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ABSTRACT. Many systems exhibit a digit bias. For example, the first digit base 10 of
the Fibonacci numbers, or of2n, equals 1 not 10% or 11% of the time, as one would
expect if all digits were equally likely, but about 30% of thetime. This phenomenon,
known as Benford’s Law, has many applications, ranging fromdetecting tax fraud for
the IRS to analyzing round-off errors in computer science.

The central question is determining which data sets follow Benford’s law. Inspired
by natural processes such as particle decay, our work examines models for the decom-
position of conserved quantities. We prove that in many instances the distribution of
lengths of the resulting pieces converges to Benford behavior as the number of divisions
grow. The main difficulty is that the resulting random variables are dependent, which
we handle by a careful analysis of the dependencies and toolsfrom Fourier analysis to
obtain quantified convergence rates.
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1.1. Background and Problem. The distribution of leading digits of numbers in data
sets has a fascinating history, with numerous applicationsarising in very diverse fields.
Base 10, the probability of observing a first digit ofd is frequently not 1/9, as one
would expect if all digits are equally likely, but ratherlog10

(
d+1
d

)
, leading to almost

30% of the leading digits being a 1. Though this bias was first observed by Newcomb
[New] in the 1880s when he noticed that certain pages in tables of logarithms were more
worn than others, the subject gained popularity with Benford’s [Ben] 1938 paper, where
he studied sets ranging from mathematical functions to street addresses of ‘famous’
people. Today, Benford’s law can be found in applied mathematics [BH1], auditing
[DrNi, MN3, Nig1, Nig2, Nig3, NigMi], biology [CLTF], computer science [Knu],
dynamical systems [Ber1, Ber2, BBH, BHKR, Rod], economics [Tö], geology [NM],
number theory [ARS, KonMi, LS], physics [PTTV], signal processing [PHA], statistics
[MN2, CLM] and voting fraud [Meb], to name just a few. See [BH2, Hu] for extensive
bibliographies, and [BH3, BH4, BH5, Dia, JKKKM, JR, MN1, Pin, Rai] for general
surveys and explanations of the law’s prevalence.

One of the most important questions in the subject, as well asone of the hardest, is
to determine which processes lead to Benford behavior. Manyresearchers [Adh, AS,
Bh, JKKKM, Lév1, Lév2, MN1, Rob, Sa, Sc1, Sc2, Sc3, ST] observed that sums, prod-
ucts and in general arithmetic operations on random variables leads to more Benford
behavior. Many of the proofs use techniques from measure theory and Fourier analysis,
though in some special cases it is possible to obtain closed form expressions for the
densities, which can be analyzed directly.

A crucial input in the above arguments is that the random variables are independent.
In this paper, we explore situations where there are dependencies. Our motivating exam-
ple is due to Lemons [Lem], who proposed studying the decomposition of a conserved
quantity (for example, what happens during certain types ofparticle decay). As the sum
of the piece sizes must equal the original number, the resulting summands are clearly
dependent. While it is frequently easy to show that individual pieces are Benford, the
difficulty is in handling all the pieces simultaneously.

Lemons models this process and offers it as evidence for the prevalence of Benford
behavior, arguing that many sets that exhibit Benford behavior are merely the breaking
down of some conserved quantity. However, Lemons is not completely mathematically
rigorous in his analysis of the model (which he states in the paper), and glosses over
several important technical points. We briefly mention someissues.

The first concerns the constituent pieces. He assumes the setof possible piece sizes is
bounded above and below and is drawn from a finite set, eventually specializing to the
case where the sizes are in a simple arithmetic progression (corresponding to a uniform
spacing), and then taking a limit to assume the pieces are drawn from a continuous
range. In this paper, we allow our piece lengths to be drawn continuously from intervals
at the outset, and not just in the limit. This removes some, but by no means all, of
the technical complications. One must always be careful in replacing discrete systems
with continuous ones, especially as there can be number-theoretic restrictions on which
discrete systems have a solution. Modeling any conserved quantity is already quite
hard with the restriction that the sum of all parts must totalto the original starting
amount; if the pieces are forced to be integers then certain number theoretic issues
arise. For example, imagine our pieces are of length 2, 4 or 6,so we are trying to solve
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2x1 + 4x2 + 6x3 = n. There are no solutions ifn = 2011, but there are 84,840 ifn is
2012. By considering a continuous system from the start, we avoid these Diophantine
complications. We will return to the corresponding discrete model in a sequel paper
[BGMRS].

