LOW-LYING ZEROS OF DIRICHLET L-FUNCTIONS
DANIEL FIORILLI AND STEVEN J. MILLER

ABSTRACT. We study the distribution of the zeros near the central point for weighted and
unweighted families of Dirichlet L-functions. As the conductors tend to infinity, the main
term of the 1-level densities agrees with the scaling limit of unitary matrices for even C? test
functions whose Fourier transforms are supported in (—2,2), supporting the Katz-Sarnak
conjecture. The lower order terms agree with the prediction from the L-function Ratios
Conjecture in the regime where both can be computed, though we are able to compute
beyond square-root cancelation, thus going further than what the Ratios Conjecture can
predict. We also investigate the consequences of conjectures about the modulus dependence
in the error terms in the distribution of primes in residue classes. We show how some natural
conjectures imply that the 1-level densities agree with unitary matrices for arbitrary support,
while some weaker conjectures still give an improvement over (—2,2), allowing support up
to (—4,4).

CONTENTS
1. Introduction 2
1.1. Previous Results 2
1.2. Results (With and Without GRH) 3
1.3. Results (Beyond GRH) 7
2. The Explicit Formula and Needed Sums 9
2.1.  The Explicit Formula for fixed ¢ 9
2.2.  The Averaged Explicit Formula for ¢ € (Q/2, Q] 11
2.3. Technical Estimates 15
3. Unconditional Results (Theorems 1.2 and 1.4) 18
4. Results Under GRH (Theorem 1.7) 19
5. Results under De-averaging Hypothesis (Theorem 1.13) 25
6. Results under Montgomery’s Hypothesis (Theorem 1.16) 26
References 27

Date: November 16, 2011.

2010 Mathematics Subject Classification. 11M26, 11M50, 11N13 (primary), 11N56, 15B52 (secondary).

Key words and phrases. Dirichlet L-functions, low-lying zeros, primes in progressions, random matrix
theory, ratios conjecture.

The authors thank Andrew Granville, Chris Hughes, Ze’ev Rudnick and Peter Sarnak for many enlighten-
ing conversations. The first named author was supported by an NSERC doctoral, and later on postdoctoral
fellowship, as well as NSF grant DMS-0635607. The second named author was partially supported by NSF
grants DMS-0600848 and DMS-0970067.

1



1. INTRODUCTION

1.1. Previous Results. Assuming GRH, the non-trivial zeros of any nice L-function lie
on its critical line, and therefore it is possible to investigate the statistics of its normalized
zeros. The spacing statistics of these zeros are fundamental in many problems, ranging from
the distribution of primes in congruence classes to the class number |CI, Go, GZ, RubSa|.
Numerical and theoretical evidence [Hej, Mon2, Odl, Od2, RS| support a universality in
behavior of zeros of an individual automorphic L-function high above the central point,
specifically that they are well-modeled by ensembles of random matrices (see [FM, Hal
for histories of the emergence of random matrix theory in number theory). The story is
different near the central point. In this case, an individual L-function no longer provides
enough zeros to average over, and one instead studies families of L-functions. The Katz and
Sarnak Density Conjecture states that the behavior of zeros near the central point, in the
limit as the conductors tend to infinity, agrees with the scaling limit of eigenvalues near 1 of
a classical compact group.

A convenient way to study these low-lying zeros is via the 1-level density, which we now
describe. Let ¢ be an even Schwartz class test function on R whose Fourier transform

/ o(z)e ™ Vdx (1.1)

has compact support. Let Fy be a (finite) family of L-functions satisfying GRH.' The 1-level
density associated to Fy is defined by

Diry() = 31 3 S0 (B4, (12

JeFN ]

where = +w(j) runs through the non-trivial zeros of L(s, f). Here ¢y is the “analytic conduc-
tor” of f and gives the natural scale for the low zeros. As ¢ is Schwartz, only low-lying zeros
(i.e., zeros within a distance 1/logcs of the central point s = 1/2) contribute significantly.
Thus the 1-level density can help identify the symmetry type of the family. To evaluate
(1.2), one applies the explicit formula, converting sums over zeros to sums over primes.

Based in part on the function-field analysis where G(F) is the monodromy group asso-
ciated to the family F, Katz and Sarnak conjectured that for each reasonable irreducible
family of L-functions there is an associated symmetry group G(F) (one of the following
five: unitary U, symplectic USp, orthogonal O, SO(even), SO(odd)), and that the distri-
bution of critical zeros near 1/2 mirrors the distribution of eigenvalues near 1. The five
groups have distinguishable 1-level densities. To date, for suitably restricted test functions
the main terms from number theory have been shown to agree with random matrix theory
for many families, including Dirichlet L-functions, elliptic curves, cuspidal newforms, Maass
forms, number field L-functions, and symmetric powers of GL, automorphic representations
[AILMZ, DM1, FI, Gao, Gii, HM, HR, ILS, KaSal, KaSa2, Mill, MilPe, RR, Ro, Rub, Ya,
Yo2], to name a few, as well as non-simple families formed by Rankin-Selberg convolution
[DM2].

While Random Matrix Theory [Con, KaSal, KaSa2, KeSnl, KeSn2, KeSn3| has done an
excellent job predicting the main term, it suffers from a serious defect in that it cannot see the

'We often do not need GRH for the analysis, but only to interpret the results. If the GRH is true, the
zeros lie on the critical line and can be ordered, which suggests the possibility of a spectral interpretation.
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arithmetic in families, which surfaces as lower order terms. These lower order terms can be
isolated in many families [HKS, HMM, Mil2, Yol|, and thus another theory is needed which
is capable of making more detailed predictions. Recently the L-function Ratios Conjecture
[CFZ1, CFZ2] has had great success in determining lower order terms.? To study the 1-level
density, it suffices to obtain good estimates for

' (1/2+a, f)
Relen) - !fNIZL1/2+%f) 1-3)

The conjectured formulas are believed to hold up to errors of size O(|Fy|~*/2+¢). We quote
the recipe from [GIMMNPP| (see also [CS1] for an accessible overview of the Ratios Con-
jecture).

(1) Use the approximate functional equation to expand the numerator into two sums
plus a remainder, ignoring the remainder term.

(2) Expand the denominator by using the generalized Mobius function.

(3) Execute the sum over F(q), keeping only main (diagonal) terms; however, before
executing these sums replace any product over epsilon factors (arising from the signs
of the functional equations) with the average value of the sign of the functional
equation in the family.?

(4) Extend the m and n sums to infinity (i.e., complete the products).

(5) Differentiate with respect to the parameters, and note that the size of the error term
does not significantly change upon differentiating.*

(6) A contour integral involving 2 Rz (4 (e, 7)|azy=s yields the 1-level density.

While steps (1), (3) and (4) provably can involve adding or discarding terms as large
as the main term, all the errors seem to cancel and the resulting prediction is believed to
be correct to almost square-root cancelation in the family size |Fy/|, significantly beyond
the first order correction terms of size 1/logcs (where ¢; is the conductor). For suitably
restricted test functions, these predictions have been confirmed for a variety of families
[CS1, CS2, GJMMNPP, HKS, HMM, Mil3, Mil4, MilMo|, sometimes down to |Fu|“'/2,
sometimes only to a power savings.

A major goal of this work was to verify these detailed predictions for our family; interesting,
we are not only able to verify these predictions, but we are able to determine the 1-level
density beyond what even the Ratios Conjecture predicts!

1.2. Results (With and Without GRH). We study families of Dirichlet L-functions
below. Ozliik and C. Snyder [OS1, OS2] and Hughes and Rudnick [HR] show that for cer-
tain families of primitive characters, the 1-level density agrees with unitary matrices for test

functions ¢ with supp(¢) € [~2,2] (see also [BFHR, FiMa, RubSa] for more on zeros of
Dirichlet L-functions, including applications to Chebyshev’s bias, where more than GRH is
often assumed). Our goal is to show how reasonable conjectures allow us to increase the

2Another promising approach is through hybrid models [GHK], which combine the Euler product of an
L-function (which encodes the arithmetic) with the Hadamard product of its zeros (which is thought to
behave similarly as random matrix ensembles).

30ne may weaken the Ratios Conjecture by not discarding these terms; this is done in [Mil4, MilMo],
where as predicted it is found that these terms do not contribute.

