7 fa(x) dx —

(L % u)du) (f i u)du)f7 fa(x) dx +
( (1—x(uw)f dU2) (L A du)f7 fa(x) dx — 4(f ulfa(u )f1f3(u)du)ff°wf4(x)dx—
(/% (
(1= )

(S Aty da) (% ow) ) (% (1= X(uz))@(uz du3) [, falx) dx —
)
)d

[ lul () fa(u

A~ o

f(u) du) %, B (u) du) I fa(x) dx +
(1= x () fi () dun ) (f, Rt (u) du) [, fa() de — 4 (%5, lulfi (u) fs (u) ) 75, Fax) dx
(5 A du) [5 f0) dx+ § (5 hlu) du) (S5 B(u)du) ([ Ax) dx) [, falx) dx

Jake Levinson
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Equation 1.1

i(} o (1= x(12)) fo (12) duz) (] B U) (]fow fl(X)dX) S5 fa(x) dx +

2(J% lulb () du) (f2, fi(x) dx )/‘w 3 (x) dx -

U ()du) (‘/ (1= (u3)) fs (u3) duz) (%5 i) ) [0 Falx) dx+

(U x<u2>>f2<u2> dup ) (I <1 X (u3)) fs (u3) ) (% Fix) o) [ ) dx+
(S5 B () du) (2% i) ) 2 falx) e+

(A u)du)( 2o f(w)du) (S fz( dx)/ ° fa(x) dx —

3% @) & () dun ) (5 () du) ([ () dx) [ fa() dx+

2 (S lulfi () (w) du) (%% x) dx) [ falx) dx -

(A u)du) (f 2o (1= x (u3)) f3 (u3) dus) (2 ) %) [2, f4(x)dx+

%(f‘” (1- x<u1>> () dog ) ([ (1= x (u3) s (u5) dus) ([ () i) [, fal) i+
( 2o (0 du) (%5 fa(x) dx) [, falx) dix -

(L f( u)du)( > A(x) dx) (L A x)dx)f7 f4(x)dx+

%(f (1= x (u3)) f (u3) dus) (2 Alx) de) (5% R0 dix) 2, falx) dx+

(S Alwy du) (S (i) () dx) [, falx) dx -

(I (1= (u)) s (u3) dus) (/% <f1f2>(x de) [, falx) dx +

F (IS A de) (5 Ala du) (56 dx) I, fa(x) dx —

%(ffoo (1= x(u)) A (u1) dul) (f, fa(u )(f, f3(x) dx) S fa(x) dx +

Z(ffooo\um(u)fg(u) du) (f f3(x) dx) I fa(x) dx

Jake Levinson
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Equation 1.1

~3 (U Aty du) (5 (1= 2 (u2)) o () ) (5 B506) ) [ o) i+
%% @ = x (1)) A (1) dul) (j e (1= x(12)) f () duz)(L dx)j o fa(x) dx +
I ) 72 () dx) [, fa(x) dx -
[%20 i(x) o) ([‘” 5 x)dx)/ > fa(x) dx +

)
)
B (7% Al du) (.

(f <1 X (u2)) o () ) (S5 )(L () dx) [, falx) dx -

(=% Aty du) (S0 G0 ) (S5 s x)dx) I falx) dx +

(S - x(ul))ﬁ(w)dm) (St x)dx)(.L f(x)dx) [, fa() dx+

JE a0 ) ([ () dx) ([, ) dx) [, falx) dx -

2(% (6R) () dx) ([ (X dx) [< fo x)dx+(fi° f(u)du) (1, (Aifs) () dx) [, falx) dx =
LS (1 =x (1)) 2 (1) d 2) (f (Af3) (x) dx) S5 fa(x) dx —

2([% 2l dx) (% (AB) () dx) [ fo x)dx+(f, () du) (%5 (fs) (<) o) [ fax) dx
o (= x () Ao (o) dun ) (2, (BFs) () dx) [ ) dix -

2(f flx)dx)(fmw( ) (x)d )L f4x)dx+8(f (f1f2f3)()dx>f fa(x) dx —

3 ([ flwydu) (% A(u) du) [, <f1f4>(x)dx+

(%0 = x () B () du) (5 Fa(w)du) [, () (x) o — 4 (S, lulo()s(u) du) [, (ffa) (x) dx +
1 (U= hwa) ([ a- XU3))f3<U3)dU3 I (Rifa) (x) dx -