Another issue is that it is unclear how the initial piece breaks up. The process is
not described explicitly, and it is unclear how likely some pieces are relative to others.
Finally, while he advances heuristics to determine the means of various quantities, there
is no analysis of variances or correlations. This means that, though it may seem unlikely,
the averaged behavior could be close to Benford while most partitions would be far from
Benford.1

These are important issues, and their resolution and model choice impacts the behav-
ior of the system. We mention a result from Miller-Nigrini [MN2], where they prove
that while order statistics are close to Benford’s law (base10), they do not converge in
general to Benford behavior. In particular, this means thatif we chooseN points ran-
domly on a stick of lengthL and use those points to partition our rod, the distribution
of the resulting piece sizeswill not be Benford. Motivated by this result and Lemons’
paper, we instead consider a model where at stageN we have2N sticks of varying
lengths, and each stick is broken into two smaller sticks by making a cut on it. Each cut
is chosen from some random variableK on(0, 1) representing the fraction of the stick’s
length at which we make the cut. Explicitly, if we start with one stick of lengthL, after
one iteration we have sticks of lengthLK1 andL(1 −K1), and after two iterations we
have sticks of lengthLK1K2, LK1(1 −K2), L(1 −K1)K3, andL(1 −K1)(1 −K3).
Iterating this processN times, we are left with2N sticks coming from2N − 1 ran-
dom variablesK1, . . . , K2N−1, with lengths ranging fromX1 = LK1K2K8 · · ·K2N−1

toX2N = L(1−K1)(1−K3)(1−K7) · · · (1−K2N−1) (see Figure 1). Clearly theXi’s

are not independent, as
∑2N

i=1Xi = L.
Fix an N and perform the division onM ≫ N sticks of lengthL, recording the

observed lengths. If we letM tend to infinity whileN is fixed, and then letN go to
infinity, we can easily show the distribution of all the lengths converges to Benford’s
law. The interesting case is to show that we also get Benford’s law (or, more precisely,
with high probability we are very close to Benford’s law) if we takeM = 1; in other
words, we have a large number of divisions of one stick.

1.2. Notation. To quantify the first digits distribution of the set{Xi}
2N

i=1, we introduce
some notation. More generally, instead of studying just thefirst digits we could look
at the significand (called the mantissa in some sources). Recall any positive numberx
can be written asS10(x)10

k(x), whereS10(x) ∈ [1, 10) is the significand. Two numbers
have the same leading digits if and only if their significandsare equal.

A sequence{yn} is equidistributed modulo 1 if for any[a, b] ⊂ [0, 1] we have
limN→∞

1
N

· #{n ≤ N : xn ∈ [a, b]} = b − a. Benford’s law (in a stronger form
for the distribution of the significands) is equivalent to the base-10 logarithms of the

1Imagine we toss a coin one million times, always getting either all heads or all tails. Let’s say these
two outcomes are equally likely. If we were to perform this process trillions of times, the total number of
heads and tails would be close to each other; however, no individual experiment would be close to 50%.
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L

L K1 LH1-K1L

L K1K2 L K1H1-K2L LH1-K1LK3 LH1-K1LH1-K3L

L K1K2K4 L K1K2H1-K4L L K1H1-K2LK5 L K1H1-K2LH1-K45L LH1-K1LK3K6 LH1-K1LK3H1-K6L LH1-K1LH1-K3LK7 LH1-K1LH1-K3LH1-K7L

FIGURE 1. BreakingL into pieces,N = 3.

elements in the data sets being equidistributed modulo 1 (see [Dia, MT-B] for a proof).
To have a first digit ofd, we need the significand in[log10 d, log10(d + 1)); note the
length of this interval islog10(d+ 1)− log10(d) = log10

d+1
d

, and we recover Benford’s
law for the distribution of the first digit.