“There is no error in this step, which can be justified by elementary complex analysis because all terms

under consideration are analytic. See Remark 2.2 of [Mil4] for details.
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support, as well as to compute the lower order terms as far as possible, thus discovering the
arithmetic dependence. In this regard our work is similar to [ILS|, where they show that
if a classical exponential sum over primes has some cancelation, then the 1-level density of
weight & level 1 cusp forms (split by sign) agrees with the corresponding orthogonal group for
supp(gg) C (—22/9,22/9). For us, the corresponding quantities involve the modulus depen-
dence in the error terms in primes in residue classes, and relates how natural conjectures on
the distributions of primes can be used to provide further support for the density conjectures.

Specifically, we study the 1-level density of non-principal Dirichlet L-functions with mod-
ulus q. We adopt a slightly more general setting than usual, that is we let f be an even C?
function with compact support (which will play the role of ¢). Denoting by Py = 3+ 17, the
non-trivial zeros of L(s, x) (i.e., 0 < R(py) < 1) and choosing @) a scaling parameter close
to g, the 1-level density is®

Dyy(f) = Z i ( IOgQ), (1.4)

xmodq Tx

throughout this paper a sum over x mod q always means a sum over all characters, including
the principal character. If we assume GRH, then the v, are real. As f(y) is defined for
complex values of y, it makes sense to consider (1.4) for complex ,, in case GRH is false (in
other words, GRH is only needed to interpret the 1-level density as a spacing statistic arising
from an ordered sequence of real numbers; see Footnote 1). We also study the average of
(1.4) over the moduli Q/2 < ¢ < @, which is easier to understand in general:

- 1 N
Drgra(f) = 07 > Duh) (1.5)
Q/2<q<Q
Note that we are normalizing all of the zeros by the same factor, IOQgWQ. This corresponds to

the global rescaling, and facilitates performing averaging over the family as we can move the
family sum past the test function to the arithmetic coefficients.®

Remark 1.1. In many papers in the literature, the roles of f and f are reversed, with
the sum in (1.4) being the test function evaluated at the scaled zeros, and not the Fourier
transform. As most of our computations are on the prime side, we prefer to evaluate the
scaled zeros at the Fourier transform of the test function, and have the test function on the
arithmetic side.

Our results depend on the support of f. The larger o := sup(suppf) is, the stronger the
needed hypotheses. We also exclude the trivial case by assuming that o > 0.

By restricting the support of f to [—1,1], we are able to obtain unconditional results.
Interestingly, we are able to compute the lower-order terms incredibly well, going beyond
what the Ratios Conjecture can predict. These lower-order terms will be studied separately
in §3.

5Since f is C2, we have that f (€) < €72 for large &, hence the sum over the zeros is absolutely convergent.
6Tt is possible to consider the local rescaling, where for a character of conductor ¢ we instead use (log q) /2.
If we were studying the 2-level density, this would be necessary. See [Mill] for more on local versus global
rescaling.
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Theorem 1.2. Suppose that [ is supported on the interval [—1,1], so 0 < 1. There exists

~

a positive constant ¢ such that the 1-level density D1.,(f) (from (1.4) with scaling parameter
Q = q) equals

£(0) (1 _ log(8men) _ Xy L?gi’> RS IORNIOM

log ¢ log ¢ qt/? — q7t/?
2 1 log p¢ 2 ! !

B 3 ogp 2f<ogp)_ / qu/g(f(U)_f(U))du

log ¢ o o(p*)pe/ log ¢ ?(q) Jo 2 log ¢

p¢=1mod ¢/p”
e,v>1

o 1.6

0 ) (1.6)

(One could replace ¢t/ — ¢=*/2 by 2sinh((t/2)log q) in the first integral above.)

Remark 1.3. As the size of the family is ¢(q) > q/loglogq, the second integral in (1.6) is
O(q°/* tloglog q/log q), and is thus smaller than the square-root cancelation predictable by
the Ratios Conjecture.

This should be compared to the main result of Goes, Jackson, Miller, Montague, Ninsuwan,
Peckner and Pham |[GJMMNPP], where they show one can extend the support of f to [-2, 2]
and still get the main term, as well as the lower order terms down to a power savings.

Theorem 1.4 (Goes, Jackson, Miller, Montague, Ninsuwan, Peckner, Pham). If1 < o < 2,

~

then the 1-level density Dy.,(f) (from (1.4) with scaling parameter Q = q) equals

dt+o0(q27"), (1.7)

log ¢ log ¢ qt/? — q7?

£0) (1 _ log(8re) Xy Lﬁ’) L [T HO) =)

and this agrees with the Ratios Conjecture’s prediction up to an error of size O(q~'/*T¢ +
qa/2—1+e>_

Remark 1.5. Goes et al. [GIMMNPP]| actually proved (1.7) for any o < 2, with the
additional error term O(q_1/2+€). We prefered not to include the case o < 1, as Theorem
1.2 1s more precise in this range.

Remark 1.6. Note that in (1.7) we get the asymptotic for any o < 2 (even o = 2).

Our next results are conditional on GRH. While assuming GRH alone is not sufficient to
understand the asymptotic behavior of the 1-level density for f with unrestricted support,
it does extend the support to o > 1. We again find interesting lower-order terms, beyond
what the Ratios Conjecture can predict.

Theorem 1.7. Assume GRH.



(1) If f is supported in (=2, —a] U [—1,1] U [a,2) for some 1 < a <2 (if a =1, then we
have the full interval (—2,2)), then the average 1-level density, Di1.q/2.0(f), equals

f@)(byg_l_v_bg@ﬂ_Ej bm9)ﬁi/wf@%—ﬂ)dt

IOgQ p(p - 1) Qt/2 Q /2
ARG [ (10T 1 s
Q@  ¢(6) / © 2 logQ du+O(Q™2 + Q7 “log Q). (1.8)

Unless a > 1 and 0 < %, the third term of (1.8) goes in the error term.

(2) If [ is supported in (—3, —1: kU [=1,1]U[1+k,3) for some k> 0, then for any
€ > 0 we have that Dy,g/q(f) equals

f(O) logp = f0) - f)
0 (log@—1—7—10g(47)_;p(p_1)> +/O qr—q
_ Alog2C2CB) (1 e (f0) _ LW

0 C(G) /0 Q ( 2 logQ)d

_ /ljf((u — 1) log @ + C6)Q ™/ (@ - lj:)/g%) du

+ OE(Q_%_HE + Q_% log Q + Q72 log Q), (1.9)
with Cg :=log(m/2) + 1 +~v+ > logp

P p(p—1)
Note that for o > ‘—1, unless f(x) has some mass near x = X for some 1 < A < 4—20,
the fourth term in (1 9) goes in the error term (and hence (1.9) reduces to (1.8)).

However, if 1l <o < & 5, 1t always a genuwine lower-order term.

(3) Finally, if f is supported in (=3 55 5) then Dy, /o, Q(f) equals

£0) logp <10 -5 ., Q@
m(logQ—1—7—log(47r)—zp:p(p_1)>+/0 O = Qt/th+ g@sf(Q)’

(1.10)
where

510 = - v ¢ () T (14 =1 )

p

(1 (B (4() - S ity ) ) o (s,

(1.11)

Remark 1.8. All the action is near the point u = 1, as this is where the primes in arithmetic
progressions congruent to 1 modulo q first appear (see (2.1) for an explicit statement of how
these primes enter the computations).

6



Remark 1.9. If f is K + 1 times continuously differentiable, then we can evaluate S¢(Q)
more precisely:

=~ a; Q2
= gaog(gy + 0 gy 1)

where the a;(f) are constants depending (linearly) on the Taylor coefficients of f(t) att = 1.
In fact, S¢(Q) is a truncated linear functional supported on {1} (in the sense of distributions).

Remark 1.10. Parts (1) and (2) of Theorem 1.7 depend heavily on the support of f, since
for example in part (2), the last term is of order Q=°/>=°W_ In part (8), however, S;(Q)
depends only on the Taylor coefficients of f(x) at x = 1, and hence (3) is in a sense much
more natural. For this reason, we believe that (3) actually uncovers the terms of order
Q~2/(log Q)*, whatever the support of f is, and suggests the following conjecture.

Conjecture 1.11. Theorem 1.7 (8) holds for f with arbitrarily large finite support o.

1.3. Results (Beyond GRH). As the GRH is insufficient to compute the 1-level density
for test functions supported beyond [—2,2], we explore the consequences of other standard
conjectures in number theory involving the distribution of primes among residue classes.
Before stating these conjectures, we first set the notation. Let

W(x) = ZA(n), V(z,q,a) = Z A(n), (1.13)

n<x n<lx
n=a mod ¢q
U(z)
E(x,q,a) = x,q,a) — ——=. 1.14
(z,q,a) = ¥(z,q,a) ) (1.14)
If we assume GRH, we have that
v(x) = x40 (xl/Q(log z)?)
E(z,q,a) = O (ml/Q(log )?) . (1.15)

Our first result uses GRH and the following de-averaging hypothesis, which depends on a
parameter n € [0, 1].

