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Abstract

A beautiful theorem of Zeckendorf states that every integer can be written uniquely as a sum
of non-consecutive Fibonacci numbers {F},,}>° ;. Lekkerkerker proved that the average number of
summands for integers in [F},, Fy,11) is n/(¢?+1), with ¢ the golden mean. This has been generalized
to the following: given nonnegative integers ci,co,...,cr, with ¢i1,cr, > 0 and recursive sequence
{Hn}zozl with Hy = 1, Hyy1 = aiHy + c0Hpo1 + -+ + cnH1 + 1 (1 <n< L) and Hpy1 =
caHp,+coHy 1+ -+ cpHpi1-1 (n > L), every positive integer can be written uniquely as > a;H;
under natural constraints on the a;’s, the mean and the variance of the numbers of summands for
integers in [H,,, Hy4+1) are of size n, and the distribution of the numbers of summands converges to
a Gaussian as n goes to the infinity. Previous approaches used number theory or ergodic theory. We
convert the problem to a combinatorial one. In addition to re-deriving these results, our method
generalizes to a multitude of other problems (in the sequel paper [BM] we show how this perspective
allows us to determine the distribution of gaps between summands in decompositions). For example,
it is known that every integer can be written uniquely as a sum of the +F},’s, such that every two
terms of the same (opposite) sign differ in index by at least 4 (3). The presence of negative summands
introduces complications and features not seen in previous problems. We prove that the distribution
of the numbers of positive and negative summands converges to a bivariate normal with computable,
negative correlation, namely —(21 — 2¢)/(29 + 2¢) ~ —0.551058.
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1. INTRODUCTION

1.1. History. The Fibonacci numbers have intrigued mathematicians for hundreds of years.
One of their most interesting properties is the Zeckendorf decomposition. Zeckendorf [Ze]
proved that every positive integer can be written uniquely as a sum of non-consecutive Fi-
bonacci numbers (called the Zeckendorf decomposition), where the Fibonacci numbers' are
=1 F,=2 F;=3, F, =5, .... Lekkerkerker extended this result and proved that the
average number of summands needed to represent an integer in [F),, F},11) is 2 T 0O(1) =

0.276n, where ¢ = ‘[H is the golden mean. There is a related question: how are the number

of summands dzstmbuted about the mean for integers in [F,, F,+1)? This is a very natural

question to ask. Both the question and the answer are reminiscent of the Erdés-Kac Theorem

[EK], which states that as n — oo the number of distinct prime divisors of integers on the

order of size n tends to a Gaussian with mean loglogn and standard deviation /loglogn.
We first set some notation before describing the previous results.

Definition 1.1. We say a sequence {H,}5°, of positive integers is a Positive Linear Re-
currence Sequence (PLRS) if the following properties hold:

(1) Recurrence relation: There are non-negative integers L, cy, ..., cp such that
Hyyw = aoHy+---+cHpqpi-1, (1.1)

with L,cq and cp, positive.
(2) Initial conditions: Hy =1, and for 1 <n < L we have

Hn+1 = ClH +02Hn 1++CnH1+1 (12)

We call a decomposition y ;- a;Hyi1—; of a positive integer N (and the sequence {a;}" ;)
legal if a; > 0, the other a; > 0, and one of the following two conditions holds:

Condition 1. We have m < L and a; = ¢; for 1 <i < m.
Condition 2. There exists s € {1,..., L} such that

ay = €1, Gy = Co, *++, Us_1 = Ce_1 and a, < Cg, (1.3)
Usits- s aspe = 0 for some £ >0, and {b;Y"°" (with b; = asyeyi) is legal.

If Zi:l a;H,,y1-; 18 a legal decomposition of N, we define the number of summands (of
this decomposition of N ) to be aj + -+ + ay,.

Informally, a legal decomposition is one where we cannot use the recurrence relation to
replace a linear combination of summands with another summand, and the coefficient of each
summand is appropriately bounded; other authors [DG, Stel| use the phrase G-ary decom-
position for a legal decomposition, and sum-of-digits function for the number of summands.
For example, if H,,, = 2H, + 3H,,_1 + H, o, then H; + 2H, + 3H5 + H; is legal, while

1f we used the standard counting, then 1 would appear twice and numerous decompositions would not be
unique.



FROM FIBONACCI NUMBERS TO CENTRAL LIMIT TYPE THEOREMS 3

Hs+2H, + 3H3 + H; is not (we can replace 2H4 + 3H3 + Hy with Hs), nor is THs + 2H, (as
the coefficient of Hj is too large). Note the Fibonacci numbers are just the special case of
L=2and ¢g =c = 1.

The following probabilistic language will be convenient for stating some of the results.