(U= (=2 (2)) B (1) dup) (S5 (1 - X(U3))f3(U3)du3)f (fifa) (x) o —

2 (% () du) [ (Rifa) (x) de+ (5 () o) (5 Bo(x) o) [ (i) (x) dx

Jake Levinson
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Equation 1.1

— ([ (= (u3)) fy (u3) dus ) (%, () dx) [, (Aifa) () dx +
(J%% B(wy du) (S B(x) dx) [ (Rify) () dx -
(S @ =x () b (Uz) dup) (%2 B(x) ax) [, (Aifa) (<) dx -

(/% Al >dx) (S B &) [ () () dx+4 ([, () (x) dx) [, (ify) () dx—

)

%
f—oc (1 X (u1
J

o falu)ydu) [, ( f2f4)( ) dc+
) (un) dun ) (5 Fa(u) du) [, (Bfa) (<) dx — 4 ([, lulfy (u)fa(u) du) [, (Bfa) (x) dx +
S5 1= X(U3))f3(u3)du3 oo (R2f3) (x) dx —
[ (1= x(u)) A () duy) (S (1= x(ug))fg(ug)dug)f (f2fy) (x) dc —
2 (% Afa(u) du) [, (Bfe) () dx+ ([ () du) ([ fi(x) dx) [ (fafa) () dx -
% (1= x () fs (1) du3) (L i(x) dx) [ (Bfa) (x) dx +
o filw) du) ([ f(x) de) [, (Ra) () dx -
5% (= x () fi () dun) (L F(x) dx) [, (fafy) (x) dx -
(/= x)dx)( o B d) [%, () () dx+4 (%, (A1) (x) d) [, (2fa) () dx—
(V% Alu) du) [, (fafe) (x) dx+4 ([, (1= x(U3))f3(u3)dU3)f (fiffy) (x) dx +
(= B0 &) [, (Rinf) x)dx——(f, fi(uydu) (S Hu) du) [, (fa) () dx+

VAVA

3 (/%% =) & () dun ) (5% folu) du) [, (Rf) (x) dx =4 ([ lulfu () (u) du) [, (R) (x) dx+
3 (I Al du) (5% (1= x (1) o () dun) [, (Fsfa) (x) o —
3 (/7 = () & () du ) (5% (1= x (u2)) o (1) diz) [, (fa) (x) de

Jake Levinson
n-Level Densities of Zeroes of Quadratic Dirichlet L-Functions



Equation 1.1

2 (%, fh () du) [, () () dx+ ([, lu) du) ([, A0 dx) [, (Bf) (x) dx -

(S5 (=X () fo (1) dup ) (5 A1) ) [, (o) (x) o+

(7 Aty du) (%% B dx) [, (Ffa) (x) o —

([ > (1- ( ) A (u1) dul) (] B x)dx)] ° (ffa) (x) dx —

(s (S5 ) dx) 5% (Bfa) () dx+4 ([, () (x) dx) [ (Ffa) (x) dix —

I () () dx 4 ([ (1= x (12)) o () dup) [, (Rfsfy) (x) dx +

I (ifsfa) (<) dx = 4 ([, fu(w) du) [, (Bfifa) (<) dx +

L (1)) i () dur) 2, <f2f3f4>(x>dx+s(f, fi x)dx)f (ofsfy) (x) dx —

[ (RBfh) (x)dx—z(f lulfs () () du) [%, [ (1= (11 — 1) X (1 + ) i (1) F (u) dly i+

3 (% falu) du) (5 (1= x (ug)) fa (g) dlug) [5, [5,( 1—x<u1—u2>x<u1+u2>>fi<u1>f}<uz>dulduz—

3 (%0 (1= x(u2)) () dus) (S5 (1= 3 (ua)) o (ua) dug) [0 [ (1= % (e = u2) x (11 + u2)) i (u1) By (1) s oy
I

2

3

1

(
)
(S Ba(w) du) [,
4)
(
)

o)
4(1% )
81 )
4 (.