Hypothesis 1.11,. We have

> w(l’;q,l)—M' <Y Y

Q/2<q¢<Q ¢<q) Q/2<q<Q 1<a<q:
(a7Q):1

() |

¢($§q7a) - ¢(q)

(1.16)

Hypothesis 1.11,) is trivially true for n = 1 (which we will see recovers our previous result of
support in (—2,2)), and while it is unlikely to be true for n = 0, it is reasonable to expect it to
hold for any n > 0. What we need is some control over biases of primes congruent to 1 mod gq.

2
For the residue class a mod ¢, |¢(x;q,a) — M‘ is the variance; the above conjecture can

#(q)

2
be interpreted as bounding ‘@D(m; q,1) — %‘ in terms of the average variance.

Under these hypotheses, we show how to extend the support to a wider but still limited
range.

7

"Note that we only need this de-averaging hypothesis for the special residue class a = 1.
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Theorem 1.13. Assume GRH and Hypothesis 1.11, for somen € (0,1). The average 1-level
density Dy,g/2.0(f) equals

f(0) log p — f(t)
@ (10g@—1—7—10g(4ﬁ)—;p—(p ) / —QW 0 t/gdt

+0(Q" (log Q)% + Q"+ (logQ)%), (1.17)
which is asymptotic to f(0) provided the support of f is contained in (—4 + 2n,4 — 2n).

The proof of Theorem 1.13 is given in §5. It uses a result of Goldston and Vaughan
[GV], which is an improvement of the Barban-Davenport-Halberstam-Montgomery-Hooley
Theorem.

Remark 1.14. A similar result holds if we replace

Dl = 3 o 3T (129 (118)

Q/2<q<Q
with

unweighted
DlQ/GQthe (f) =

S>3 (LT N

Q/2<q<Q xmod g 7x
that is, if we study the unweighted 1-level density for Dirichlet L-functions in the family
of principal characters {x mod ¢,Q/2 < q < Q}. 1t is technically more convenient to use
the weighted 1-level density; this is similar to many other families of L-functions, such
as cuspidal newforms [ILS, MilMo| and Maass forms |[AILMZ|, where the introduction of
weights (arising from the Petersson and Kuznetsov trace formulas) facilitates evaluating the
arithmetical terms.

Finally, we show how we can determine the 1-level density for arbitrary finite support,
under a hypothesis of Montgomery [Monl].

Hypothesis 1.15 (Montgomery). For any a,q such that (a,q) = 1 and q < z, we have

/2
V() )’
U(xig,a) — ———~ < a° (=) . (1.20)
¢(q) q

It is by gaining some savings in ¢ in the error E(z, ¢, a) that we can increase the support for
families of Dirichlet L-functions. The following weaker version of Montgomery’s Conjecture,
which depends on a parameter § € (0,1/2], also suffices to increase the support beyond
[—2,2].

Hypothesis 1.154. We have

1.
o) o
¢(q) q

In other words, any power savings in the modulus suffices.
The last hypothesis is the weakest, but is still sufficient to allow us to take any test function
with compact support.

P(w;q,1) = (1.21)

8



Hypothesis 1.15*. Fiz ¢ > 0. We have for ¢ < q < \/x that

S Aln) (1 - g) - @ ( ) o('/?). (1.22)

n<x
n=1 mod ¢

Note that this is a weighted version of ¥(x;q,1) — ¢Ex) that is, we added the weight

(1 - %) The reason for this is that it makes the count smoother, and this makes it easier
to understand in general since the Mellin transform of g(y) := 1 —y~! in the interval [1, 00)
is decaying much faster in vertical strips than that of g(y) = 1.

We obtain

Theorem 1.16. Let [ be a test function with arbitrarily large (but finite) support.

(1) If we assume Hypothesis 1.15%, then the 1-level density Dl;q(f) equals f(0) + o(1),
agreeing with the scaling limit of unitary matrices. R
(2) If we assume Hypothesis 1.159 for some 0 < 0 < %, then Dy,4(f) equals

log(8me?) Zplq% > f0) = f(#) —O+te
f(0) (1— ogq logd - i 16/2_—q—t/2dt+0( g ). (1.23)

Remark 1.17. Under GRH, the left hand side of (1.22) is O(x'/?). Therefore, if we win
by any amount over GRH, that is if we can replace the big-Oh with a little-oh, then we have
the expected asymptotic for the 1-level density for any f of arbitrarily large finite support.

Interestingly, if we assume Montgomery’s original conjecture times x¢ (Hypothesis 1.15),
then we can take 0 = 1/2 in (1.23), and doing so we end up precisely with the Ratios
Congjecture’s prediction.

We derive the explicit formula for the families of Dirichlet characters in §2, as well as
some useful estimates for some of the resulting sums. We give the unconditional results in
§3, Theorems 1.2 and 1.4. The proof of Theorem 1.7 is conditional on GRH, and uses results
of [FG2| and [Fil]; we give it in §4. We conclude with an analysis of the consequences of the
hypotheses on the distribution of primes in residue classes, using the de-averaging hypothesis
to prove Theorem 1.13 in §5 and Montgomery’s hypothesis to prove Theorem 1.16 in §6.

2. THE EXPLICIT FORMULA AND NEEDED SUMS

The starting point to investigating the behavior of low-lying zeros is the explicit formula,
which relates sums over zeros to sums over primes. We follow the derivation in [MonVa2|
(see also [ILS, RS|, and [Da, IK]| for all needed results about Dirichlet L-functions). We
first derive the expansion for Dirichlet characters with fixed conductor ¢, and then extend
to ¢ € (Q/2,Q]. We conclude with some technical estimates that will be of use in proving
Theorem

2.1. The Explicit Formula for fixed gq.

Proposition 2.1 (Explicit Formula for the Family of Dirichlet Characters Modulo ¢). Let

f be an even, twice differentiable test function with compact support. Denote the non-trivial
9



~

zeros of L(s, x) by py = 1/2 +ir,. Then the 1-level density D1 ,(f) equals

Z Zf( Xlo2g7rQ) = % log ¢ — log(8me”) —Z log

p—1
XmOdq b plg
> £(0) — f(t) 9 logp -
—1—/0 Q2 — Q-2 dt — log Q VZ ¢(py)pe/2f <logQ)
peEﬁnﬁq/pu
_ 2 1 A(n) <logn) o(L>
e <2m:d #0 Z) 7 \ioz) " \otar) 2.1)

Proof. We start with Weil’s explicit formula for L(s,y), with y mod ¢ a non-principal char-
acter (we add the contribution from the principal character later). We can replace L(s, x) by
L(s,x*) (where x* is the primitive character of conductor ¢* inducing x), since these have

the same non-trivial zeros. Taking F(z) := long <1ggg> in Theorem 12.13 of [MonVa2|

(whose conditions are satisfied by our restrictions on f), we find ®(s) = f(%@), and
log Q S(0) 1 alx)
— 1 * - —
E f( ) g0 \08/M+ T {1+

logn 4 [ e~ (IH2a00))me 27X
1og62Z 1/2 b (10gQ> TgQ )y Toe (f(o) -/ <1ogQ)) o
(2.2)

where a(x) = 0 for the half of the characters with y(—1) = 1 and 1 for the half with
x(—1) = —1. Making the substitution ¢ = lggg in the integral and summing over x # xo,
we find

o[ 0@ ST (3) oI (1
;Zf(V ) = o (;1 0+ P (1) YT (1))
00 ()—3t/2 —t/2
roto) | IS0 s
logn

_1ogc2< - %d Z) n'/? (bg@)

2 A(m)R(x"(n) — x(n)) , (logn
“man e () o, =

To get (2.3) from (2.2) we added zero by writing x*(n) as (x*(n) — x(n)) + x(n). Summing

x(n) over all y mod ¢ gives ¢(q) if n = 1 mod ¢ and 0 otherwise; as our sum omits the

principal character, the sum of x(n) over the non-principal characters yields the sum on the

third line above. We also replaced (¢(q) — 1)/2 by ¢(¢)/2 in the first term, hence the O(1).
10