Definition 1.2 (Associated Probability Space to a Positive Linear Recurrence Sequence). Let
{H,} be a Positive Linear Recurrence Sequence. For each n, consider the discrete outcome
space

Q, = {H,, H,+1, H,+2, ..., H,,;1 — 1} (1.4)

with probability measure

P(d) = Y ! Ac O, (1.5)

weA ntl ™ Hn’
[A1<197%
in other words, each of the H,.1 — H, numbers is weighted equally. We define the random
variable K, by setting K, (w) equal to the number of summands of w € €, in its legal decom-
position. Implicit in this definition is that each integer has a unique legal decomposition; we
prove this in Theorem 1.1, and thus K, is well-defined.
We denote the cardinality of €1, by

An — n+1 — Hn, (16)

and we set ppy equal to the number of elements in [H,, H,11) whose generalized Zeckendorf
decomposition has exactly k summands; thus

Pk = A, -Prob(K, =k). (1.7)

We first review previous results and methods, and then describe our new perspective and
extensions. See [Bu, Ha, Ho, Ke, Len] for more on generalized Zeckendorf decompositions,
[GT] for a proof of Theorems 1.1 and 1.2, and [DG, FGNPT, GTNP, LT, Stel] for a proof
and some generalizations of Theorem 1.3.

Theorem 1.1 (Generalized Zeckendorf’s Theorem for PLRS). Let {H,}:>, be a Positive
Linear Recurrence Sequence. Then

(a) There is a unique legal decomposition for each positive integer N > 0.

(b) There is a bijection between the set S, of integers in [H,, H,+1) and the set D,, of legal
decompositions Y . a;H, 1.

Theorem 1.2 (Generalized Lekkerkerker’s Theorem for PLRS). Let {H,}32, be a Positive
Linear Recurrence Sequence, let K,, be the random variable of Definition 1.2 and denote its
mean by p,. Then there exist constants C > 0, d and v, € (0,1) depending only on L and the
¢;’s in the recurrence relation of the H,’s such that

pn = Cn+d+o(77). (1.8)

Theorem 1.3 (Gaussian Behavior for PLRS). Let {H,}32, be a Positive Linear Recurrence
Sequence and let K,, be the random variable of Definition 1.2. The mean u, and variance o>

of K, grow linearly in n, and (K, — p,)/o, converges weakly to the standard normal N(0,1)
as n — 0o.
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While the proof of Theorem 1.3 becomes very technical in general, the special case L = 1
is straightforward, and suggests why the result should hold. When L = 1, H, = ¢}~'. Thus
our PLRS is just the geometric series 1,¢1,¢2, ..., and a legal decomposition of N is just its
base c; expansion. Hence every positive integer has a unique legal decomposition. Further,
the distribution of the number of summands converges to a Gaussian by the Central Limit
Theorem, as we essentially have the sum of n — 1 independent, identically distributed discrete
uniform random variables.?

Previous approaches to this problem used number theory or ergodic theory, often requiring
the analysis of certain exponential sums. We recast this as a combinatorial problem. We are
able to re-derive the above results from a different perspective. Our method generalizes to a
multitude of other problems (in a sequel paper we use the combinatorial vantage to determine
the distribution of gaps between summands). For the main part of this paper, we concentrate
on one particularly interesting situation where features not present in previous works arise.

Definition 1.4. We call a sum of the £F,,’s a far-difference representation if every two
terms of the same sign differ in index by at least 4, and every two terms of opposite sign differ
in index by at least 3.

Recently Alpert [Al] proved the analogue of Zeckendorf’s Theorem for the far-difference
representation. It is convenient to set

0 otherwise.

Theorem 1.5 (Generalized Zeckendorf’s Theorem for Far-Difference Representations). Every
integer has a unique far-difference representation. For each N € (S,_1 = F,,—S,_3—1,S,], the
first term in its far-difference representation is F),, and the unique far-difference representation
of 0 1is the empty representation.

Most results in the literature concern only one quantity, the number of summands. An
exception is [Ste2], where the standard Zeckendorf expansion (called the greedy expansion) and
the lazy expansion (which uses as many summands as possible) are simultaneously considered.
Steiner proves that their joint distribution converges to a bivariate Gaussian with a correlation
of 9 — 5y ~ .90983. Unlike the Zeckendorf expansions, the far-difference representations have
both positive and negative summands, which opens up the fascinating question of how the
number of each are related. In the result below we find a non-zero correlation between the
two types of summands.