(L= X (u1 = u2) x (u1 +u2)) i (1) fo (u2) duyduy —
3 (I (1= x () o () du4) (1=f x)dx)f I (1= X (o = ) x (1 + 2)) i (1) o () dy iy +
3 (U= By du) (5 falx) de) [ 5, u1—uz)x(u1+u2>)ﬁ<u1>6(u2>du1du2—
3 (I (1= x () s () dlus) (2 f4><)d><)f I (1= X (o = ) x (1 + 2)) i (1) o () dly iy —
(S B0 @) (S Bl ) [ [ (1= (1 = u2) x (11 + u2)) A (1) o (u2) dundp +

2 (% (Bf) () ) [ [0 ( *X(U1*U2)X(U1+U2))f1(U1)fz(U2)dU1dU2*

2(/%|

o lulfa(u)fa(u) d“) LS [ (U= x (u1 — u3) x (u1 + u3)) A (1) f3 (u3) duy duz

Jake Levinson
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Equation 1.1

+3 (J ( —oo “)( o (1= X (a)) fa (ug) d“4).]f°oe S0 (U= x (i1 = u3) x (1 + u3)) A (u1) 3 (u3) dur dus —

P =2 (2) b (1) duz) (S5 (1= x (ua)) fa (wa) dug) [, [ (1= X (un = u3) x (ur + 03)) i (u1) f (u3) oy s
(fw fafa(u )Loo/ o (1= x (1 — u3) x (u1 + u3)) Ay (1) f3 (u3) duy duz —

(U (1= x () o () d“4) (72 B0 dx) [ [0 (1= x (1 — u3) x (v + u3)) fy (1) f (u3) duy g +

%(L )(.Lm fa(x) dx) S 5 (U= x (w1 = u3) x (u1 + u3)) A (1) f3 (u3) duyduz —

(% <1—x< 2)fo (2) durp) ([ fa x)dx)fw/m X (e = ug) x (t1 + u3)) i (un) fy () ds g —
(St ) (J % fa x)dx)f S0 (U x (o — u3) x (11 + u3)) i (un) i (u3) dun dsg +

2(f%% (Bf) () [ [ x( 1—u3>x<u1+u3>>fi<u1>f”3<u3>du1du3—

2 (% ulfi(0)fa(w) du) [, f X = u3) X (v + u3)) By () 5 (u3) dupclus +

F (U Awd) (S5 - x(w >>f4<u4 dug) [ [ (1= x (1 = u3) x (s + u3)) o (o) F (u3) dupdlug —

3= -2 () A () dul) (%% (= (wa) fa () ) [ 5% (1= X (12 = u3) x (1 + u3)) o (u2) Fy () duplug
( 1%

2
1

2

1

2

I At u)du)f =X (12 = u3) X (2 + u3)) o (u2) i (u3) =

X (f ) fa (ua) du4) (f, fi X)dx)f L5 (U= x (w2 — u3) x (2 + u3)) fa (u2) 3 (u3) dupdus +
(f"‘; u)du)( o () dx) [ [ uz—ua)x(u2+u3>)f;<u2>é(u3>du2du3—
( N () du1) (f, fa X)dX)f L2 (1= x (w2 — u3) x (2 + 13)) fa (u2) 3 (u3) dupdus —
% f1(>< dx) (f, fa X)dx)f 5% X (u2 = u3) x (w2 + u3)) fa (u2) 3 (u3) dudus +
2( (ffs) X)dx)f 5% X(Uz*U3)X(U2+U3))fz(u2)'£3(u3)du2du3*
%(mez wydu) (% fs(u)du)f S (1= x (11— ua) x (1 + ug)) Fy (1) o (va) cy dsg

Jake Levinson
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Equation 1.1

(% (1 (2) o () o) (%2 Falw) ) %2 [0 (1 x (1 — ua) x (un 4 0a)) o (un) o () iy g —
2 (%, lula () (u) du) [, [, (1= x (un — ua) x (ur + ug)) i (un) f (ug) dls g +

F(/% A )(J‘f‘;u—x(ua))&(ua du3 ) [ [ (1= x (11 = ug) X (v + ua)) A (u1) Fy (u) luy g —

(U= =1 () B (1) duz) (S5 (1= x (us)) s (u3) dug) 5, [ (1= X (un = ua) x (v + 0a)) i (u1) f (ug) dly g
(S22 Bt () du) [, I x(ul—u4)x<ul+u4>>fi<u1>&<u4)du1du4+

%
1
2
1
2
1

(Lw f3(u)du) ({ ocfz(x dx) L (= x (w1 — ug) x (g + ua)) i (1) fy (ug) duy dusg —
(=% (= x(w3)) fs (u3) dus ) (% o x)dx)f %0 (1= x (1 — wa) x (g + ua)) Ay (1) F () oy g +
(%% o) dur) (S22 B0 ) [0 S5 (1= X (01 = ua) x (11 + ua)) i (u1) Fy (i) s g —
LU = x () o (w2) dua) (S 65 x)dx)f S (1= (i1 — ug) x (v + ua)) f (1) o () g g —