We use Proposition 3.3 of [FiMa] for the first term (which involves the sum over the
conductor of the inducing character). We then use the duplication formula of the digamma
function ¥(z) = I"(2)/I'(2) to simplify the next two terms, namely (1/4) + 1 (3/4). As
¥(1/2) = —y—2In2 (equation 6.3.3 of [AS]) and ¥(22) = 1¢(2) + ¥ (2 + 1) +1In2 (equation
6.3.8 of [AS]), setting z = 1/4 yields ¢(1/4) +1(3/4) = —2v — 61n2. We keep the next two
terms as they are, and then apply Proposition 3.4 of [FiMa] for the last term, obtaining that
it equals

2 A(n) , (logn .
logQ Zn: ozt (1OgQ) i (Z (X" (n) — x(n))x(1)> : (2.4)

X7X0

Writing n = p®, this term is zero unless p | ¢. If p | ¢, then it is zero unless p® = 1 mod ¢/p",
where v > 1 is the largest v such that p” | g. Therefore this term equals

2 A(p©) log p*

> > f ( . 2.5

log Q < 52 o(p")p?" \log @ (25)
p”llg,p=1 mod q/p”

Combining the above and some elementary algebra yields

1 ~( logQ f(0) log
T ST () = LB (e —toatsme) - Y-

XF#X0 Tx plg
> f(0) = f(¢) 2 1 A(n) , (logn
i / or—g " g (ng{d;m Z) ! (logQ)
2 log p log p* 1
— Ol ——1. )
log @ pz% cb(p”)pe/?f (10g62> " (cb(CJ)) (26)
pezleml/c;dl qa/p”

Finally, since the non-trivial zeros of L(s,xo) coincide with those of ((s), the difference
between the left hand side of (2.1) and that of (2.6) is

1 ~( log@ 1
&) Zg "2 &(4) 27
(since f is twice continuously differentiable, J/C\(y) < 1/y?), completing the proof.® |

2.2. The Averaged Explicit Formula for ¢ € (Q/2,Q]. We now average the explicit

o~

formula for D;.,(f) (Proposition 2.1) over ¢ € (Q/2,Q]. We concentrate on deriving useful
expansions, which we then analyze in later sections when we determine the allowable support.

8While the explicit formula for ¢(s) has a term arising from its pole at s = 1, that term does not matter
here as it is insignificant upon division by the family’s size.
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Proposition 2.2 (Explicit Formula for the Averaged Family of Dirichlet Characters Modulo
q). The averaged 1-level density, D1.q/2,0(f), equals

. 1 -
Dl;Q/ZQ( ) = 575 Z Diyo(f)

Q/2 Q/2<q<Q
f(0) logp > f0) — f(¥)
= o0 <logQ— 1 — v — log(4n) _Zp:p(p— 1)> i+ /O o7~
u) (u)) V(R" ¢, 1) — % <l>
Q/g@/ ( > e Q g MrO\g) @Y
Setting
Golwiga) = > Aln (1 - —) = Y Al (1 - —) (2.9)
n:gif)dq n=
the last integral in (2.8) may be replaced with
<30 2w fw) ) al@e )~ S
_2/0 < " g0 T o 0P ) i du. (2.10)

~

Proof. The main term in the expansion of D;.,(f) from Proposition 2.1 is

f(0)
log @

1
log ¢ — log(8me”) — Z =L (2.11)

T =
1(Q) p—1
plg

Using the anti-derivative of log x is x log x — x, one easily finds its average over Q/2 < ¢ < @
is

1 (o) log p 1
07 Z Ti(q) = los Q <logQ— 1 —~ —log(4m) — Z ) +0 <@> . (2.12)

Q<9=2Q o plp—1)

We now turn to the lower-order term

2 logp (1ogpe)
Tr(q) = — f . 2.13
2( ) IOgQ VZ (b(py)pe/Q IOgQ ( )
p°=1 m0>dl<J/p”

Before determining its average behavior, we note that its size can vary greatly with ¢. It is
very small for prime ¢ (so v = 1 and p = ¢ in the sum), since

: (2.14)



however, it can be as large as for other values of ¢ (such as ¢ = 2(2° —1)). This is

_Cc
8¢ 85 Jilogq
more or less as large as it can get, since for general ¢ we have

logp (log q)2
Tolq) < ) < — . 92.15
“ logQ o o)a/p)'? T g2 loglogg (215)
e,v>1
peSQ"

On average however, Ty(q) is very small:

1 1 1
Q_/Q Z Lig) < Q Z Z pff/?? QZ% Zl

Q/2<q<Q Q/2<q<Q " llq q<Q
p¢=1mod q/p¥ v, €>1 p”lq
e,v>1 p%|pefl
log p logp
< QZ xez T(p" —1) <<€QZ rra—ef
1/€>1 ue>1
lo
< 5 Z 7g_]f (2.16)

While we will not re-write the next lower order term, it is instructive to determine its size.

Set
Ts(q) = /j%dt (2.17)

Letting ¢t = 27z/ log @, we find

o (= 10 =1 (%)
Tila) = log @ J, 2 sinh(mx) de. (2.18)

Since f is twice differentiable with compact support, |f(0) — f(x)| < |x|, thus

21 e T T

g Ysinh(a) W = : 2.19
s(0) < log@ J, 2sinh(mx) & 4log Q (2.19)
As
> aFdr ok+1 _q
= 'k + 1D C(k+1 2.20
/0 sinh(7x) ok rk+1 (k+1)¢(k+1), (2.20)

if f has a Taylor series of order K + 1 we have

k1 K+1
Pt log"" @ log Q

If the Taylor coefficients of f decay very fast, we can even make our bounds uniform and get
an error term smaller than a negative power of ().
The remaining term from Proposition 2.1 is the most important, and controls the allowable

support. The arithmetic lives here, as this term involves primes in arithmetic progressions.
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It is

-2 3 ) A (e
T4<Q) T logQ ( Z gb(q) ;) nt/2 f (logQ)

n=1 mod ¢

- 1og@/ f(lfggcg) (wt;q’l)_%)

2f lfggéz long/ (Egg(g) Y(t)
= e 0 / (¢(t; q,1) — M) dt. (2.22)

The claim in the proposition follows by changing variables by setting ¢t = Q"; specifically,
the final integral is

Y(Q")

o0 u (w) Y(Q":¢,1) —
Ti(q) = 2/0 (fg)—{;éc;) ( un)/2 29y, (2.23)

We give an alternative expansion for the final integral. This expansion involves a smoothed
sum of A(n), which will be technically easier to analyze when we turn to determining the
allowable support under Montgomery’s hypothesis (Theorem 1.16(1)). Recall

Uo(z;q,a) = Z A(n (1 — —> ZA (1 - —> (2.24)

n<x n<z
n=a mod ¢q

We integrate by parts in (2.22). Since

/j(lﬁ(t;q,l)—%)dt: /11 > A(n)_@ZM”) dt

nElnréj)dq n=t
X 1 X
. A(n)/n dt—@ZA(n)/n dat
nz?rgn:gdq e
1
—z| Y AW (1—%) —WZA(n) (1—%) , (2.25)
nz?rgnaédq n=e
we find
o) - -2 [ (Y20, 10 )%(Q D5 226
) U T lg@ T (l0g Q)2 Q2 “ |
completing the proof. O

Remark 2.1. It will be convenient later that in the averaged case 1 and 1)y are both evaluated
at (Q";q,1) and not (g*; q, 1); this is because we are rescaling all L-function zeros by the same
quantity (a global rescaling instead of a local rescaling).

14



2.3. Technical Estimates. In the proof of Theorem 1.7, we need the following estimation
of a weighted sum of the reciprocal of the totient function.

Lemma 2.3. Let ¢ be Euler’s totient function. We have

log R
> — gb(r) <R1/2 R1/2 _ 27“1/2) D1RY?log R+ DyRY? + Dy + O (Rgl/z) . (227)
<R
where
¢(2)¢(3) log p
' ¢6) ? T Z p*—p+1

Dy = -2 (%) 1T (1 + m) . (2.28)

p

More generally, if P(u) := Z?:o a;u’ is a polynomial of degree d and of norm

1Pl = max]ail, (2.29)

then
Z¢ /oy )(R§ R’é)du - EllOgR/ REuP(u)du
1 d+1

+E2/ RE P(u)du +Z +od( RP|) (2.30)

where
_ ¢2)<B) _ L log p
E, = 6 Ey, = F, (7 1 ;p—Q—p—Fl)’ (2.31)

and the F;(P) are constants depending on P which can be computed explicitly. For example,

F(P) = —dC G) 11 (1 + m) i(—wp@')u)

p =0

o = (I gtpe) (£ () Sotrm) B

p =1
(2.32)

Finally,

Z ng [og(r/m

Tog(R/2)

Pl (/2% - W) du

— By log(R/2) / (R/2)$uP(u)du + (s + Ey log 2) / (R/2)% P(u)du

— 00 —0o0

1

d+1 F(?) (P)

+ JZW—i_Od( “z||P|), (2.33)

15



where the first two constants are given by

() _ kP
F7(P) = /5

R IS =

p

¢ /1 log p i pi
(Z (5) - Zp: p—Dp 241 +10g2) Z(—l) PY(1).(2.34)

Remark 2.4. [t is possible to improve the estimates in (2.27), (2.30) and (2.33) to ones
with an error term of O q(R™°/**¢||P||); however, this is not needed for our purposes.