Fors ∈ [1, 10), let

ϕs(u) :=

{
1 if the significand ofu is at mosts

0 otherwise;
(1.1)

thusϕs is the indicator function of the event of a significand at mosts.
While in the proofs we concentrate on the special case where each cut is chosen

uniformly on its interval, we can consider the more general process of the cuts be-
ing identically distributed but non-uniform, or even the case where different cuts are
taken from different distributions. We need to be a bit careful; while typically products
of independent random variables converge to Benford behavior, there are pathological
choices where this fails (see Example 2.4 of [MN1]). It is convenient to phrase the
needed conditions in terms of the Mellin transform.

Let f(x) be a continuous real-valued function on[0,∞) (though in our applications,
as our random variables are cuts represented as a percentageof an interval,f will be a
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probability density defined on[0, 1]). We define its Mellin transform,(Mf)(s), by

(Mf)(s) :=

∫ ∞

0

f(x)xsdx

x
. (1.2)

Note(Mf)(s) = E[xs−1], and thus results about expected values translate to results on
Mellin transforms; for example, sincef is a density we have(Mf)(1) = 1. If we let
x = e2πu ands = σ−iξ, then(Mf)(σ−iξ) = 2π

∫∞

−∞
(f(e2πu)e2πσu) e−2πiuξdu, which

is the Fourier transform ofg(u) = 2πf(e2πu)e2πσu. The Mellin and Fourier transforms
as thus related; in fact, it is this logarithmic change of variables which explains why
both enter into Benford’s law problems. For proofs of the Mellin transform properties
one can therefore just mimic the proofs of the correspondingstatements for the Fourier
transform; good references are [SS1, SS2].

Finally, we occasionally use big-Oh and little-oh notation. We writef(x) = O(g(x))
(or equivalentlyf(x) ≪ g(x)) if there exists anx0 and aC > 0 such that, for all
x ≥ x0, |f(x)| ≤ Cg(x), while f(x) = o(g(x)) meanslimx→∞ f(x)/g(x) = 0.

1.3. Results. Our main result is the following.

Theorem 1.1 (Limiting behavior of decompositions). Fix a continuous probability den-
sityf on [0, 1] such that

lim
N→∞

∞∑

ℓ=−∞
ℓ 6=0

N∏

m=1

(Mh)

(
1−

2πiℓ

log 10

)
= 0, (1.3)

whereh(x) is either f(x) or f(1 − x) (the density of1 − K if K has densityf ).
Given a stick of lengthL, choose independent identically distributed random variables
K1, K2, . . . , K2N−1 with densityf and divide the stick as follows:

• DivideL intoLK1 andL(1−K1).
• DivideLK1 intoLK1K2 andLK1(1−K2), andL(1−K1) intoL(1−K1)K3,
L(1 −K1)(1−K3).

• Continue cutting each piece in two, obtaining afterN iterations

X1 = LK1K2K4 · · ·K2N−2K2N−1

X2 = LK1K2K4 · · ·L2N−2(1−K2N−1)
...

X2N−1 = L(1−K1)(1−K3)(1−K7) · · · (1−K2N−1)K2N−1

X2N = L(1−K1)(1−K3)(1−K7) · · · (1−K2N−1)K2N−1. (1.4)

Define

PN(s) :=

∑2N

i=1 ϕs(Xi)

2N
, (1.5)

which is the fraction of partition piecesX1, . . . , X2N whose significand is less than or
equal tos (see(1.1) for the definition ofφs). Then

(1) lim
N→∞

E[PN (s)] = log10 s.
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(2) lim
N→∞

Var (PN(s)) = 0.

Thus asN → ∞, the decomposition process is Benford.

