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Summary for the day

@ Central Limit Theorem:
Statement of the CLT.
Poisson example.
Proof with MGFs.
Proof with Fourier analysis.
Discuss rate of convergence.
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Central Limit Theorem
°

Normalization of a random variable

Normalization (standardization) of a random variable

Let X be a random variable with mean and standard
deviation , both of which are nite. The normalization, Y,
is de ned by

X E[X] _ X
StDeyX)

Note that

E[Y] = 0 and StDeyY) = 1:
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Statement of the Central Limit Theorem

¢

Normal distribution

A random variable X is normally distributed (or has the
normal distribution, or is a Gaussian random variable)
with mean and variance ? if the density of X is

2
f(x) = pzl— exp u

2 2 2

We often write X  N(; ?) to denote this. If = 0 and
2= 1, we say X has the standard normal distribution.
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Statement of the Central Limit Theorem

Central Limit Theorem

random variables whose moment generating functions
converge for jtj < for some > O (this implies all the
moments exist and are nite). Denote the mean by and
the variance by 2, let

YNZ

and set

Thenas N !1 | the distribution of Zy converges to the
standard normal.

y
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Alternative Statement of the Central Limit Theorem

Central Limit Theorem

random variables whose moment generating functions
converge for jtj < for some > O (this implies all the
moments exist and are nite). Denote the mean by and
the variance by 2, let

and set

Thenas N !1 | the distribution of Zy converges to the
standard normal.
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Key Probabilities:

Key probabilities for Z  N(0;1) (i.e., Z has the standard
normal distribution).

o ProljZj 1) 68:2%.
@ Prol(jZz; 1:96) 95%.

o Prol(jzj 2:575) 99%.
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Convergence to the standard normal

Let X1; Xo; -1 ;pbe iidrv with mean 0 and variance 1, and let
Zn = Xn=(1= N). Bythe CLT Zy ! N(O;1); which
choice converges fastest? Slowest?

: ., Pz P ,
@ Uniform: X  Unif( ~ 3; 3). Excess Kurtosis: -1.2.
Po. P~
© Laplace: fxy(x) = e 2X= 2. Excess Kurtosis: 3.
© Normal: X  N(O;1). Excess Kurtosis: 0.
(%) Millerged Cauchy: fy(x) = 2I=9 _ il

a= 2 1. Excess Kurtosis: 1+ 2 3 :586.

logMx(t) = &+ Lo 4 Ot9).
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Convergence to the standard normal

Figure: Convolutions of 5 Uniforms.
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Convergence to the standard normal

Figure: Convolutions of 5 Laplaces.
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Convergence to the standard normal

Figure: Convolutions of 5 Normals.
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Convergence to the standard normal

Figure: Convolutions of 1 Millered Cauchy.
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Convergence to the standard normal

Figure: Convolutions of 2 Millered Cauchy.
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MGF and the CLT

Moment generating function of normal distributions

Let X be a normal random variable with mean and
variance 2. Its moment generating function satis es

2.2

Mx(t) = e "=z :

In particular, if Z has the standard normal distribution, its
moment generating function is

Mz(t) = e’
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MGF and the CLT

Moment generating function of normal distributions

Let X be a normal random variable with mean and
variance 2. Its moment generating function satis es

2.2

Mx(t) = e "=z :

In particular, if Z has the standard normal distribution, its
moment generating function is

Mz(t) = e’

Proof: Complete the square.
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Poisson Example of the CLT

Example

parameter . Let

- X1+ +X X E[X
Xy = 22— Ny = 7[_]:
N StDeX)
ThenasN!1 ,Y converges to having the standard
normal distribution.
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Poisson Example of the CLT

Example

parameter . Let

Y _ X1+ +XN, Y = Y E[Y]
N N ! StDeyX)

ThenasN!1 ,Y converges to having the standard
normal distribution.

Moment generating function: My (t) = exp( (et 1)).
Independent formula: My, +x,(t) = Mx, (t)Mx,(t).
Shift formula: Max+p(t) = eP'My(at).
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General proof via Moment Generating Functions

Xi's iidrv,
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General proof via Moment Generating Functions

Xi's iidrv,

X Rx

ZN = —p: = —p?
= N _ N
n=1
Moment Generating Function is:
oo t ON t N

Mz, (t) = e "N My _pﬁ = e Mx _pﬁ

n=1
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General proof via Moment Generating Functions

Xi's iidrv,
X Rx
ZN = —p: = —p?
= N _ N
n=1
Moment Generating Function is:
\N pL { P r t
Mz, (t) = e "My p= =e Mx —p=
n=1 N N
Taking logarithms:
p_
t N

log Mz, (t) =
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General proof via Moment Generating Functions (cont)

Expansion of MGF:

t
Mx(t) = 1+ t+ %+ = 1+t + =+
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General proof via Moment Generating Functions (cont)

Expansion of MGF:

ot? ot
= 1+ + <+ = 1+ + 2 4
My (t) t+ -5 t :
Expansion for log(1 + u) is
uz  ud
log(l+u) = u —+ -
a( ) >t 3
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General proof via Moment Generating Functions (cont)