Proof. By Mellin inversion, for ¢ > 2 the left hand side of (2.27) equals

1 S-Q-l 8"1‘l S-i-l 1 S+l
L Z(s) R2+RQ—2R1 ds = — Z(s) R12 s,
270 J () =c s s+1 s+ 5 270 Jya(s)=c 25(s +35)(s+1)
(2.35)
where
1
Z(s) = . 2.36
2 ot (2:39)
Taking Euler products,
Z(s) = Cls+1)C(s + 2)Za(s), (2.37)
where
1 1 1
Z = 1 — 2.
(=11 ( - 1) <p5“ pzs”» ’ (2:38)

p

which converges for (s) > —3. We shift the contour of integration to the left to the line
R(s) = —3 + €. By a standard residue calculation, we get that (2.35) equals

logR D5 1 Ret3
D\R"*log R+D,RY?+D D———/ Z ds (2.39
ey TR TZRI v S ()35 1 Ds+0" (2:39)
for some constants D4 and Ds. The proof now follows from standard bounds on the zeta
function, which show that this integral is <, R™'*¢. See the proof of Lemma 6.9 of [Fil] for
more details.
We now move to (2.30). The Mellin transform in this case is (for R(s) > 0)

R 1
als) = / rst /
0 logr
1

r

) dudr

3

log R

_ /_OOP(u)/OR po! <R3—RT ) drdu

1

1 u(s+d)

~ s(s+1)
16

P(u) (R%

(NS

du, (2.40)



which is now defined for ®(s) > —1/2. To meromorphically extend «(s) to the whole complex
plane, we integrate by parts n times:

Rtz & —~1)1Pi(1
Z( (=1)'P(1)

als) = s(s +1) = (s + ) (log )+ (2.41)

which is a meromorphic function with poles at the points s = 0, —1/2, —1. The integral we
need to compute is

1
— Z(s)a(s)ds. 2.42
i Jo, 20020) (242)
We remark that
R—l-i—e
A=3/2+etil) <ca —5— P, (2.43)

hence the proof is similar as in the previous case, since by shifting the contour of integration
to the left, we have
1
— Z(s)a(s)ds = A+ Oq(R71||P|)), (2.44)
211 R(s)=1
where A is the sum of the residues of Z(s)a(s) for —3/2 + ¢ < R(s) < 2. Note that if
B(s) == s(s+ 1)a(s), then

1 1
B(0) = / R2 P(u)du, 5'(0) = logR / R2uP(u)du, (2.45)
so the residue at s = 0 equals
¢(2)¢3) p log p
————=p3(0 +v—-1- — . 2.46
2(6) (0) 5() ZPQ_erl (2.46)
For the pole at s = —1/2, we need to use the analytic continuation of a(s) provided in (2.41),
which shows that this residue equals
n+1
F;(P
> i(P) (2.47)

— (log R)7”

where the F;(P) are constants depending on P which can be computed explicitly. For
example,

R(P) = —4AC (%) 11 (1 + m) i;(_n pl)

p =

i = Q) i) (€ () Sty o

, (p— —

(2.48)

Moreover, F;(P) <4 || P| for all i.
17



At s = —1, we have a double pole with residue

P G;(P
Rz ;0 (log(jo, (2.49)

for some constants G;(P) <, || P||, hence the the proof of (2.30) is complete.
For the proof of (2.33), we proceed in the same way, noting that the Mellin transform is

aa(s) = s,(s,2—+1) /_ P(u)(R/2)"*Ddu. (2.50)
O

3. UNCONDITIONAL RESULTS (THEOREMS 1.2 AND 1.4)

Using the expansion for the 1-level density DLq(f) and the averaged 1-level density

-~

D1,g/2,0(f) from Propositions 2.1 and 2.2, we prove our unconditional results.

Proof of Theorem 1.2. We start from Proposition 2.1. The only term of (2.1) we need to
understand is the last one (the "prime sum"), which is given by

1 / u. )
@) = 2 / (f(u) _f<u>) vatie ) - Sy (5.1)

2 log q qu/?

(We used that the support of f is contained in [—1, 1] and we made the substitution ¢ = ¢*.)
However, since there are no integers congruent to 1 mod ¢ in the interval [2, ¢"] when u < 1
(this is also true when ¢" is replaced by Q*, with Q/2 < ¢ < @), the ¥(¢%; ¢, 1) term equals
zero. By the Prime Number Theorem there is a ¢ > 0 such that

o~ / (L _fw) v,

2 logq ) q*/?¢(q)

o (A oy [ ). oo

and the error term is

o/4  [o/2 —cy/Slogg po o/2—1
q / —eyuTogq e / /2 q
< e du + ————— ¢“rdu K ——— (3.3)
o(q) Jo ?(q) /2 e Vologa
for ¢ large enough (in terms of o), completing the proof. O

Proof of Theorem 1.4. Starting again from Proposition 2.1, we have that

2 3 log p f(logpe> < (logg)> (3.4)

logQ o o(p")pe/?" \log Q q2 loglog g

p¢=1 mod q/p¥
e,v>1

(see (2.15)), hence this goes in the error term and the only term we need to worry about is

the last one.
18



As our support exceeds [—1,1], the ©(¢"; ¢, 1) no longer trivially vanishes, and the last

term is )
2 )\ Y(g%a,1) — 55
Tu(q) = 2/0 (ﬂ;) = {O;“q)) o Ry (3.5)

In the proof of Theorem 1.2 above we showed that the contribution from the integral where
0<u<1isO(qg'?).
For any fixed € > 0, trivial bounds for the region 1 < u < 1+ € yield a contribution that
is
1+e w L
< / (ulogq)q? tdu < q =2t (3.6)
1

We use the Brun-Titchmarsh Theorem (see [MonVal|) for the region where 1 +e¢ < u < 2,
which asserts that for ¢ < z,

2z

m(xiq,0) £ (3.7)
¢(q) log(z/q)
It is straightforward to bound the contribution from prime powers, as
w(q)
S X o« X ot (X w)s ¥ Y o
€22 p<gl/e 2<e<? p<azl/e 2<e<2logx p<al/e
p°=1 mod ¢ p=bmod ¢
S e (1 M) ! >
< e” + ogx + x /e
2§e§% q %SeﬁQlogI
9\ wl@)+1 1/2
< (—) (1 + x—) logz + 22 log x
€ q
2172
<L af <1 + —) : (3.8)
q
provided q is large enough in terms of e.
Thus, for 1 + € < u < 2, we have
u“=Llog(g*)loglo "
Wlgg1) < 2lq) loglogg | ¢“+ ¢z < ¢"'loglogyg, (3.9)
(u—1)logq
which bounds the integral from 1+ € to o by
T . log1 o
< / g2 loglog qdu < 08 qucﬁ_l, (3.10)
e log q
completing the proof. O

4. REsuLrs UNDER GRH (THEOREM 1.7)

In this section we assume GRH (but none of the stronger results about the distribution of
primes among residue classes) and prove Theorem 1.7. The theorem follows from the results
of |Fil] (see also |Fi2|, where a dyadic interval version is done). The following is the needed

conditional version.
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Theorem 4.1. Assume GRH. Fiz an integer a # 0 and ¢ > 0. We have for M = M(x) < 1

that
(z) ¢(a) x x 5
1#(.%’;(],0;) _A(a) TN = __MO(CL>M)+O(1,6 —+\/EM(10g:E) )
> | i) = m=
(q,a)=1 m
4.1
where
—%logM—% if a = £1
po(a, M) = § —3logp if a = +p° (4.2)
0 otherwise,
with |
ogp
Ceg = logm+1+~v+ . 4.3
’ zp: p(p—1) 4

Proof. See Remark 1.5 of [Fil]. Note that the restriction M = o(z1/log z) is required for the

error term to be negligible compared to the main term, but it can be changed to M < 1.
OJ

Proof of Theorem 1.7. By the averaged 1-level density (Proposition 2.2), the proof is com-
pleted by analyzing the average of Ty(q):

u. (@)
1 a f(U) f/(U) 1 w(Q 4, 1) - o(q)
—_— E Ty(q) = 2/ ( — E du. (4.4)
u/2
Q2,40 0 2 logQ) Q)2 =~ Q
We now break the integral into regions and bound each separately. Going through the

proof of Theorem 1.2 and applying GRH, we see that the contribution to the integral from
u € [0, 1] equals

R [ o (120 ao(*) s

We now analyze the three cases of the theorem, corresponding to different support restrictions
for our test function.