Note that Part 1 of this theorem states that in the limit of having more and more
copies of this process and the number of levels tending to infinity, the amalgamation
converges to Benford’s Law; Part 2 says we may consider just one process so long as
the number of levels tends to infinity. The proof uses resultsfrom probability, analysis,
and combinatorics, and is given in §2. A crucial input is a quantified convergence
of products of independent random variables to Benford behavior, with the error term
depending on the Mellin transform. We use Theorem 1.1 (and its generalization, given
in Remark 2.3) of [JKKKM]; for the convenience of the reader we quickly review this
result and its proof in Appendix A. Unlike Part 1, the dependencies of the pieces is
a major obstruction; we surmount this by breaking the pairs into groups depending on
how dependent they are (specifically, how many cuts they share).

Remark 1.2. We briefly remark on the key condition in the theorem, namely that the
density satisfies(1.3). This is an extremely weak condition, and is met by most distribu-
tions. For example, iff is the uniform densityχ[0,1] on [0, 1], then

(Mχ[0,1])

(
1−

2πiℓ

log 10

)
=

(
1−

2πiℓ

log 10

)−1

(1.6)

(this is also true replacingχ[0,1](x) with χ[0,1](1 − x), as these densities are the same
on [0, 1]), which implies

lim
N→∞

∣∣∣∣∣∣∣

∞∑

ℓ=−∞
ℓ 6=0

N∏

m=1

(Mf)

(
1−

2πiℓ

log 10

)
∣∣∣∣∣∣∣
= 2 lim

N→∞

∞∑

ℓ=1

∣∣∣∣1−
2πiℓ

log 10

∣∣∣∣
−N

= 0. (1.7)

We wrote the condition as
∏N

m=1(Mf) instead of(Mf)N to highlight where the changes
would surface if we allowed different densities for different cuts. This can be done by
using methods from Jang, Kang, Kruckman, Kudo and Miller[JKKKM] , which we dis-
cuss in Appendix A.

Remark 1.3. In Theorem 1.1 we assumed for simplicity that at each stage each piece
must split into exactly two pieces. Modifying the proof, onecan show Benford behav-
ior is also attained in the limit if at each stage each piece independently splits into
0, 1, 2, . . . or k pieces with probabilitiesp0, p1, p2, . . . , pk (the case above isp2 = 1).

2. PROOF OFMAIN RESULT

We now turn to the proof of Theorem 1.1. We first prove that the first digit distribution
of the given decomposition model is Benford on average and inthe limit (Part 1 of the
theorem). We then prove that this average first-digit distribution will, in fact, almost
surely be the outcome of the model in the limit (Part 2 of the theorem).
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2.1. Proof of Part 1.

Proof of Theorem 1.1(1).By the linearity of the expectation operator, we have

E[PN (s)] = E

[∑2N

i=1 ϕs(Xi)

2N

]
=

1

2N

2N∑

i=1

E[ϕs(Xi)]. (2.1)

We recall that all piecesXi can be expressed as the product of the starting length
L andN independent random variables taking on values in(0, 1). While there are
dependencies among theXi’s, there are no dependencies among theKi’s. For a given
i, there will be some number, sayMi, of cuts with factors drawn fromK, andN −Mi

cuts with factors drawn from1−K (whereK is a random variable on[0, 1] with density
f ). By relabeling if necessary, we may assume

Xi = LK1K2 · · ·KMi
(1−KMi+1

) · · · (1−KN); (2.2)

the firstMi random variables have densityf(x) and the lastN −Mi havef(1− x).
The proof is completed by showinglimN→∞ E[φs(Xi)] = log10 s. We have

E[ϕs(Xi)] =

∫ 1

k1=0

∫ 1

k2=0

· · ·

∫ 1

kN=0

ϕs

(
L

Mi∏

r=1

kr

N∏

ρ=Mi+1

(1− kρ)

)

·

Mi∏

r=1

f(kr)dkr

N∏

ρ=Mi+1

f(1− kρ)dkρ. (2.3)

This is equivalent to studying the distribution of a productof N independent random
variables and then rescaling the result byL. By the Pidgeon-hole Principle, we have
at leastN/2 random variables with factorskr and densityf(kr) or at leastN/2 with
factors1 − kρ and densityf(1 − kρ). The convergence to Benford now follows from
results of Jang, Kang, Kruckman, Kudo and Miller [JKKKM] (which are summarized
for the reader’s convenience in Appendix A). The key observation is to note that the
Mellin transform at1 − 2πiℓ

log 10
is strictly less than 1 in absolute value for continuous

densities ifℓ 6= 0 (which is seen by trivially inserting absolute values in thedefinition
of the Mellin transform).

