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ABSTRACT. Many systems exhibit a digit bias. For example, the firsitdiigse 10 of
the Fibonacci numbers, or @f*, equals 1 not 10% or 11% of the time, as one would
expect if all digits were equally likely, but about 30% of ttime. This phenomenon,
known as Benford’s Law, has many applications, ranging fdatecting tax fraud for
the IRS to analyzing round-off errors in computer science.

The central question is determining which data sets foll@mfBrd’s law. Inspired
by natural processes such as particle decay, our work examindels for the decom-
position of conserved quantities. We prove that in manyaimsts the distribution of
lengths of the resulting pieces convergesto Benford behagithe number of divisions
grow. The main difficulty is that the resulting random valésbare dependent, which
we handle by a careful analysis of the dependencies andftoofsFourier analysis to
obtain quantified convergence rates.
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1.1. Background and Problem. The distribution of leading digits of numbers in data
sets has a fascinating history, with numerous applica@oising in very diverse fields.
Base 10, the probability of observing a first digit @fis frequently not 1/9, as one
would expect if all digits are equally likely, but rathkrg,, (‘%‘1) leading to almost
30% of the leading digits being a 1. Though this bias was fibseoved by Newcomb
[New] in the 1880s when he noticed that certain pages in$aiflegarithms were more
worn than others, the subject gained popularity with BetigdiBen] 1938 paper, where
he studied sets ranging from mathematical functions testddresses of ‘famous’
people. Today, Benford’s law can be found in applied mathms§BH1], auditing
[DrNi, MN3, Nigl, Nig2, Nig3, NigMi], biology [CLTF], compter science [Knul],
dynamical systems [Berl, Ber2, BBH, BHKR, Rod], economibs][ geology [NM],
number theory [ARS, KonMi, LS], physics [PTTV], signal pessing [PHA], statistics
[MN2, CLM] and voting fraud [Meb], to name just a few. See [BH2u] for extensive
bibliographies, and [BH3, BH4, BH5, Dia, JKKKM, JR, MN1, RiRai] for general
surveys and explanations of the law’s prevalence.

One of the most important questions in the subject, as walhasof the hardest, is
to determine which processes lead to Benford behavior. Mesgarchers [Adh, AS,
Bh, JKKKM, Lévl, Lév2, MN1, Rob, Sa, Scl, Sc2, Sc3, ST] obsdrthat sums, prod-
ucts and in general arithmetic operations on random vasalelads to more Benford
behavior. Many of the proofs use techniques from measugeyland Fourier analysis,
though in some special cases it is possible to obtain closed éxpressions for the
densities, which can be analyzed directly.

A crucial input in the above arguments is that the randonatées are independent.
In this paper, we explore situations where there are depeneke Our motivating exam-
ple is due to Lemons [Lem], who proposed studying the decaitipa of a conserved
quantity (for example, what happens during certain typgmdicle decay). As the sum
of the piece sizes must equal the original number, the iagiummands are clearly
dependent. While it is frequently easy to show that indigicaieces are Benford, the
difficulty is in handling all the pieces simultaneously.

Lemons models this process and offers it as evidence forrtnajence of Benford
behavior, arguing that many sets that exhibit Benford bieinare merely the breaking
down of some conserved quantity. However, Lemons is not éetelg mathematically
rigorous in his analysis of the model (which he states in theep), and glosses over
several important technical points. We briefly mention sassaes.

The first concerns the constituent pieces. He assumes tbimedsible piece sizes is
bounded above and below and is drawn from a finite set, evigngyeecializing to the
case where the sizes are in a simple arithmetic progresstore§ponding to a uniform
spacing), and then taking a limit to assume the pieces akendiiamm a continuous
range. In this paper, we allow our piece lengths to be drawtimoously from intervals
at the outset, and not just in the limit. This removes some,blguno means all, of
the technical complications. One must always be carefugmtacing discrete systems
with continuous ones, especially as there can be numberdterestrictions on which
discrete systems have a solution. Modeling any conservedtigy is already quite
hard with the restriction that the sum of all parts must tatathe original starting
amount; if the pieces are forced to be integers then certamber theoretic issues
arise. For example, imagine our pieces are of length 2, 4 v @;e are trying to solve
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2z, + 4x9 + 623 = n. There are no solutions if = 2011, but there are 84,840 if is
2012. By considering a continuous system from the start, weaahese Diophantine
complications. We will return to the corresponding diseretodel in a sequel paper
[BGMRS].