(1) Proof of Theorem 1.7(1). To prove (1.8), we need to understand the part of the
integral in (4.4) with ¢ < u < 2. Arguing as in [FG2| and using Proposition 3.4 of
[Fil], we have that for /2 < Q < z,

> (veman-50) < Quoste/@)+ 1)+

Q/2<q<Q o(9)
Using this, the part of the integral in (4.4) with a <u <21is

< ’ Q™ 2(log(Q“ ™M) +1) + Q" 2(log(QM)?) du < Q2 +Q°?logQ. (4.7)
X

2%/%(log )?

0 (4.6)

20



(2) Proof of Theorem 1.7(2). We now prove (1.9).
We need to study the part of the integral in (4.4) with 14 x < u < 2. We first see
that by (4.7), the part of the integral with 3 <u < 3 is
< QF+Q logQ. (4.8)

We turn to the part of the integral with 1 +x < u < %. We have by Theorem 4.1
(setting z := Q% and M := Q") that it is

o (8 L)t
( ERte 6)—|—Q2“ *(log Q“)? ))du
i

f/ U Q—%—K(l—e) 7%
o )d + O, <—10gQ +@Q logQ>,
(4.9)

4

2
+ O,
z—/BWwJM%Q+CCQW<
1+~K

hence (1.9) holds.

(3) Proof of Theorem 1.7(3). We now turn to (1.10), with f supported in (=32, 3). Set
K= % with A > 1 a constant. As the big-Oh constant in (4.9) is independent
of K, we may use (4.9) to estimate the contribution to (4.4) from u € [1 + &, 3]. This

part of the integral contributes

s e (f) P Q1
- /1+n ((u—1)log @ + Cs)Q "/ (T - @) du + O (( log Q)A(le)ﬂ)
Q 1/2
(log Q)47

The part of the integral with % < u < 2 was already shown to be < Q 5+Q 2 log Q,
and hence is absorbed into the error term since o < 3/2.
We now come to the heart of the argument, the part of the integral where 1 < u <

< (4.10)

1 + k. Since f € C*(R), we have that in our range of u, g(u) := @ 1];;2 satisfies
S fQ@) 2y f'(1) u—1
= —+—(u—-1)+0(u—-1)7°)——=%+0| ——
o) = LD w-nvo(-11)- L 4o (1
(loglog Q)Q)
- Plu—1 +O<— : 411
(u—1) 1oz 0)° (4.11)
where P(u) := % - 1og(c3 + f ZMy,. At this point, if f were CE(R), we could take its
Taylor expansion and get an error of O 4 (%)

We cannot apply Theorem 4.1 directly since the error term is not got enough for

moderate values of M. Instead, we argue as in the proof of Proposition 6.1 of [Fil].
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Slightly modifying the proof and using GRH, we get that

= (a5

Q/2<q<Q
B x(‘cl‘r; 5 <1 x/@) Z%( 2:;;@)) o (x3/622+§>’
) e (4.12)
with
Cr o= C<§)(g§3) log 2. (4.13)

(We used that 5 »_1co = D0/2<q<e — 2o@<q<a 8 i the proof of Theorem 4.1% of
[Fi2].) The contribution of the error term in (4.12) to the part of the integral in (4.4)
with 1 <u <1+ & is (remember xlog @ = Aloglog Q)

1+x 1 Q%—F%/Q

< Q2 QU

du <. Q' (4.14)

Therefore, all that remains to complete the proof of Theorem 1.7(3) it to estimate
the contribution to (4.4) from u € [1,1 + x|. Using Lemma 5.9 of [Fil| to bound the
error in replacing ¢g(u) with P(u — 1), we find

2| ot g/; ( —G- KZ 5 (1 - @:—1)

a7
Ls v 1 r
= 4/ Plu—1)Q2""| —C; — (1 — )
1 %;1 o(r) Qut
1 r Q~'/*(loglog Q)2>
+ — 1——) du+0( ; 4.15
2 30 = ) llog Q) (415)
r<
S7ar
we changed r < --- tor < --- in the sums above, which gives a negligible error term.
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Setting R := Q" — =, we compute that

/;M Plu-1)Qi " Y ¢>(1r) <1 - Q:—1> du

TS%

1 1 1+k r
P — - _ u/2
= 2 50 Lot P 0 (@ g )
Q

log Q

logr
I+r log R

= Q 1/22 e /logr u) (Qu/z Q“/2) du + O, (Q +)

r<R

u_1> du + O (Q27°)

= Q1 Z ﬁ [1 KP(kv) (R% 1;%) dv + OE(Q_%+E). (4.16)

ogrTr
r<R

Let

e ()T (v o) = 6 (§(5) - g

p
(4.17)
By Lemma 2.3, we find (4.16) equals

an <E1 log R / RY*yP(kv)dv + E, / R P(rv)dv

P(k) — kP'(k) —kP'(K) 179
Fy log I + Iy (log R)? —i—O(R /)>

—0o0

_ g (E1 0@ [ @ PuPtidu+ £, [ QP

- 8

f

f _ ra /
+ Pl —FQLD) +O(R‘1/2)>. (4.18)

log @ 2(log Q)?

We obtain in an analogous way with R := 2Q" — % that

1+k r
/1 P(u—1)Q Z e ( 2Qu_1>du

2Qu‘1

-0y s
e ) i

kP (kv) <(R/2)g — ) dv+ 0.(Q2%), (4.19)
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which by Lemma 2.3 is

1

— Q1/2 (Ellog(R/Z)/_ (R/2)2vP(kv)dv

1 (2)

(R/2)% P(kv)dv + Z o

+ (E2+E110g2)/ W

—00

+ O(R—1/2)>

_ g (El 1ogQ/H Q"2uP(u)du + (Fs + Ey log 2) /H Q"/*P(u)dv

fa
Fy (T_logc; F,+ Filog2  f'(1)

V2 lgQ V2 2(0gQ)

+ O(R1/2)> : (4.20)

We now substitute (4.18) and (4.20) in (4.15), to get that (4.15) is (notice the
remarkable cancellations),

1+k K
= —401/ P(u—1)Q* 'du + 4E, log 2Q 2 / Q> P(u)du
1 —00

fQ @
= = (1 F - Fs + Filog2 (1
—|-4Q_% <_F1 2 log Q ol f'(1) Lz log Q 2 1+ 17 log f'(1) )

2(logQ)? " v2 logQ 2 2(logQ)?

Q
1 (loglog Q)? Q3
v (Q (08 Q7 " (log Q) 2)

= 4log QM /1 Plu—1)Q> ‘du

¢6) Jow
+(2-V2)Q (—Flléég + <F2 - ﬁ; 41«’1) (15;3)2)
1 (loglogQ)* Q>
o (Q l0g Q) " (log @) ) 2

But, yet another cancellation is coming: we have that

/_ ; P(u—1)Q% 'du = /_ ; g(w)Q3 du+ O (Q%) , (4.22)

and so by (4.5) this term cancels (up to the error term O(Q~')) with the part of the
integral of 7,(Q) with v < 1 (which is coming from a totally different part of the

problem, where there are no primes in arithmetic progressions involved)!
24



Combining all the terms,

L _ (o_ L FQ) V2 + 4 (1)
an, 2 T = 2oV (FllogQ+(F2 3 F)(log@))

Q—I/Q B log 1 Q 2
+ 0 (gt 4 o) 429

The proof is completed by taking A = 6.

5. RESULTS UNDER DE-AVERAGING HYPOTHESIS (THEOREM 1.13)

In this section we assume the de-averaging hypothesis (Hypothesis 1.3), which relates the
variance in the distribution of primes congruent to 1 to the average variance over all residue
classes. Explicitly, we assume (1.16) holds for some n € (0, 1], and show how this allows us

to compute the main term in the averaged 1-level density, Dl;Q/ng(f), for test functions f
supported in [—4 + 21,4 — 2n]. (Remember that this hypothesis is trivially true for n = 1,
and expected to hold for any n > 0.)