(S5 o) de) (220 B0 ) [0 S0 (1= x (e = ) X (w1 + ua)) (1) Fy () dos g +
2([% (BB) () dx) [ [ ( —x<u1—u4>x<u1+u4>>fi<u1>fz(u4>du1du4+
(fiooo foo (I*X(UZ*”3)7(("2+U3))f:2(uz)é(ua)duzd%) S [T (U= x (U1 — ua) X (ur + ug)) fi (u1) fa (us) duy duy -

(U Aoy du) (S5 falu) du) [, [, z—u4>x<u2+u4>>f”z<uz>f;<u4>du2du4+
},(f (1= x(u)) A (u1) du1) (f, fa(u du)f 5% X (uz = ug) x (2 + ug)) fo (12) fy (ug) dupclug —
2 (S, ulf () (u) du) [, [ u2w)x(uz+u4)>f2(u2>f4<u4)duzdu4+

F (U= A@ae) (7, 0 -x( 3>>f3<u3 dug) [ [ (L= (2 = ug) x (2 + ug)) o (1) f (ug) g —
FUma-x >>f1<u1>du1) (5% (1= (u3)) f (us) dus ) [0 [ (1= X (12 = ua) x (1 + ua)) o (u2) Fy () duaclug
(S5 () du) [ %5

Jake Levinson
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Equation 1.1

+3 (%% falu) du) ([0 A0 dx) [0 S5 (1= 2 (u2 = ua) X (12 + ug)) f (u2) Fy (ug) dupclug —

(%% = (u)) s (u3) dug) ([0 i) ) [ [0 (1= x (2 = ug) X (12 + ) Fo (u) Fy () dpdluig +

3 (7% Ay du) (% B0 ) [7% [0 (1= (2 — ug) X (u + a)) s (u2) fa () g —

1% —x( V) A <u1> dn) (J% x)dx) %o S (U= x (2 = ua) x (2 + ) o (u2) o (ua) durp g —

(2 by ae) (o0 B die) [ [T (1= (12 = wa) X 2+ 1)) o (u2) o (1) dluz sy +

2(/% <f1f3>(x>dx).Lm.f,mu—x(uz—u4>x<uz+u4>>fz<uz>a<u4>duzdu4+

( S m(lfx(ul*“3)X(U1+U3))’€1(u1)f3(U3)du1du3).}fcmffcoe(1*7((112*U4)X("2+U4))fz("z)fi(w)duzdu‘r
3 (U2 Ay du) (2% falu) ) [ S5 (1= x (5 — ua) x (u3 + ua)) F (u3) fo () sy dsg +

%(f (L= x(u))fi () dul) (f, f(u d“)f S5 (L= (u3 — ug) x (u3 + ug)) 3 (u3) fy (ua) duzdug —

2 (S5 ulf () (u)du) [ 5% (1= x (3 = ua) x (s + ug)) fs (u3) o (ua) dusdlug +

3 (U A du) (7% - x( z>>fz<u2 du) [ [ (1= x (3 — ug) x (u3 + ua)) s (u3) i () sz sy —

3 (U= = x () () dul) (5% (=X () fo (1) ) [0 [ (1= X (w3 — ua) x (13 + ua)) F (u3) fy (ua) duscug
(f,oo fih u)du)f S (1 =x( 3*H4)X(H3+U4))'€3(U3)ﬁt(u4)duadu4+

3 (U= u)du)( ﬁ(x dx)f S (1= x (3 = ua) x (u3 + ua)) i (u3) o (ug) dss g —

%( o (1— ) o (u2) du2) (f, fi X)dX)f S (L= x (u3 —ug) x (u3+ 1)) 3 (u3) 4 (ug) duzdug +

1 u)du)( 2 B (X)) [0 [0 (1= 1 (u3 = ug) X (w3 + ua)) s (u) fy (1) sz dug —

%( N A (u1) du1) (f, f X)dX) S0 5% (U= X (u3 = ug) x (u3 + ug)) f3 (u3) fy (ug) duzdug —