Another issue is that it is unclear how the initial piece kseap. The process is
not described explicitly, and it is unclear how likely someqes are relative to others.
Finally, while he advances heuristics to determine the meé&warious quantities, there
is no analysis of variances or correlations. This meanstiinatigh it may seem unlikely,
the averaged behavior could be close to Benford while mastipas would be far from
Benford?

These are important issues, and their resolution and mbdee&impacts the behav-
ior of the system. We mention a result from Miller-Nigrini 2], where they prove
that while order statistics are close to Benford's law (hE3k they do not converge in
general to Benford behavior. In particular, this means ithae chooseN points ran-
domly on a stick of length. and use those points to partition our rod, the distribution
of the resulting piece sizesill not be Benford. Motivated by this result and Lemons’
paper, we instead consider a model where at sfdgee have2” sticks of varying
lengths, and each stick is broken into two smaller sticks Biing a cut on it. Each cut
is chosen from some random variatieon (0, 1) representing the fraction of the stick’s
length at which we make the cut. Explicitly, if we start witheostick of lengthl., after
one iteration we have sticks of lengith<; andL(1 — K), and after two iterations we
have sticks of lengti. Ky K>, LK, (1 — K5), L(1 — K;) K5, andL(1 — K;)(1 — K3).
Iterating this proces®V times, we are left witi2"V sticks coming from2"¥ — 1 ran-
dom variables<, . .., Ky~ _y, with lengths ranging fromX; = LK KyKg - - Kov—1
to Xov = L(1 — K1)(1 — K3)(1 - K7)--- (1 — Kyv_y) (see Figure 1). Clearly th&;’s
are not independent, 38, X, = L.

Fix an N and perform the division od/ > N sticks of lengthL, recording the
observed lengths. If we le¥/ tend to infinity while V is fixed, and then lefv go to
infinity, we can easily show the distribution of all the lehgtconverges to Benford’s
law. The interesting case is to show that we also get Berddaa (or, more precisely,
with high probability we are very close to Benford’s law) iewiakeM = 1; in other
words, we have a large number of divisions of one stick.

1.2. Notation. To quantify the first digits distribution of the sgk;}2",, we introduce
some notation. More generally, instead of studying justfifse digits we could look
at the significand (called the mantissa in some sources)alRety positive number:
can be written aso(z)10¥®), whereS,,(x) € [1,10) is the significand. Two numbers
have the same leading digits if and only if their significaadsequal.

A sequence{y, } is equidistributed modulo 1 if for anju,b] C [0,1] we have
lim oo % -#{n < N : x, € [a,b]} = b — a. Benford’s law (in a stronger form
for the distribution of the significands) is equivalent t@ thase-10 logarithms of the

1Imagine we toss a coin one million times, always gettingegitill heads or all tails. Let's say these
two outcomes are equally likely. If we were to perform thiegess trillions of times, the total number of
heads and tails would be close to each other; however, naidhdil experiment would be close to 50%.
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L
L(1-Ky)

NN

L Ki(1-Kp) L(1-Ky)Ks L(A-K1)(1-K3)

VAV A

L K1KzKy L K1Ka(1-Ka) L Ki(1-K2)Ks L K1(1-K2)(1-Kas) L(1-K1)K3Ke L(1-K1)K3(1-Kg) L(1-K1)(1-K3)K7 L(1-K1)(1-K3)(1-K7)

FIGURE 1. BreakingL into pieces N = 3.

elements in the data sets being equidistributed moduloel[Ria, MT-B] for a proof).
To have a first digit ofd, we need the significand iflog,, d,log,,(d + 1)); note the
length of this interval idog,,(d + 1) — log,((d) = log;, -, and we recover Benford's
law for the distribution of the first digit.