Proof of Theorem 1.13. Starting from (2.23), we have that
> / Y(QU5q,1) — 4T

Ti(q) = 2/0 (f(;) —lfogéD G 29 . (5.1)

Feeding this into Proposition 2.2, we are left with determining
1 1 (7 (f(u) f’(U)) )2 ( u ¢(Q“))
S T EAL/ (g, 1) — du.
a2 T = ol (5 -a)@ L @ =
(5.2)

We have already seen in the proof of Theorem 1.2 that the part of the integral in (5.2)
with 0 < u < 1is O(Q~2). For the part where u > 1, the Cauchy-Schwartz inequality
shows that its contribution to the integral in (5.2) is

1/2 1/2

L 7 —u/2 u. _¢(Qu) ? . 2 u
<apl @ X (W’q’” ¢<q>) 2 1w (53

Q/2<q<Q Q/2<q<Q

Now, by Hypothesis 1.11,, this is

1/2

b w/2 | L _@D(Qu))Q LOV2? g

< Q/z/ @ <Q/ZQZ( ) O du. (54)
(a,9)=1
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We now use a result of Goldston and Vaughan [GV], which states that under GRH we have
for 1 < @ < z that

5 Z (oo -35)

= QulogQ — cx@ + O, (C)Q(x/Q)iJrE + 23/%(log 22)*/*(log log 33:)2> , (5.5)

where ¢ := v +log2m + 1+ > pl‘;gpl)
We now split the range of integration into the two subintervals 1 <u <2 and 2 <wu < 0.
In the first range, we have that for ¢ > 0 small enough, u+1 > max(7/44+u/4+¢e(u—1),3u/2),

so (5.5) implies that

>y ( 34, a —%) < Qu(logz)? (5.6)

q<@Q 1<a<q

(a7Q):1

(which, up to z¢, follows from Hooley’s original result [Ho|), so we get that the part of (5.4)
with 1 <u <2is

2
< Qi / QPQ ™ g Q)Y du < Q'F (log Q). (5.7)

which is o(1) if n < 1.
We now examine the second interval, that is 2 < u < o. In this range, (5.5) becomes

Z Z < V(w5 g, a —M) < 2**(logz)*?(loglog z)* (5.8)

q<@Q 1<a<q 925((])
(a,9)=1

(which, up to a factor of x¢, follows from Hooley’s original result [Ho|). We thus get that
the part of (5.4) with 2 <wu <o is

< Q—/Q / Q7Q* (ulog Q)% loglog(Q")du < Q7T (log Q)Y loglog Q. (5.9)

If o < 4 — 27 then the above is o(1), completing the proof. O

6. RESULTS UNDER MONTGOMERY’S HYPOTHESIS (THEOREM 1.16)

We continue our investigations beyond the GRH, and assume a smoothed version of Mont-
gomery’s hypothesis, Hypothesis (1.3). Interestingly, this assumption allows us to compute
the main term of the 1-level density, Dl;q(f), for test functions of arbitrarily large (but finite)
support. While similar results have been previously observed |[MilSar|, we include a proof

both for completeness and because these observations are not in the literature.
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Proof of Theorem 1.16. As we are fixing the modulus, we take @) := ¢. By the explicit
formula from Proposition 2.1, we have

~ f(0) . log p ~ £(0) = f(1)
DI;Q(f) = @ log g — 10g(8ﬂ'6 ) — ; pTl 0 Wdt
2 1 A(n) (logn) (L)
Iqu (nz%:od q ¢(q) ;) nlt/2 f 10g q +0 ¢<C]) . (61)

Let o := sup(suppf) < co. We proved in §3 that the only terms that are not O(1/logq)
are the leading term f(0) and possibly the prime sum, which we now study. We have

00 ’ u. )
T4(q) _ 2/0 (f(u) . f (u)) w(q ’q’l) #(q) du. (62)

2 logg qu/?

In the proof of Theorem 1.2 we determined that the part of the integral with 0 < u <1 is
O(g~*/?). From the proof of Theorem 1.4, the part with 1 < u < 2 is O(lolg;%).
(1) Proof of Theorem 1.16(1). For the rest of the integral, we use Hypothesis 1.15*. Note
that u > 2, so z = ¢* > ¢* with u < o, hence we can replace 0,_,., by Og—o0- An
integration by parts gives that the rest of the integral is

_ o_(ﬂﬁ_f@v¢mﬂ%n‘%%l

2 logg q
L [ 20w | ) ) valatie]) -
2/0 ( 4 log q ( )) 7 du
o(g"/ ") it

= @ 0 U % — Y
= 2 [+ 1)+ 1) 2L ), 63)

proving the claim. Note that we are using the smoothed version of the prime sum.

(2) Proof of Theorem 1.16(2). We already know that the part of the integral with 0 <
u < 11is < ¢7'/2. Taking € := ¢//o in Hypothesis 1.154, the rest of the integral is
O (f7 ¢**~%du), which is O (¢°~?) and thus negligible if we may take 6 > 0.

O

Remark 6.1. Depending on our assumptions about the size of the error term in the dis-
tribution of primes in residue classes, we may allow o to grow with Q) at various explicit
rates.

REFERENCES

[AS] M. Abramowitz and I. A. Stegun (editors), Handbook of Mathematical Functions with Formu-
las, Graphs, and Mathematical Tables, National Bureau of Standards Applied Mathematics
Series 55, tenth printing, 1972. http://people.math.sfu.ca/~cbm/aands/.
[AILMZ] N. Amersi, G. Iyer, O. Lazarev, S. J. Miller and L. Zhang, Low-lying Zeros of Cuspidal
Maass Forms, preprint.
27



[BFHR]
[Con]
[CFZ1]

[CFZ2]

[CT]
[CS1]
[CS2]
[Da]
[DM1]

[DM2]

[Fil]
[Fi2]
[FiMal
[FM]
[F1]
[FG1|

[FG2]

[Gao]
[GIMMNPP]
[Gol

[GV]

[GHK]
|GZ]
[Gii]

[Hal

C. Bays, K. Ford, R. H. Hudson and M. Rubinstein, Zeros of Dirichlet L-functions near the
Real Azis and Chebyshev’s Bias, Journal of Number Theory 87 (2001), 54-76.

J. B. Conrey, L-Functions and random matrices. Pages 331-352 in Mathematics unlimited
— 2001 and Beyond, Springer-Verlag, Berlin, 2001.

J. B. Conrey, D. W. Farmer and M. R. Zirnbauer, Autocorrelation of ratios of L-functions,
Commun. Number Theory Phys. 2 (2008), no. 3, 593—-636.

J. B. Conrey, D. W. Farmer and M. R. Zirnbauer, Howe pairs, supersymmetry, and
ratios of random characteristic polynomials for the classical compact groups, preprint,
http://arxiv.org/abs/math-ph/0511024.

J. B. Conrey and H. Iwaniec, Spacing of Zeros of Hecke L-Functions and the Class Number
Problem, Acta Arith. 103 (2002) no. 3, 259-312.

J. B. Conrey and N. C. Snaith, Applications of the L-functions Ratios Conjecture, Proc.
Lon. Math. Soc. 93 (2007), no 3, 594-646.

J. B. Conrey and N. C. Snaith, Triple correlation of the Riemann zeros, Journal de théorie
des nombres de Bordeaux 20 (2008), no. 1, 61-106.

H. Davenport, Multiplicative Number Theory, 2nd edition, Graduate Texts in Mathematics
74, Springer-Verlag, New York, 1980, revised by H. Montgomery.

E. Dueniez and S. J. Miller, The low lying zeros of a GL(4) and a GL(6) family of L-functions,
Compositio Mathematica 142 (2006), no. 6, 1403—-1425.

E. Duenez and S. J. Miller, The effect of convolving families of L-functions on the un-
derlying group symmetries,Proceedings of the London Mathematical Society, 2009; doi:
10.1112/plms/pdp018.

D. Fiorilli, Residue classes containing an wunezpected number of primes, preprint,
arXiv:1009.2699v1.

D. Fiorilli, The influence of the first term of an arithmetic progression, preprint,
arXiv:1104.2542v1.

D. Fiorilli and G. Martin, Inequities in the Shanks-Renyi Prime Number Race: An asymptotic
formula for the densities, preprint, arXiv:0912.4908v2.

F. W. K. Firk and S. J. Miller, Nuclei, Primes and the Random Matriz Connection, Sym-
metry 1 (2009), 64-105; doi:10.3390/sym1010064.

E. Fouvry and H. Iwaniec, Low-lying zeros of dihedral L-functions, Duke Math. J. 116
(2003), no. 2, 189-217.

J. B. Friedlander and A. Granville, Limitations to the equi-distribution of primes. I. Ann. of
Math. (2) 129 (1989), no. 2, 363-382.