Explicitly, from Appendix A we findE[φs(Xi)] equalslog10 s plus a rapidly decaying
N-dependent error term for all probability densities that satisfy the condition in the
statement of the Theorem, which includes the uniform distribution. We may take the
error to be independent ofMi (in other words, we can obtain a bound that holds for all
decompositions simultaneously). We can do this by noting the Mellin transforms we
have (withℓ 6= 0) are always less than 1 in absolute value. Thus the error is bounded by
the maximum of the error from a product withN/2 terms with densityf(x) or a product
with N/2 terms with densityf(1 − x). Thus lim

N→∞
E[PN(s)] = log10 s, completing the

proof. �

Remark 2.1. For specific choices off we can obtain precise bounds on the error. For
example, if each cut is chosen uniformly on(0, 1), then the density ofKi and1−Ki is
the same. By Corollary A.2,

E[φs(Xi)]− log10 s ≪
1

2.9N
, (2.4)
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and thus

E[PN (s)]− log10 s ≪
1

2N

2N∑

i=1

1

2.9N
=

1

2.9N
(2.5)

(we may use 10 for the big-Oh constant above).

2.2. Proof of Part 2.

Proof of Theorem 1.1(2).For ease of exposition, we assume all the cuts are drawn from
the uniform distribution on(0, 1). To facilitate doing the minor changes needed for the
general case, we argue as generally as possible for as long aspossible.

We begin by noting that sinceϕs(Xi) is either 0 or 1,ϕs(Xi)
2 = ϕs(Xi). From this

observation, and the definition of variance and the linearity of the expectation operator,
we have

Var (PN(s)) = E[PN (s)
2]− E[PN (s)]

2

= E



(∑2N

i=1 ϕs(Xi)

2N

)2

− E[PN (s)]

2

= E



∑2N

i=1 ϕs(Xi)
2

22N
+

2N∑

i,j=1

i6=j

ϕs(Xi)ϕs(Xj)

22N


− E[PN (s)]

2

=
1

2N
E [PN(s)] +

1

22N




2N∑

i,j=1

i6=j

E[ϕs(Xi)ϕs(Xj)]


− E[PN (s)]

2. (2.6)

From Theorem 1.1(1),E[PN (s)] = log10 s+o(1); hereo(1) means an error that tends
to zero asN → ∞. Thus

Var (PN(s)) =
1

22N




2N∑

i,j=1

i6=j

E[ϕs(Xi)ϕs(Xj)]


− log210 s+ o(1). (2.7)

The problem is now reduced to evaluating the cross terms overall i 6= j. This is
the hardest part of the analysis, and it is not feasible to evaluate the resulting integrals
directly. Instead, for eachi we partition the pairs(Xi, Xj) based on how ‘close’Xj

is to Xi in our tree (see Figure 1). We do this as follows. Recall that each of the2N

pieces is a product of the starting lengthL andN random variables between0 and1.
Writing any (Xi, Xj) pair in this form, it is clear that they must share some number
of these random variables, sayM terms. AfterM stages, the piecesXi andXj split,
such that one piece has a factorKM+1 in its product, while the other contains the factor
(1 − KM+1). The remainingN − M − 1 elements in each product are independent
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from one another. After re-labeling, we can thus express anyXi, Xj pair, without loss
of generality2, as:

Xi = L ·K1 ·K2 · · ·KM ·KM+1 ·KM+2 · · ·KN

Xj = L ·K1 ·K2 · · ·KM · (1−KM+1) · K̃M+2 · · · K̃N . (2.8)