Expansion of MGF:

042 Ot
My(t) = 1+ t+ﬁ+ = 1+t +72+
Expansion for log(1 + u) is
uz  ud
log(1+u) = u > + 3
Combining gives
0 2+ 24 ’
logMx(t) = t + —2t+ ° +
2 2

0 2
=  t+ ZTtZ + terms int® or higher
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General proof via Moment Generating Functions (cont)

t
log My —|;)ﬁ
t 2 t2
= —Pﬁ t oy tterms int3>=N3=2 or lower inN:
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General proof via Moment Generating Functions (cont)

t
log My —|;)ﬁ
t 2 t2
= —Pﬁ t oy tterms int3>=N3=2 or lower inN:

Denote lower order terms by O(N 3%2). Collecting gives

p_

N 2 -
SR AN p o O(N )
P P
= t N, tN+%+O(Nl=2)

t2

—+ O(N ¥?):
> ( )

|Og MZN (t)
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Central Limit Theorem
and Fourier Analysis




CLT and Fourier Analysis

Convolutions

Convolution of f and g:
Z Z

h(y) = (f 9)(y) = Rf(x)g(y x)dx = Rf(X y)g(x)dx:
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Convolutions

Convolution of f and g:
Z Z

h(y) = (f 9)(y) = Rf(x)g(y x)dx = Rf(X y)g(x)dx:

X3 and X, independent random variables with probability density p.
z

X+ X
ProdX; 2 [x;x+ X]) = p(t)dt p(x) x:
X
z 1 z X+ X X
Prol(X; + Xp) 2 [x;x+ X] = P(X1)p(X2)dxodXy:
x1= 1 Xo= X Xq




CLT and Fourier Analysis

Convolutions

Convolution of f and g:
Z Z

h(y) = (f 9)(y) = Rf(x)g(y x)dx = Rf(X y)g(x)dx:

X3 and X, independent random variables with probability density p.
z

X+ X
ProdX; 2 [x;x+ X]) = p(t)dt p(x) x:
X
z 1 z X+ X X1
Pro(X; + X3) 2 [x;x+ X] = p(X1)p(X2)dxdx;:
x1= 1 Xp= X Xq
As x! 0 we obtain the convolution of p with itself:
Zy
Prol(X; + X, 2 [a;b]) = (p p)2z)dz:

a

Exercise to show non-negative and integrates to 1.
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Statement of Central Limit Theorem

@ WLOG p has mean zero, variance one, nite third moment and
decays rapidly so all convolution integrals converge: p in nitely
differentiable function satisfying
z 1 z 1 1

xp(x)dx = 0; x?p(x)dx = 1; XiPp(x)dx < 1:
1 1 1

@ Xy;Xy;::: areiidrv with density p.
P
@ Dene Sy= v, X.

. . . 2_
@ Standard Gaussian (mean zero, variance one) is p3-e * =2,




CLT and Fourier Analysis
°

Statement of Central Limit Theorem

@ WLOG p has mean zero, variance one, nite third moment and
decays rapidly so all convolution integrals converge: p in nitely
differentiable function satisfying
z 1 z 1 1

xp(x)dx = 0; x?p(x)dx = 1; XiPp(x)dx < 1:
1 1 1

@ Xy;Xy;::: areiidrv with density p.

@ Dene Sy= NoX

@ Standard Gaussian (mean zero, variance one) is plz=e x*=2,
Central Limit Theorem Let X;; Sy be as above and assume the third

moment of each X; is nite. Then Sy= N converges in probability to
the standard Gaussian:

Zy
lim Prob psi_ 2 [a;b] = 191: e X=2dx:
NIL N 2 a

QA
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Proof of the Central Limit Theorem

@ The Fourier transform: p(y) = i p(x)e 2 ™dx:
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°

Proof of the Central Limit Theorem

Ry

@ The Fourier transform: p(y) =

p(x)e 2 Wdx:

@ Derivative of § is the Fourier transform of 2 ixg(x);
differentiation (hard) is converted to multiplication (easy).
z 1
8%y) = 2 ix g(x)e ? Wdx;
1

g prob. density, §%0) = 2 iE[x], §°00) = 4 2E[x?].




CLT and Fourier Analysis
°

Proof of the Central Limit Theorem

. R, _
@ The Fourier transform: p(y) = | p(x)e ? ™dx:

@ Derivative of § is the Fourier transform of 2 ixg(x);
differentiation (hard) is converted to multiplication (easy).
z 1
8%y) = 2 ix g(x)e ? Wdx;
1

g prob. density, §%0) = 2 iE[x], §°00) = 4 2E[x?].

@ Natural: mean and variance simple multiples of derivatives of p
at zero: p%0) = 0, p°0)= 4 2.
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Proof of the Central Limit Theorem

Ry

@ The Fourier transform: p(y) =

p(x)e 2 Wdx:

@ Derivative of § is the Fourier transform of 2 ixg(x);
differentiation (hard) is converted to multiplication (easy).
z 1
8%y) = 2 ix g(x)e ? Wdx;
1

g prob. density, §%0) = 2 iE[x], §°00) = 4 2E[x?].