J. B. Friedlander and A. Granville, Relevance of the residue class to the abundance of primes,
Proceedings of the Amalfi Conference on Analytic Number Theory (Maiori, 1989), 95-103,
Univ. Salerno, Salerno, 1992.

P. Gao, N-level density of the low-lying zeros of quadratic Dirichlet L-functions, Ph. D thesis,
University of Michigan, 2005.

J. Goes, S. Jackson, S. J. Miller, D. Montague, K. Ninsuwan, R. Peckner and T. Pham, A
unitary test of the ratios conjecture. J. Number Theory 130 (2010), no. 10, 2238-2258.

D. Goldfeld, The class number of quadratic fields and the conjectures of Birch and
Swinnerton-Dyer, Ann. Scuola Norm. Sup. Pisa (4) 3 (1976), 623-663.

D. A. Goldston and R. C. Vaughan, On the Montgomery-Hooley asymptotic formula, Sieve
methods, exponential sums and their applications in number theory (ed. G. R. H. Greaves,
G. Harman and M. N. Huxley, Cambridge University Press, 1996), 117-142.

S. M. Gonek, C. P. Hughes and J. P. Keating, A Hybrid Euler-Hadamard product formula
for the Riemann zeta function, Duke Math. J. 136 (2007) 507-549.

B. Gross and D. Zagier, Heegner points and derivatives of L-series, Invent. Math 84 (1986),
225-320.

A. Gilloglu, Low-Lying Zeros of Symmetric Power L-Functions, Internat. Math. Res. Notices
2005, no. 9, 517-550.

B. Hayes, The spectrum of Riemannium, American Scientist 91 (2003), no. 4, 296-300.

28



[Hejl

[Hol

[HM]
[HKS]
[HMM]
[HE]
JIK]
|ILS|
[KaSal]

[KaSa2]
[KeSn1]

[KeSn2]
[KeSn3]
[Mil1]
[Mil2]
[Mil3]
[Mil4]
[MilMo]
[MT-B]
[MilPe]
[MilSar]
[Monl]
[Mon?2]
[MonVal]
[MonVa2]
[0d1]

[0d2]

D. Hejhal, On the triple correlation of zeros of the zeta function, Internat. Math. Res. Notices
1994, no. 7, 294-302.

C. Hooley, On the Barban-Davenport-Halberstam theorem. I, Collection of articles dedicated
to Helmut Hasse on his seventy-fifth birthday, III. J. Reine Angew. Math. 274/275 (1975),
206—223.

C. Hughes and S. J. Miller, Low-lying zeros of L-functions with orthogonal symmtry, Duke
Math. J., 136 (2007), no. 1, 115-172.

D. K. Huynh, J. P. Keating and N. C. Snaith, Lower order terms for the one-level density
of elliptic curve L-functions, Journal of Number Theory 129 (2009), no. 12, 2883-2902.

D. K. Huynh, S. J. Miller and R. Morrison, An elliptic curve family test of the Ratios
Conjecture, Journal of Number Theory 131 (2011), 1117-1147.

C. Hughes and Z. Rudnick, Linear Statistics of Low-Lying Zeros of L-functions, Quart. J.
Math. Oxford 54 (2003), 309-333.

H. Iwaniec and E. Kowalski, Analytic Number Theory, AMS Colloquium Publications, Vol.
53, AMS, Providence, RI, 2004.

H. Iwaniec, W. Luo and P. Sarnak, Low lying zeros of families of L-functions, Inst. Hautes
Etudes Sci. Publ. Math. 91, 2000, 55-131.

N. Katz and P. Sarnak, Random Matrices, Frobenius FEigenvalues and Monodromy, AMS
Colloquium Publications 45, AMS, Providence, 1999.

N. Katz and P. Sarnak, Zeros of zeta functions and symmetries, Bull. AMS 36, 1999, 1 — 26.
J. P. Keating and N. C. Snaith, Random matriz theory and ((1/2+it), Comm. Math. Phys.
214 (2000), no. 1, 57-89.

J. P. Keating and N. C. Snaith, Random matriz theory and L-functions at s = 1/2, Comm.
Math. Phys. 214 (2000), no. 1, 91-110.

J. P. Keating and N. C. Snaith, Random matrices and L-functions, Random matrix theory,
J. Phys. A 36 (2003), no. 12, 2859-2881.

S. J. Miller, 1- and 2-level densities for families of elliptic curves: evidence for the underlying
group symmetries, Compositio Mathematica 140 (2004), 952-992.

S. J. Miller, Lower order terms in the 1-level density for families of holomorphic cuspidal
newforms, Acta Arithmetica 137 (2009), 51-98.

S. J. Miller, A symplectic test of the L-Functions Ratios Conjecture, Int Math Res Notices
(2008) Vol. 2008, article ID rnm146, 36 pages,

S. J. Miller, An orthogonal test of the L-Functions Ratios Conjecture, Proceedings of the
London Mathematical Society 2009,

S. J. Miller and D. Montague, An Orthogonal Test of the L-functions Ratios Conjecture, II,
Acta Arith. 146 (2011), 53-90.

S. J. Miller and R. Takloo-Bighash, An Invitation to Modern Number Theory, Princeton
University Press, Princeton, NJ, 2006.

S. J. Miller and R. Peckner, Low-lying zeros of number field L-functions, preprint,
http://arxiv.org/pdf/0909.4916.

S. J. Miller and P. Sarnak, personal communication, 2003.

H. Montgomery, Prime’s in arithmetic progression, Michigan Math. J. 17 (1970), 33-39.

H. Montgomery, The pair correlation of zeros of the zeta function, Analytic Number Theory,
Proc. Sympos. Pure Math. 24, Amer. Math. Soc., Providence, 1973, 181 — 193.

H. L. Montgomery and R. C. Vaughan, The large sieve. Mathematika 20 (1973), 119-134.
H. L. Montgomery and R. C. Vaughan, Multiplicative number theory. I. Classical theory,
Cambridge Studies in Advanced Mathematics 97, Cambridge University Press, Cambridge,
2007.

A. Odlyzko, On the distribution of spacings between zeros of the zeta function, Math. Comp.
48 (1987), no. 177, 273-308.

A. Odlyzko, The 10%?>-nd zero of the Riemann zeta function, Proc. Conference
on Dynamical, Spectral and Arithmetic Zeta-Functions, M. van Frankenhuysen

29



[0S1]
[0S2]
[RR]
[Ro]
[Rub]

[RubSa]
[RS]

[St]

Yl
[Yo1]

[Yo2]

and M. L. Lapidus, eds., Amer. Math. Soc., Contemporary Math. series, 2001,
http://www.research.att.com/~amo/doc/zeta.html.

A. E. Ozliik and C. Snyder, Small zeros of quadratic L-functions, Bull. Austral. Math. Soc.
47 (1993), no. 2, 307-319.

A. E. Ozliikk and C. Snyder, On the distribution of the nontrivial zeros of quadratic L-
functions close to the real axis, Acta Arith. 91 (1999), no. 3, 209-228.

G. Ricotta and E. Royer, Statistics for low-lying zeros of symmetric power L-functions in
the level aspect, preprint, to appear in Forum Mathematicum.

E. Royer, Petits zéros de fonctions L de formes modulaires, Acta Arith. 99 (2001), no. 2,
147-172.

M. Rubinstein, Low-lying zeros of L—functions and random matriz theory, Duke Math. J.
109, (2001), 147-181.

M. Rubinstein and P. Sarnak, Chebyshev’s bias, Experiment. Math. 3 (1994), no. 3, 173-197.
Z. Rudnick and P. Sarnak, Zeros of principal L-functions and random matriz theory, Duke
Math. J. 81, 1996, 269 — 322.

J. Stopple, The quadratic character experiment, Experimental Mathematics 18 (2009), no.
2, 193-200.

A. Yang, Low-lying zeros of Dedekind zeta functions attached to cubic number fields, preprint.
M. Young, Lower-order terms of the 1-level density of families of elliptic curves, Internat.
Math. Res. Notices 2005, no. 10, 587-633.

M. Young, Low-lying zeros of families of elliptic curves, J. Amer. Math. Soc. 19 (2006), no.
1, 205-250.

FE-mail address: fiorilli@math.ias.edu, fiorilli@DMS.UMontreal.CA

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, PRINCETON, NJ 08540

E-mail address: sjml@williams.edu, Steven.Miller.MC.96@aya.yale.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MA 01267

30