With these definitions in mind, and again denoting the probability density function
from which these random variables are drawn asf(k) andf(1− k), for a fixedi, j pair
we have

E[ϕs(Xi)ϕs(Xj)] =

∫ 1

k1=0

∫ 1

k2=0

· · ·

∫ 1

kN=0

∫ 1

k̃M+2=0

· · ·

∫ 1

k̃N=0

ϕs

(
L

M+1∏

r=1

kr

N∏

r=M+2

kr

)

· ϕs

(
L

M∏

r=1

kr · (1− kM+1) ·

N∏

r=M+2

k̃r

)

·

N∏

r=1

f(kr)

N∏

r=M+2

f(1− k̃r)dk1dk2 · · · dkNdk̃M+2 · · · dk̃N .(2.9)

In the statement above we have integrated over the remaining2N −N−(N−M−1) =
2N − 2N +M + 1 variables; since those variables do not appear in any of the cuts in
Xi orXj , their corresponding integrals are 1.

The difficulty in understanding (2.9) is that many variablesoccur in bothϕs(Xi)
andϕs(Xj). The key observation is that most of the time there are many variables
occurring in one but not the other, which minimizes the effects of the common variables
and essentially leads to evaluatingϕs at almost independent arguments. We make this
precise below, keeping track of the errors.

We can study the behavior of the integral in (2.9) as a function of the significand of
the firstM + 1 random variables. More specifically, we define the functions

I1(L1) :=

∫ 1

kM+1=0

· · ·

∫ 1

kN=0

ϕs

(
L1

N∏

r=M+1

kr

)
N∏

r=M+1

f(kr)dkM+1dkM+2 · · · dkN

I2(L2) :=

∫ 1

k̃M+1=0

· · ·

∫ 1

k̃N=0

ϕs

(
L2

N∏

r=M+1

k̃r

)
N∏

r=M+1

f(1− k̃r)dk̃M+1dk̃M+2 · · ·dk̃N ,

(2.10)

which are defined for allL1, L2 ∈ [1, 10). We will show that, for anyL1, L2, we
have|I(L1)I(L2) − (log10 s)

2| = o(1). Once we have this, then all that remains is
to integrateI(L1)I(L2) over the remainingM variables (k1, . . . , kM ), which will be
(log10 s)

2 + o(1). The rest of the proof follows from counting, for a giveni, how many
j lead to a givenM .

It is at this point where we require the assumption aboutf(x) from the statement
of the theorem, namely thatf(x) andf(1 − x) satisfy (1.3). For illustrative purposes,
we assume that each cutK is drawn from a uniform distribution, meaningf(x) and

2Looking at Figure 1, we see that the labeling given below cannot be right (for example,K2 andK3

are in different branches); however, it is convenient to relabel the indices of the random variables.
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f(1 − x) are the probability density function associated with the uniform distribution
on [0, 1]. The argument can readily be generalized to other distributions; we choose to
highlight the uniform case as it is simpler, important, and we can obtain a very explicit,
good bound on the error.

Both I(L1) and I(L2) involve integrals overN − M + 1 variables; we setn :=
N −M − 1. For the case of a uniform distribution, equation (3.7) of [JKKKM] (or see
Corollary A.2) gives forn ≥ 4 that3

|I1(L1)− log10 s| <

(
1

2.9n
+

ζ(n)− 1

2.7n

)
2 log10 s, (2.11)

Note that for all choices ofL1, I1(L1) ∈ [0, 1], and forn ≤ 4 we may simply bound the
difference by 1. It is also important to note that forn > 1, ζ(n) − 1 is O (1/2n), and
thus the error term decays very rapidly.