@ Natural: mean and variance simple multiples of derivatives of p
at zero: p%0) = 0, p°0)= 4 2.

@ We Taylor expand p (need technical conditions on p):
0
0
py) = 1+ #y“ =1 2?%%+0(°:

Near origin, p a concave down parabola.

e TS
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Proof of the Central Limit Theorem (cont)

o ProX,+  +Xn2[ab) = (b p)2)dz.
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Proof of the Central Limit Theorem (cont)

o ProX,+  +Xn2[ab) = (b p)2)dz.

@ The Fourier transform converts convolution to multiplication. If
FT[f](y) denotes the Fourier transform of f evaluated aty:

FT[p plly) = B(y) B(y):

A
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Proof of the Central Limit Theorem (cont)

o ProX,+  +Xn2[ab) = (b p)2)dz.

@ The Fourier transform converts convolution to multiplication. If
FT[f](y) denotes the Fourier transform of f evaluated aty:

FT[p plly) = B(y) B(y):

@ Do not want the distribution of X; + + XN = X, but rather

SN = —P—X1+ N*'XN = X.

A1
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Proof of the Central Limit Theorem (cont)

o ProX,+  +Xn2[ab) = (b p)2)dz.

@ The Fourier transform converts convolution to multiplication. If
FT[f](y) denotes the Fourier transform of f evaluated aty:

FT[p plly) = B(y) B(y):

@ Do not want the distribution of X; + + XN = X, but rather

SN = —P—X1+ N*'XN = X.

@ IfB(x) = A(cx) for some xed c 6 0, then B(y)= R ¥ .

c

A7
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Proof of the Central Limit Theorem (cont)

o ProX,+  +Xn2[ab) = (b p)2)dz.

@ The Fourier transform converts convolution to multiplication. If
FT[f](y) denotes the Fourier transform of f evaluated aty:

FT[p plly) = B(y) B(y):

@ Do not want the distribution of X; + + XN = X, but rather

SN = —P—X1+ N*'XN = X.

@ IfB(x) = A(cx) for some xed c 6 0, then B(y)= R ¥ .

@ Prob Xfpfu = x = (pr pNp)(xpﬁ).

AR
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Proof of the Central Limit Theorem (cont)

o ProX,+  +Xn2[ab) = (b p)2)dz.

@ The Fourier transform converts convolution to multiplication. If
FT[f](y) denotes the Fourier transform of f evaluated aty:

FT[p plly) = B(y) B(y):

@ Do not want the distribution of X; + + XN = X, but rather

SN = —P—X1+ N*'XN = X.

@ IfB(x) = A(cx) for some xed c 6 0, then B(y)= R ¥ .

@ Prob Xfpfu = x = (pr pNp)(xpﬁ).
h i h i

p_ P_ P N
® FT (" Np Np)(x' N) (y) = b #%

N

AA
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Proof of the Central Limit Theorem (cont)

@ Can nd the Fourier transform of the distribution of Sy:

AT
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Proof of the Central Limit Theorem (cont)

@ Can nd the Fourier transform of the distribution of Sy:

@ Take the limitasN!1 for xed V.

AR
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Proof of the Central Limit Theorem (cont)

@ Can nd the Fourier transform of the distribution of Sy:

@ Take the limitasN!1 for xed V.

@ Know p(y)=1 2 2y?2+ O(y®). Thus study

2,2 3 N
2y+O y

N N3=2

A7
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Proof of the Central Limit Theorem (cont)

@ Can nd the Fourier transform of the distribution of Sy:

@ Take the limitasN!1 for xed V.
@ Know p(y)=1 2 2y?2+ O(y®). Thus study

2 2y2 y3
N T R

N

1

@ Forany xed vy,

lim 1
N!1
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Proof of the Central Limit Theorem (cont)

@ Can nd the Fourier transform of the distribution of Sy:

@ Take the limitasN!1 for xed V.
@ Know p(y)=1 2 2y?2+ O(y®). Thus study

2 2y2 y3 N
1 N +0 N3=2
@ Forany xed vy,
2,2 3 N
. y y _ 2 2y?
+ =
NI!Ilm ! N © N3=2

. 2_ . 2,,2
@ Fourier transform of p2— e X2 atyise 2 V.

AQ
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Proof of the Central Limit Theorem (cont)

We have shown:

@ the Fourier transform of the distribution of Sy converges to
2 2y2,
e ’

. 2 . 2,,2
@ the Fourier transform of p2— e ¥ atyise > V.

Therefore the distribution of Sy equalling x converges to p3— e x*=2,
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Proof of the Central Limit Theorem (cont)

We have shown:

@ the Fourier transform of the distribution of Sy converges to
2 2y2,
e ’

. 2 . 2,,2
@ the Fourier transform of p2— e ¥ atyise > V.

Therefore the distribution of Sy equalling x converges to p3— e x*=2,

We need complex analysis to justify this inversion. Must be careful:
Consider ,
e ™ ifx60

90 = ifx = 0.

All the Taylor coef cients about x = 0 are zero, but the function is not
identically zero in a neighborhood of x = 0.
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