( f1(>< dX) (f, f X)dX)f % x (U3 —ug) x (u3+ug)) 3 (u3) fa (ug) dusduy

Jake Levinson
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Equation 1.1

+2( % (AR)(x) dx) [ [0 (1= x(us = ua)x(us + ug) ) f (us)fy (ug) dusdiug + ([, [ (1= x(en -
up)x(u -+ u2) ) (un)fo () dus ) [, [ %5 (1= (s = ua)x(us + ug) ) f (u3) fa (g duzdlug + ((J5, (1=
X(U4))f4(“4) dug) % % [ (2*)((“1 —up —uz)x(ur +up — ug)x(ur +up +u3) — x(un — wp — ug)x(ur —
w + uz)x(uy +Uz+U3))f1(U1 fa(u2)f3 (u3) du dup duz +2( S fa(x) C’X) JZ 5% % (2 Xluy —wp —
uz)x(uy +up — uz)x(ur +u2 +u3) = x(ug — up — u3)x(un — up +uz)x(ur +up +

u3) ) i (un) o (1) i (u3) du duipdus — (5 Fa(u) ) [ [, [0 (2= x(un — v — ua)x(un + up — ua)x(ur +
up +ug) — x(u1 — up — ua)x(ur — up + ug)x(ur + u2 + U4))fl(U1>f2(‘-’2)f4(“4)dulduzd“4 + (,/fom (1 -
X(U3))§(U3) duz) [, [T [T (2*)((“1 —uy —ug)x(u +ux — ug)x(uy +up +ug) — x(u1 — up — ug)x(ug —
up + ug) x(ug + up + U4))G(U1)f2(uz)ﬁ(u4)du1duzdu4 +2(,f°°m f3(x) dx ) JZ 5% % (2*)((“1 —uy —
ug)x(uy + up — ug)x(ur + 2 +ug) — x(ug — up — ug)x(ur — up + ua)x(u1 + wp +
U4))ﬂ(ul)é(uz)ﬂ(w)dmduzduz‘ - (ffow fa(u) d") S S5 [ (2 —x(u1 — u3 — ug)x(ur +uz — ua)x(u +
uz +ug) — x(u1 — uz — ua)x(ur — uz + ug)x(ur +u3 + U4))fl(U1)'€3(U3>51(U4)du1dU3dU4 + (./'fow (1 -
X(Uz))fz(uz) dup) %[5 [ (2*2((“1 —u3 — ug)x(uy + uz — ug)x(uy + u3 + ug) — x(uy — uz — ug)x(uy —
uz + ug) x(u1 +U3+Lm))fl(ul)é(us)ﬂ(uza)dwd%dw +2(.ff°oo dx) JZ6 5% % ( up —uz —
ug)x(uy + uz — ug)x(ur +u3 +ug) — x(ug — u3 — ug)x(ur — uz +ua)x(u1 +us +

U4)) fi(u1)f3(u3)fy (ug) duy duzdug — (ffow fi(u) dU) S S5 [ (2 = X(u2 — u3 — ug)x (w2 + uz — ug) x(u2 +
uz +ug) = x(u2 — u3 — ug)x(uz — uz +ua)x(uz + uz + U4))G(UZ)'%(U3>5(U4)dU2dU3dU4 + (./'fow (1 -

X)) i) dur) [ 5 [ (2= (e — s — ua)x(u + 3 — ug)x(uz + s + g) = x (1 — u3 = ug)x(u2 —
u3 + ug)x (1 + u3 + ua) ) fo (1) f (u3) (1) dup g sy

Jake Levinson

evel Densities of Zeroes of Quadratic Dirichlet L-Functions



Equation 1.1

+2(f, fi(x) dx)f 5% 5% (2 X(uz —u3 — ug)x(u2 +u3 — ug)x(uz + uz + ug) — x(u2 — uz — ug)x(up —
w3 + ug)x(u2 + u3 + ug) ) o (12)fs (u3)fa () duzduscug — 4 [, [ [0 [%og (6= x(un — 2 = u3 — ua)x(un +
up — u3 — ug)x(ur + up + uz — ug)x(u1 + up +uz + ug) — x(ur — up — uz — ug)x(u1 — wp +u3 — ug)x(un + up +
uz — ug)x(u1 + up +uz +us) — x(ur — up — uz — ug)x(ug + wp — u3 — ug)x(ur +up — uz +ug)x(ur + Uz +uz +
ug) — x(uy — up — uz — ug)x(uy — up — u3 + ug)x(ug +up — uz + ug)x(u1 + uz + uz + ug) — x(ug — Uz — uz —
ug ) x(ur — up + uz — ug)x(ur — up + uz + ug)x(u1 + wp +uz +us) — x(ug —u2 —uz —ug)x(ug —wp —u3 +
ug)x(up — up + uz + ug)x(ug + up + uz + u4))fi(ul)fg(u2)f3(U3)f4(u4)du1du2dug,dU4. if you can read this, you
don’t need glasses

Jake Levinson

Level Densities of Zeroes of Quadratic Dirichlet L-Functions



Random Matrix Theory

Random Matrix Theory

Example question: What is the expected largest eigenvalue?