ReplacingL1 with L2 yields a similar bound forI2(L2). As such, we can choose a
constantC such that

|I1(L1) − log10 s| ≤
C

2.9n

|I2(L2) − log10 s| ≤
C

2.9n
(2.12)

for all n, L1, L2. Because of this rapid decay, by the triangle inequality it follows that

∣∣I1(L1) · I2(L2)− (log10 s)
2
∣∣ ≤

2C

2.9n
. (2.13)

For each of the2N choices ofi, and for each1 ≤ n ≤ N , there are2n−1 choices ofj
such thatXj has exactlyn factors not in common withXi. We can therefore obtain an
upper bound for the sum of the expectation cross terms by summing the bound obtained
for 2n−1I1(L1) · I2(L2) over alln and alli:

∣∣∣∣∣∣∣

2N∑

i,j=1

i6=j

(
E[ϕs(Xi)ϕs(Xj)]− log210 s

)
∣∣∣∣∣∣∣

≤

2N∑

i=1

N∑

n=1

2n−1 2C

2.9n
≤ 2N · 4C. (2.14)

Substituting this into equation (2.7) yields

Var (PN(s)) ≤
4C

2N
+ o(1). (2.15)

Since the variance must be non-negative by definition, it follows that lim
N→∞

Var (PN(s)) =

0, completing the proof if each cut is drawn from a uniform distribution. The more
general case follows analogously, appealing to Theorem A.1with non-identically dis-
tributed random variables (though there are only two densities). �

3Our situation is slightly different as we multiply the product byL1; however, all this does is translate
the distribution of the logarithms by a fixed amount, and hence the error bounds are preserved.
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APPENDIX A. CONVERGENCE OFPRODUCTS TOBENFORD

As this paper crucially builds on the fact that many productsof independent random
variables are Benford, we quickly sketch a proof of this result. The arguments below
are a condensed version of [JKKKM]. The main change is that in[JKKKM] the re-
sults were stated for chains of random variables, whereas here we give the equivalent
formulation for products.

A.1. Preliminaries. Before giving the proof, we review some notation and needed
properties of the Mellin transform. The density of the random variableΞ1 · Ξ2 (the
product of two independent random variables with densityf and cumulative distribution
functionF ) is ∫ ∞

0

f
(x
t

)
f(t)

dt

t
(A.1)

(the generalization to more products is straightforward).To see this, we first calculate
the probability thatΞ1 · Ξ2 ∈ [0, x] and then differentiate with respect tox. Thus

Prob(Ξ1 · Ξ2 ∈ [0, x]) =

∫ ∞

t=0

Prob
(
Ξ2 ∈

[
0,

x

t

])
f(t)dt

=

∫ ∞

t=0

F
(x
t

)
f(t)dt. (A.2)

Differentiating gives the density ofΞ1 · Ξ2, which equals
∫ ∞

t=0

f
(x
t

)
f(t)

dt

t
; (A.3)

the factor of1/t actually facilitates the upcoming analysis.
If g(s) is an analytic function forℜ(s) ∈ (a, b) such thatg(c+ iy) tends to zero uni-

formly as|y| → ∞ for anyc ∈ (a, b), then the inverse Mellin transform,(M−1g)(x),
is given by

(M−1g)(x) =
1

2πi

∫ c+i∞

c−i∞

g(s)x−sds (A.4)

(provided that the integral converges absolutely). If we set g(s) = (Mf)(s) then
f(x) = (M−1g)(x). We define the convolution of two functionsf1 andf2 by

(f1 ⋆ f2)(x) =

∫ ∞

0

f2

(x
t

)
f1(t)

dt

t
=

∫ ∞

0

f1

(x
t

)
f2(t)

dt

t
. (A.5)

The Mellin convolution theorem states that

(M(f1 ⋆ f2))(s) = (Mf1)(s) · (Mf2)(s), (A.6)

which by induction gives

(M(f1 ⋆ · · · ⋆ fN))(s) = (MfN)(s) · · · (MfN)(s); (A.7)

notef1 ⋆ · · · ⋆ fN is the density of the product ofN random variables.
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A.2. Proof of Product Result. We now sketch the proof that products of independent,
identically distributed random variables converge to Benford, and isolate out the error
term. The description below is modified from [JKKKM] with permission.