Fors € [1,10), let

(1.1)

() 1 if the significand ofu is at mosts
slu) = .
4 0 otherwise;

thus, is the indicator function of the event of a significand at most

While in the proofs we concentrate on the special case whexrk eut is chosen
uniformly on its interval, we can consider the more generakcess of the cuts be-
ing identically distributed but non-uniform, or even theseavhere different cuts are
taken from different distributions. We need to be a bit aarefhile typically products
of independent random variables converge to Benford behatiere are pathological
choices where this fails (see Example 2.4 of [MN1]). It is\wement to phrase the
needed conditions in terms of the Mellin transform.

Let f(z) be a continuous real-valued function [fhoo) (though in our applications,
as our random variables are cuts represented as a percenhtyeterval,f will be a
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probability density defined off), 1]). We define its Mellin transform(,M f)(s), by
o d
MNE = [ (12)

Note (M f)(s) = E[z*~'], and thus results about expected values translate tosesult
Mellin transforms; for example, sincgis a density we haveM f)(1) = 1. If we let
r = ™ ands = o—i¢, then(M f)(o—i&) = 27 [7°_(f(e*™)e*™™) e~ 2™ du, which
is the Fourier transform aof (u) = 27 f(e*™)e?™“. The Mellin and Fourier transforms
as thus related; in fact, it is this logarithmic change ofialales which explains why
both enter into Benford’s law problems. For proofs of the Ividransform properties
one can therefore just mimic the proofs of the corresponsiiatgments for the Fourier
transform; good references are [SS1, SS2].

Finally, we occasionally use big-Oh and little-oh notatitve write f(z) = O(g(z))
(or equivalentlyf(x) < g(x)) if there exists anty and aC' > 0 such that, for all
>, |f(2)] < Cg(x), while f(x) = o(g(x)) meansim, ., f(x)/g(z) = 0.

1.3. Results. Our main result is the following.

Theorem 1.1 (Limiting behavior of decompositionslix a continuous probability den-
sity f on [0, 1] such that

(%) N .
) 2wl
lim > [Jmn) (1— loglO) = 0, (1.3)

l=—00 m=1
L#£0

where h(z) is either f(z) or f(1 — z) (the density ofl — K if K has densityf).
Given a stick of lengtli, choose independent identically distributed random Jalga
K1, Ky, ..., Koyv_q with densityf and divide the stick as follows:
e Divide L into LK; and L(1 — K;).
e Divide LK, into LK Ky and LK (1 — K),andL(1 — K;) into L(1 — K;) K3,
L(1 = Ky1)(1 = K3).
e Continue cutting each piece in two, obtaining afféiiterations

X1 = LKK)Ky - Konv2Kona
X2 - LK1K2K4"‘L2N—2(1 - KQN—l)
XQN_l - L(l —K1)<1—K3)(1 —K7)<1 —KQN—l)KQN_l
X2N — L(l —Kl)(l —Kg)(l —K7)(1 —KzN—l)KQN_l. (14)
Define
2N
j— S Xz
Py(s) == —22_1282 (Xs). (1.5)
which is the fraction of partition pieceXy, . .., Xo~v whose significand is less than or

equal tos (see(1.1)for the definition ofp,). Then
(1) ]\}im E[Py(s)] = logyg s-
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(2) lim Var(Py(s)) =0.
N—oo
Thus asV — oo, the decomposition process is Benford.