Consider a real symmetric 2 X 2 matrix

A:<Z g).
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Random Matrix Theory

Random Matrix Theory

Example question: What is the expected largest eigenvalue?

Consider a real symmetric 2 X 2 matrix
a b
A= (2 %)

Characteristic polynomial is

ca(A) = det(Al — A)
=A% —(a+)A + (ac — b?),

with roots

Ay — (a—i—c)i\/m‘

2
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Random Matrix Theory

Suppose a, b, ¢ are drawn independently from a probability
distribution P on the interval [0, 1].

The largest eigenvalue is

Ay = Ai(ab,c) = (a+c)—|—\/4b2+(a—c)2‘

a 2
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Random Matrix Theory

Suppose a, b, ¢ are drawn independently from a probability
distribution P on the interval [0, 1].

The largest eigenvalue is

Ay = Ai(ab,c) = (a+c)—|—\/4b2+(a—c)2‘

2

So, the expected largest eigenvalue is

E().) —/01 /01 /01 A4 (a, b, ¢) P(a)P(b)P(c)da db de.
dA

If P(x) is the uniform distribution, IE(A) ~ 1.05.
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Random Matrix Theory

Classical Compact Groups of Matrices
G(N) Matrix Ensemble
U(N) Unitary N X N matrices
SO(even) | Unitary orthogonal N x N matrices (N even)
SO(odd) | Unitary orthogonal N x N matrices (N odd)
USp(N) | Unitary symplectic N x N matrices

» Unitary matrix A: AA* = A*A=1.

» Eigenvalues are e, § € [, 7).

0

eigenvalues e'” on unit circle < eigenangles 6 on straight line

» G(N) is a probability space
» can integrate (Haar measure)
» can study eigenvalue statistics
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Random Matrix Theory

Eigenvalue Statistics

» Physics: eigenvalues < energy levels of complex systems

» Spacings, distributions, clusters, ...
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Random Matrix Theory

Eigenvalue Statistics

» Physics: eigenvalues < energy levels of complex systems

» Spacings, distributions, clusters, ...

Important statistics:
» n-level correlation: distribution of clusters of n eigenvalues
» (Katz and Sarnak) Same for all classical compact groups!
> n-level density: distribution of eigenvalues near 8 = 0.
» (Katz and Sarnak) Different for each group!

Page 7



Analytic Number Theory

Analytic Number Theory

Studies questions like:
» How many prime numbers in {1,...,n}?
» How large are the spacings between prime numbers?

» How common are clusters of primes?

Techniques used for these questions can be used to study primes in
arithmetic progressions, elliptic curves, number fields, ...
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Analytic Number Theory

The Riemann-Zeta Function
The Riemann-Zeta function {(s) (s € C, R(s) > 1) is defined by

i)=Y =

s
n=1 n
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Analytic Number Theory

The Riemann-Zeta Function

The Riemann-Zeta function {(s) (s € C, R(s) > 1) is defined by

n=1 P

= \
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Analytic Number Theory

The Riemann-Zeta Function

The Riemann-Zeta function {(s) (s € C, R(s) > 1) is defined by

n=1 P F
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Analytic Number Theory

The Riemann-Zeta Function

The Riemann-Zeta function {(s) (s € C, R(s) > 1) is defined by

Riemann Hypothesis: All the zeroes with 0 < R(s) < 1 are of
the form 3 + iy, v € R.
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Analytic Number Theory

Why care about {(s)?

» Euler product for { relates the prime numbers to the integers
> Locations of prime numbers connected to locations of zeroes
of {(s):
» Explicit formula relating # of prime numbers in [0, x] to a
sum over the nontrivial zeroes of {(s)
> Error term is smallest if all zeroes have real part %
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Analytic Number Theory

Why care about {(s)?