Theorem A.1 (Jang, Kang, Kruckman, Kudo and Miller [JKKKM]). Let Ξ1, . . . ,ΞN

be independent random variables with densitiesfΞm
. Assume

lim
N→∞

∞∑

ℓ=−∞
ℓ 6=0

N∏

m=1

(MfΞm
)

(
1−

2πiℓ

logB

)
= 0. (A.8)

Then asn → ∞, XN = Ξ1 · · ·ΞN converges to Benford’s law. In particular, ifYN =
logB XN then

|Prob(YN mod 1 ∈ [a, b])− (b− a)|

≤ (b− a) ·

∣∣∣∣∣∣∣

∞∑

ℓ=−∞
ℓ 6=0

N∏

m=1

(MfΞm
)

(
1−

2πiℓ

logB

)
∣∣∣∣∣∣∣
. (A.9)

Proof. To investigate the distribution of the digits ofXN = Ξ1 · · ·ΞN (baseB) it’s
convenient to make a logarithmic change of variables, settingYN = logB XN . We have

Prob(YN ≤ y) = Prob(XN ≤ By) = FN (B
y), (A.10)

wherefN is the density ofXN andFN is the cumulative distribution function. Taking
the derivative gives the density ofYN , which we denote bygN(y):

gN(y) = fN(B
y)By logB. (A.11)

A standard method to showXN tends to Benford behavior is to show thatYN mod 1
tends to the uniform distribution on[0, 1] (see for example [Dia, MT-B]). This can be
seen from the following calculation. The key ingredient is Poisson Summation. Let
hN,y(t) = gN(y + t). Then

∞∑

ℓ=−∞

gN (y + ℓ) =
∞∑

ℓ=−∞

hN,y(ℓ) =
∞∑

ℓ=−∞

ĥN,y(ℓ) =
∞∑

ℓ=−∞

e2πiyℓĝN(ℓ), (A.12)

wheref̂ denotes the Fourier transform off :

f̂(ξ) =

∫ ∞

−∞

f(x)e−2πixξdx. (A.13)
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Letting [a, b] ⊂ [0, 1], we see that

Prob(YN mod 1 ∈ [a, b]) =
∞∑

ℓ=−∞

∫ b+ℓ

a+ℓ

gN(y)dy

=

∫ b

a

∞∑

ℓ=−∞

gN(y + ℓ)dy

=

∫ b

a

∞∑

ℓ=−∞

e2πiyℓĝN(ℓ)dy

= b− a+ Err

(
(b− a)

∑

ℓ 6=0

|ĝN(ℓ)|

)
, (A.14)

whereErr (z) means an error at mostz in absolute value. Note that sincegN is a
probability density,̂gN(0) = 1. The proof is completed by showing that the sum overℓ
tends to zero asn → ∞. We thus need to computêgN(ℓ):

ĝN(ξ) =

∫ ∞

−∞

gN(y)e
−2πiyξdy

=

∫ ∞

−∞

fN (B
y)By logB · e−2πiyξdy

=

∫ ∞

0

fN(t)t
−2πiξ/ logBdt

= (MfN)

(
1−

2πiξ

logB

)

=

N∏

m=1

(MfΞm
)

(
1−

2πiξ

logB

)
. (A.15)

Substituting completes the proof. �

We isolate the result in the special case that all cuts are drawn from the uniform
distribution on(0, 1). The error term below depends on the value of the Riemann zeta
functionζ(s),

ζ(s) =

∞∑

n=1

1

ns
(Re(s) > 1), (A.16)

at positive integers. Asζ(N) − 1 ≪ 1/2N , the error term below is essentially1/2.9N

for N large.

Corollary A.2 (Products of Independent Uniform Random Variables). LetΞ1, . . . ,ΞN

beN independent random variables that are uniformly distributed on(0, 1), and let
SigN(s) be the probability that the significand ofΞ1 · · ·ΞN (base 10) is at mosts. For
N ≥ 4 we have

|SigN (s)− log10 s| ≤

(
1

2.9N
+

ζ(N)− 1

2.7N

)
2 log10 s. (A.17)
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