Note that Part 1 of this theorem states that in the limit ofilngnmore and more
copies of this process and the number of levels tending toiinfithe amalgamation
converges to Benford’s Law; Part 2 says we may consider justppocess so long as
the number of levels tends to infinity. The proof uses redtoi® probability, analysis,
and combinatorics, and is given in 82. A crucial input is argifieéd convergence
of products of independent random variables to Benford Wiehawith the error term
depending on the Mellin transform. We use Theorem 1.1 (angeheralization, given
in Remark 2.3) of [JKKKM]; for the convenience of the readex guickly review this
result and its proof in Appendix A. Unlike Part 1, the deperdes of the pieces is
a major obstruction; we surmount this by breaking the paite groups depending on
how dependent they are (specifically, how many cuts theyeghar

Remark 1.2. We briefly remark on the key condition in the theorem, nantely the
density satisfie€l.3). This is an extremely weak condition, and is met by mostillistr
tions. For example, if is the uniform densityy;; on [0, 1], then

. . —1
(M) <1 2mil ) _ <1 2mil ) (1.6)

a log 10 a log 10

(this is also true replacing o ;(x) with x01j(1 — =), as these densities are the same
on [0, 1]), which implies

, o2mil - omit |7V
g | 3 T (- 575g)| = 2&%;\1—@10\ -0 G

We wrote the condition dﬁﬁzl(/\/lf) instead of M f)* to highlight where the changes
would surface if we allowed different densities for différeuts. This can be done by
using methods from Jang, Kang, Kruckman, Kudo and Mjl&KKM] , which we dis-
cuss in Appendix A.

Remark 1.3. In Theorem 1.1 we assumed for simplicity that at each stagk peece
must split into exactly two pieces. Modifying the proof, caa show Benford behav-
ior is also attained in the limit if at each stage each piecdeipendently splits into
0,1,2,... or k pieces with probabilitieg,, p1, p2, . . ., px (the case above is, = 1).

2. PROOF OFMAIN RESULT

We now turn to the proof of Theorem 1.1. We first prove that tis¢ diigit distribution
of the given decomposition model is Benford on average anidarimit (Part 1 of the
theorem). We then prove that this average first-digit diatron will, in fact, almost
surely be the outcome of the model in the limit (Part 2 of theotiem).
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2.1. Proof of Part 1.

Proof of Theorem 1.1(1)By the linearity of the expectation operator, we have
2N

M] L > Bl (X)) 2.

E[Py(s)] = E o

We recall that all pieces(; can be expressed as the product of the starting length
L and N independent random variables taking on valuegOin). While there are
dependencies among th&’s, there are no dependencies amonghhis. For a given
i, there will be some number, say;, of cuts with factors drawn fronk’, and N — M,
cuts with factors drawn frorh— K (whereK is a random variable off, 1] with density
f). By relabeling if necessary, we may assume

X; = LIGK,-- 'KMi(l - KMZ-H) e (1 - KN)§ (2-2)

the first M; random variables have densityz) and the lastvV — M, havef(1 — z).
The proof is completed by showingn y ., E[¢s(X;)] = log,, s. We have

sl = [ [ <Lm II - >>

r=1  p=M;+1

Hf )dk, H f—k, (2.3)
p=M;+1

This is equivalent to studying the distribution of a prodattV independent random
variables and then rescaling the result/hy By the Pidgeon-hole Principle, we have
at leastV/2 random variables with factorls. and densityf(k,) or at least\/2 with
factors1 — k, and densityf(1 — k,). The convergence to Benford now follows from
results of Jang, Kang, Kruckman, Kudo and Miller [JKKKM] (ieh are summarized
for the reader’s convenience in Appendix A). The key obg@uas to note that the
Mellin transform atl — 27”4 is strictly less than 1 in absolute value for continuous
densities if¢ # 0 (Which |s seen by trivially inserting absolute values in t&dinition
of the Mellin transform).

Explicitly, from Appendix A we findE[¢,(X;)] equaldog,, s plus a rapidly decaying
N-dependent error term for all probability densities thatséa the condition in the
statement of the Theorem, which includes the uniform digtion. We may take the
error to be independent af; (in other words, we can obtain a bound that holds for all
decompositions simultaneously). We can do this by notimgMellin transforms we
have (with?¢ # 0) are always less than 1 in absolute value. Thus the erromuisdex by
the maximum of the error from a product wit¥y 2 terms with density () or a product
with N/2 terms with densityf (1 — z). Thus]\}i_rgo E[Py(s)] = log,, s, completing the

proof. O

Remark 2.1. For specific choices of we can obtain precise bounds on the error. For
example, if each cut is chosen uniformly(@n1), then the density ok; and1 — K is
the same. By Corollary A.2,

E[os(X;)] —logps < (2.4)

2.9N7
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and thus

1 1

2
1
E[PN(S)] —loglos < Q—N;W = W (25)

(we may use 10 for the big-Oh constant above).