» Euler product for { relates the prime numbers to the integers
> Locations of prime numbers connected to locations of zeroes

of {(s):

» Explicit formula relating # of prime numbers in [0, x] to a
sum over the nontrivial zeroes of {(s)

> Error term is smallest if all zeroes have real part %

» Spacing statistics appear to be given by RMT ensembles
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Analytic Number Theory

L-functions generalize the { function

An L-function L(s, f) is defined by a series

o]

L(s,f)=Y 2r(n).

s
n=1 n

» Euler Product and Functional Equation L(s) «<» L(1 —s)

» Explicit Formula relating object of study to a sum over the
zeroes of L
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Analytic Number Theory

L-functions generalize the { function

An L-function L(s, f) is defined by a series

o]

L(s,f)=Y 2r(n).

s
n=1 n

» Euler Product and Functional Equation L(s) «<» L(1 —s)
» Explicit Formula relating object of study to a sum over the
zeroes of L
> Generalized Riemann Hypothesis (GRH): For ‘nice’

L-functions L(s, 7t), all the zeroes with 0 < R(s) < 1 in fact
have real part f(s) = 1

5.
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Analytic Number Theory

L-functions generalize the { function

An L-function L(s, f) is defined by a series

o]

L(s,f)=Y 2r(n).

s
n=1 n

» Euler Product and Functional Equation L(s) «<» L(1 —s)
» Explicit Formula relating object of study to a sum over the
zeroes of L
> Generalized Riemann Hypothesis (GRH): For ‘nice’
L-functions L(s, 7t), all the zeroes with 0 < R(s) < 1 in fact
1

have real part $(s) = 3.

» Spacing statistics often appear to be given by RMT
ensembles
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Quadratic Dirichlet L-Functions

Quadratic Dirichlet L-Functions

Let x4 : Z — Z be a quadratic Dirichlet character with conductor
d. The L-function for x4 is defined by

L(s, xa) = ixi(sn).
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Quadratic Dirichlet L-Functions

Quadratic Dirichlet L-Functions

Let x4 : Z — Z be a quadratic Dirichlet character with conductor
d. The L-function for x4 is defined by

L(s, xa) = ilxi(sn).

Family: F  ={L(s,xq4) | d =8d’,d" € N odd, squarefree}.
Parametrize :  F(X) ={L(s,xq) | L€ F,d € [X,2X)}.
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Quadratic Dirichlet L-Functions

Quadratic Dirichlet L-Functions

Let x4 : Z — Z be a quadratic Dirichlet character with conductor
d. The L-function for x4 is defined by

L(s, xa) = ilxi(sn).

Family: F  ={L(s,xq4) | d =8d’,d" € N odd, squarefree}.
Parametrize :  F(X) ={L(s,xq) | L€ F,d € [X,2X)}.

GRH: zeroes of L(s, f) are %-i— i’YE_i)v

<P < <o <P <
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Quadratic Dirichlet L-Functions

n-level Densities - Number Theory

Let f1,..., f, be even Schwartz functions. For a fixed L(s, x4) we

let
D(L; f, ..., 1 2 AEWY A (U),

J, # ijk
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Quadratic Dirichlet L-Functions

n-level Densities - Number Theory

Let f1,..., f, be even Schwartz functions. For a fixed L(s, x4) we

let
D(L; f, ..., 1 2 AEWY A (U),

J, # ijk

We average over the family:

D(F,X;f)=
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Quadratic Dirichlet L-Functions

n-level Densities - Number Theory

Let f1,..., f, be even Schwartz functions. For a fixed L(s, x4) we

let
D(L; f, ..., 1 2 AEWY A (U),

J, # ijk

We average over the family:

1
D(F,X;f)= D(L;f,...,f,
( ) |./'7(X)| Le;%x) ( 1 )
We study the limit
Jim D(F, X )= [ f(x) WL (x)dx.
—00 R
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Quadratic Dirichlet L-Functions

n-level Densities - Random Matrix Theory

Let f1,...,f, be even Schwartz functions. For a fixed A € G(N)

we let
D(Af,...,f) =Y AOW)... £ 09)
J1reesdn
Ji#tjk

We study the limit

N—o0

lim D(G(N);f):/Rn>0 Fx) W (x)dx.
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Quadratic Dirichlet L-Functions

The Katz-Sarnak Density Conjecture

> We associate one of the matrix groups G to our family of
L-functions
(Quadratic Dirichlet L-functions: G = USp (symplectic).)

» Katz-Sarnak Density Conjecture:

lim D(F,X;f)= [ fx)W (x)dx.
X —00 R"
density of zeros eigenvalue density
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Quadratic Dirichlet L-Functions

Thesis Results

Previous results:
Let f1,..., 7, be even Schwartz functions, and consider the density
conjecture

XIiLnooD(]-'(X);fl,...,f,,):/n Wi (x) fo, Y. (%)
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Quadratic Dirichlet L-Functions

Thesis Results

Previous results:
Let f1,..., 7, be even Schwartz functions, and consider the density
conjecture