2.2. Proof of Part 2.

Proof of Theorem 1.1(2)For ease of exposition, we assume all the cuts are drawn from
the uniform distribution or0, 1). To facilitate doing the minor changes needed for the
general case, we argue as generally as possible for as Igugsible.

We begin by noting that since, (X;) is either 0 or 1;p,(X;)* = ¢,(X;). From this
observation, and the definition of variance and the lingafithe expectation operator,
we have

Var (Py(s)) = E[Py(s)?] — E[Py(s)]?

= E (Zi:12f75(Xi)> — E[Py(5)]?

ZZ 1 308 z 903 s ) 2
o peat2 +z XX | iy ()

Z#J

1

= 2_NE [PN Z E 905 s )] - E[PN(S)]Q (26)
’LL';Jl

From Theorem 1.1(1E[Pn(s)] = log,, s+0(1); hereo(1) means an error that tends

to zero agV — oo. Thus

Var (Px(s)) = g | 0 Elea(X)eu(X)] | ~loghys +01).  @7)
Z'L‘j;ﬁ:]l

The problem is now reduced to evaluating the cross termsaller# j. This is
the hardest part of the analysis, and it is not feasible ttuat@the resulting integrals
directly. Instead, for eachwe partition the pairg.X;, X,) based on how ‘closeX;
is to X; in our tree (see Figure 1). We do this as follows. Recall tla@heof the2?
pieces is a product of the starting lendtrand V random variables betweénand1.
Writing any (X;, X;) pair in this form, it is clear that they must share some number
of these random variables, say terms. After) stages, the piecek; and X; split,
such that one piece has a factoy; . ; in its product, while the other contains the factor
(1 — Kpr41). The remainingV — M — 1 elements in each product are independent
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from one another. After re-labeling, we can thus expressXany; pair, without loss
of generality, as:

Xi = L-Ki-Ky Ky Ky Kyqo-- Ky
X; = L-Ki Ky Ky (1= Kygr) Kygooo- Ky (2.8)

With these definitions in mind, and again denoting the praiballensity function
from which these random variables are drawrf @s) and f (1 — k), for a fixedi, j pair
we have

r=1 r=M+2
(LHk ke 1 ’f)
r=M+2
N ~ ~
T sk H F(U= k) dkydky - - dkndkpgs - - - dly. (2.9)

r=M+2

In the statement above we have integrated over the remalfingV — (N — M —1) =
2N — 2N + M + 1 variables; since those variables do not appear in any ofttseiic
X, or Xj, their corresponding integrals are 1.

The difficulty in understanding (2.9) is that many variabtesur in bothy,(X;)
and p,(X;). The key observation is that most of the time there are manphlas
occurring in one but not the other, which minimizes the éffed the common variables
and essentially leads to evaluatipgat almost independent arguments. We make this
precise below, keeping track of the errors.

We can study the behavior of the integral in (2.9) as a funatibthe significand of
the firstM + 1 random variables. More specifically, we define the functions

1 1 N
L(Ly) = /k /k :OSOS< H > H f(ky)dkpriadkpss - - - dkn

M+1=0

r=M+1 r=M+1
1 1 N
(L) = / / %( H ) H F(U— k) dknridkysyo - - - dicy,
kar41=0 k=0 r=M+1 r=M+1
(2.10)

which are defined for allL,, L, € [1,10). We will show that, for anyL,, L., we
have |I(L,)I(Ly) — (logyy s)?| = o(1). Once we have this, then all that remains is
to integrate/(L,)I(L,) over the remaining\/ variables g1, ..., k), which will be
(logy, 5)* + o(1). The rest of the proof follows from counting, for a giverhow many
j lead to a given/.