Jim D(J—'(X);fl,...,f,,):/ Wi () T f(x)dsi. ()
- R">0 i=1

> (Rubinstein, PhD thesis 1998, Princeton)
If f,...,f, are supported in Y7_; |u;| < 1, equation (*) holds.
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Quadratic Dirichlet L-Functions

Thesis Results

Previous results:
Let f1,..., 7, be even Schwartz functions, and consider the density
conjecture

Jim D(J—'(X);fl,...,f,,):/ Wi () T f(x)dsi. ()
- R">0 i=1

> (Rubinstein, PhD thesis 1998, Princeton)
If f,...,f, are supported in Y7_; |u;| < 1, equation (*) holds.
> (Gao, PhD thesis 2005, Michigan)
If fi,...,F, are supported in Y74 |ui] <2, we can compute
both sides of (x) for all n; equality holds for n =1, 2, 3.
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Quadratic Dirichlet L-Functions

Thesis Results

Previous results:
Let f1,..., 7, be even Schwartz functions, and consider the density
conjecture

Jim D(J—'(X);fl,...,f,,):/ Wi () T f(x)dsi. ()
- R">0 i=1

> (Rubinstein, PhD thesis 1998, Princeton)
If f,...,f, are supported in Y7_; |u;| < 1, equation (*) holds.
> (Gao, PhD thesis 2005, Michigan)
If fi,...,F, are supported in Y74 |ui] <2, we can compute
both sides of (x) for all n; equality holds for n =1, 2, 3.
Theorem (Levinson, 2011)

Iffi,...,F, are supported in Y71 |u;| < 2, then equality holds in
(x) for n =4,5,6.
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Quadratic Dirichlet L-Functions

In Need of Support

» If f; is supported in (—1,1), then

/ fi(u)du = 0.
|u|>1

> If 1, % are supported in |u| + |uz| < 1, then

/ ?1(u1)?2(u2)du1du2 =0.
|u1|+|u2|>1

» More support < less cancellation
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Quadratic Dirichlet L-Functions

Key Step

» RMT and NT already computed; equality for n < 3

» Combinatorial / Fourier obstructions:
/ P(u)du = 2/ (1 = gy (1)) F(u1)ds
|u|>1 0

/|u|>1 %(U)du = //u>1 )A‘(v)g(v — u)dvdu

> Key step: find canonical forms for integrands (Fourier
transform identities) and indicator functions.

Page 18



Quadratic Dirichlet L-Functions

Canonical Forms

|, (=xu+ (u = v)) () ha(v) dudv

Page 19



Quadratic Dirichlet L-Functions

Canonical Forms

[ A+ V) = V) Ao (0) 5 (v)dudy

|} shift to R*, change variables

4
A(1MW+W+%+MKW+W—%—M:H:MWH
i=1
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Quadratic Dirichlet L-Functions

Canonical Forms

|, (=xu+ (u = v)) () ha(v) dudv

|} shift to R*, change variables

4
/]R (T—x(ur + vz + us + ua)x(ur + vz — uz — ug)) [ | Filui)dus,
i=1

| replace x =1I[_1 1) with ¥ = |1 )
|} split over hyperoctants of R*

4
Z terms of the form /]R4 X(Ziu;)X(Z:l:u, H +(ui)duj.
>0 i=1
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Quadratic Dirichlet L-Functions

Algorithm for showing Equation 1.1 (n = 4)

Step ‘ # terms
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Algorithm for showing Equation 1.1 (n = 4)

Step # terms
0. Represent expressions in Mathematica 750
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Quadratic Dirichlet L-Functions

Algorithm for showing Equation 1.1 (n = 4)

Step # terms
0. Represent expressions in Mathematica 750
1. Cancel identical terms from LHS and RHS 450
2. Appeal to n < 3 results to match many terms 31
3. Rewrite (unmatched) terms in canonical form #1 150
4a*. Special case: all fi's have same support 0
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Quadratic Dirichlet L-Functions

Algorithm for showing Equation 1.1 (n = 4)

Step # terms
0. Represent expressions in Mathematica 750
1. Cancel identical terms from LHS and RHS 450
2. Appeal to n < 3 results to match many terms 31
3. Rewrite (unmatched) terms in canonical form #1 150
4a*. Special case: all fi's have same support 0
4b*. General case: Rewrite terms in canonical form #?2 350
5. Simplify terms using support argument 50
6. Simplify terms using combinatorial argument 0
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Quadratic Dirichlet L-Functions

Current efforts

Two goals:
» Counting pieces that appear identically in both expressions

» Establishing equality between remaining pieces
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Quadratic Dirichlet L-Functions
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