It is at this point where we require the assumption abf{ut) from the statement
of the theorem, namely thdtz) and f(1 — x) satisfy (1.3). For illustrative purposes,
we assume that each cit is drawn from a uniform distribution, meaninx) and

2Looking at Figure 1, we see that the labeling given below cabe right (for exampleK, and K5
are in different branches); however, it is convenient talvel the indices of the random variables.



10 BECKER, GREAVES-TUNNELL, MILLER, RONAN, AND STRAUCH

f(1 — x) are the probability density function associated with th#asm distribution
on [0, 1]. The argument can readily be generalized to other distdbstwe choose to
highlight the uniform case as it is simpler, important, arelaan obtain a very explicit,
good bound on the error.

Both /(L,) and I(L) involve integrals ovetN — M + 1 variables; we set :=
N — M — 1. For the case of a uniform distribution, equation (3.7) 6i{KM] (or see
Corollary A.2) gives fom > 4 that®

1 C((n)—1
2.97 - 2.

|I(Ly) —logyy s| < ( ) 2logy s, (2.11)
Note that for all choices o4, I,(L;) € [0, 1], and forn < 4 we may simply bound the
difference by 1. It is also important to note that for> 1, {(n) — 1is O (1/2™), and
thus the error term decays very rapidly.

ReplacingL; with L, yields a similar bound fof,(Ls). As such, we can choose a
constanC such that

C
[11(L1) — logyps| < 5.gn
C
|I5(Lo) — logyys| < 5o (2.12)
for all n, L, L,. Because of this rapid decay, by the triangle inequalitglibfvs that
2C
|I1(Ly) - Ir(Lo) — (logyg 8)°| < 5o (2.13)

For each of the" choices ofi, and for each < n < N, there ar&"~! choices ofj
such thatX; has exactly: factors not in common wittX;. We can therefore obtain an
upper bound for the sum of the expectation cross terms by sagtime bound obtained
for 211, (L) - I,(L,) over alln and alli:

N 2N N
2
% < 2N .40.(2.14)

Z (E[%(Xi)%(Xj)] — log?, 3) < Z Z 2n—12.

i,j=1 i=1 n=1
i#j

Substituting this into equation (2.7) yields

4C

Var (Py(s)) < 2—N+0(1) (2.15)

Since the variance must be non-negative by definition, libfies that hm Var (Py(s)) =

0, completing the proof if each cut is drawn from a uniform dimnon The more
general case follows analogously, appealing to Theoremwitii non-identically dis-
tributed random variables (though there are only two d&sjit O

30ur situation is slightly different as we multiply the pradiby L+ ; however, all this does is translate
the distribution of the logarithms by a fixed amount, and leghe error bounds are preserved.



BENFORD’S LAW AND CONTINUOUS DEPENDENT RANDOM VARIABLES 11

APPENDIXA. CONVERGENCE OFPRODUCTS TOBENFORD

As this paper crucially builds on the fact that many prode¢i®dependent random
variables are Benford, we quickly sketch a proof of this itesihe arguments below
are a condensed version of [JKKKM]. The main change is th@dkKKM] the re-
sults were stated for chains of random variables, where@s\vie give the equivalent
formulation for products.

A.l. Preliminaries. Before giving the proof, we review some notation and needed
properties of the Mellin transform. The density of the ramdeariable=; - =, (the
product of two independent random variables with dengseyd cumulative distribution

function F) is .
INOICE (A1)

(the generalization to more products is straightforwaifia) see this, we first calculate
the probability thak, - =, € [0, 2] and then differentiate with respectio Thus

o0 x
Prob(Z,-Z5 € [0,2]) = / Prob (2, € |0, — t)dt
(51 %2 € [0,2) [ Prob (= € [0.5]) 70
o x
- /t:0F<?> F(t)dt. (A.2)
Differentiating gives the density &; - =,, which equals
o T dt
| 1(5) % (A3

the factor ofl /¢ actually facilitates the upcoming analysis.
If g(s) is an analytic function foiR(s) € (a, b) such thay(c + iy) tends to zero uni-
formly as|y| — oo for anyc € (a,b), then the inverse Mellin transform\M ' g)(z),

is given by
. 1 c+1i00 .,
(Mg)) = 5 | glspads (A4)
(provided that the integral converges absolutely). If we@ge) = (Mf)(s) then
f(x) = (M~1g)(z). We define the convolution of two functiorfs and f, by

et = [ w () a0 = [Ta(F) 0T @8

0
The Mellin convolution theorem states that

(M(fi % f2))(s) = (Mf)(s) - (Mf2)(s), (A.6)
which by induction gives
(M(frr- % fw))(s) = (Mfn)(s) - (Mfn)(s); (A.7)

note f; x - - - x fy is the density of the product @f random variables.
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A.2. Proof of Product Result. We now sketch the proof that products of independent,
identically distributed random variables converge to Bewf and isolate out the error
term. The description below is modified from [JKKKM] with peission.

Theorem A.1 (Jang, Kang, Kruckman, Kudo and Miller [JKKKM]Let =, ..., =y
be independent random variables with densifies. Assume

Jim. Z H (M=) < 22‘2) — 0 (A.8)

l=—00 m=1
0#£0

Then asn — oo, Xy = Z; - - - =y converges to Benford’s law. In particular, Yy =
logz Xy then

IProb(Yy mod 1 € [a,b]) — (b — a)|

(b—a)- Z H M=) ( 27”2) . (A.9)

é—foo m=1

Proof. To investigate the distribution of the digits &fy = =, --- =y (baseB) it's
convenient to make a logarithmic change of variables,rggtf, = log; X . We have

Prob(Yy <y) = Prob(Xy < BY) = Fy(BY), (A.10)

where fy is the density ofX y and Fy is the cumulative distribution function. Taking
the derivative gives the density b}, which we denote by (y):

gn(y) = fn(BY)BYlog B. (A.11)

A standard method to show y tends to Benford behavior is to show tha¢ mod 1
tends to the uniform distribution 00, 1] (see for example [Dia, MT-B]). This can be
seen from the following calculation. The key ingredient @93on Summation. Let
hN7y(t) = gN(’y + t) Then

Z g (y + ) Z hg(0) = Y hyy(0) = D ¥WGn(0),  (A12)

l=—00 l=—00 l=—00 l=—00

Wherefdenotes the Fourier transform ff

_ /_ T @)t g, (A.13)
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Letting [a, b] C [0, 1], we see that

00 b+¢
Prob(Yymod 1 € [a,b]) = ) / gn(y)dy
+£

f=—00

= / ZQN?J+€

¢ p=—00

= / Z TGN (0)dy

f=—00

= b—a+Ermr <(b—a)Z\§N(£)\>, (A.14)

040

where Err (z) means an error at mostin absolute value. Note that singg is a
probability densitygy (0) = 1. The proof is completed by showing that the sum dver
tends to zero as — oo. We thus need to compuig (¢):

o0

in(e) =/:w@ﬂmw

= / fn(BY)BYlog B - e *™ % dy

0

B 2mié
= g (1- 2

N 2mi€
= L[l(/vtfam) (1 - logB) . (A.15)
Substituting completes the proof. O

We isolate the result in the special case that all cuts arerdfeom the uniform
distribution on(0, 1). The error term below depends on the value of the Riemann zeta
function((s),

C(s) = Z% (Re(s) > 1), (A.16)

at positive integers. Ag(N) — 1 < 1/2%, the error term below is essentially2.9"
for N large.

Corollary A.2 (Products of Independent Uniform Random Variahlé®t=,, ..., =y
be NV independent random variables that are uniformly distréaibn (0, 1), and let
Sig(s) be the probability that the significand &f - - - =y (base 10) is at most. For
N > 4 we have

. 1 N)—-1
|Sign(s) —logyy s| < (2.9]\[ + C(Z;N ) 2logg s- (A.17)
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