Theorem 1.6 (Generalized Lekkerkerker’s Theorem and Gaussian Behavior for Far-Difference
Representations). Let IC,, and L, be random variables denoting the number of positive and
negative summands in the far-difference representation for integers in (S,_1,S,]. As n tends
to infinity, E[KC,] = 75n + 20= 113‘[ +o(1), and is ‘[H = 2 greater than E[L,]; the variance

: -, 154215
of both is of size =75555°n; the standardzzed joint denszty of K, and L, converges weakly to a

2V\/'rltlng N =aicl'+---+an111, we are interested in the large n behavior of a; +- - -+an4+1 as we vary N in

(7, "), The contribution of a; is immaterial, and the remaining a;’s can be understood by considering the
sum of n independent, identically distributed discrete uniform random variables on {0, ..., B—1} (which have

mean £-1 and standard deviation /(c? — 1)/12). Denoting these by A;, by the Central Limit Theorem A, +
-+ A, 41 converges to being normally distributed with mean “>!n and standard deviation ny/(c? —1)/12.
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bivariate Gaussian with negative correlation w‘/fTEM = —gélgz ~ —0.551; and K,, + L,, and
K, — L, are independent.

1.2. Sketch of Proofs. By recasting the problem as a combinatorial one and using generating
functions, we are able to re-derive and extend the previous results in the literature. The key
techniques in our proof are generating functions, partial fractional expansions, differentiating
identities and the method of moments. Unfortunately, in order to be able to handle a general
Positive Linear Recurrence Sequence, the arguments become quite technical due to the fact
that we cannot exploit any special properties of the coefficients of the recurrence relations, but
rather must prove certain technical lemmas for any choice of the ¢;’s. We therefore quickly
look at the special case of the Fibonacci numbers, as this highlights the main ideas of the
method without many of the technicalities.® In the rest of the paper, we provide details only
for the results about far-difference representations, as the other results have been proved by
other techniques. The reader interested in the details of applying our method to the known
cases should see [MW] for the details.

We first derive a recurrence relation for the p,, ;’s, which in this case is the number of integers
in [F,, F,,11) with precisely & summands in their legal decomposition (see Definition 1.2). We
find pr41k+1 = Png+1 + Dng. Multiplying both sides of this equation by 2Fy", summing over
n,k > 0, and calculating the initial values of the p, x’s, namely p; 1, p21 and ps 2, we obtain a
formula for the generating function Zn,k>0 Py

G(r,y) == Y papz’y" = Y (1.10)

—y -y’
n,k>0 l—y-my
By partial fraction expansion, we write the right-hand side as

Yy 1 1
() — ya(a) <y—y1(;p) N y—yg(as)) ) (1.11)

where y;(x) and yo(z) are the roots of 1 —y —xy? = 0. Rewriting m as —(1— yf(’z))’l and
using a power series expansion, we are able to compare the coefficients of y” of both sides of

(1.10). This gives an explicit formula for g(z) = ", pnrz®.

Note that
g(1) = > puk, (1.12)
k>0
which is F,, .1 — F,, by definition. Further, we have

k>0

Therefore, once we determine ¢g(1) and ¢'(1), we know E[K,].

Letting p, = E[K,|, we define the random variable K = K, — p,. We immediately
obtain an explicit, closed form expression for h,(z) = g(x) — u,. Arguing as above we find
hn(1) = Fopq — F, and b, (1) = E[K]]h,(1). Furthermore, we get

(xh),(z)) = E[K,’ha(1), (2 (xh)(2))) = E[K,’Jha(1), ..., (1.14)
3 The proof can be simplified further for the Fibonacci numbers, as the key quantity Pn,k €quals (Z:’f) /Fn_1,

which by Stirling’s formula tends to the density of a normal random variable; see [KKMW] for details.
Unfortunately this approach does not generalize, as the formulas for p,, , become far more involved.
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which allows us to compute the moments of K.

Let o, denote the variance of K, (which is of course also the variance of K), and recall that
the 2m'™ moment of the standard normal is (2m — 1)!! = (2m —1)(2m —3) - - - 1. To show that
K,, converges to being normally distributed with mean pu, and variance o, it suffices to show
that the 2m™ moment of K/ /o, converges to (2m — 1)!! and the odd moments converge to
0. We are able to prove this through (1.14), which are repeated applications of differentiating
identities to our partial fraction expansion of the generating function.

We prove the Gaussian behavior for the far-difference representation in Section 2. We
conclude with some natural problems to consider.

2. FAR-DIFFERENCE REPRESENTATION

In this section, we apply the generating function approach to study the distributions of the
numbers of positive and negative summands in the far-difference representation of integers in
(Sn, Snt1] (see Definition 1.4). We prove that as n — oo these two random variables converge
to being a bivariate Gaussian with a computable, negative correlation. We do not need to
prove that a generalization of Zeckendorf’s theorem holds for far-difference representations,
as this was done by Alpert [Al] (see Theorem 1.5).

2.1. Generating Function of the Probability Density. Let p,; (n > 0) be the number
of far-difference representations of integers in (S,_1,S5,] with k positive summands and [

negative summands. We have the following formula for the generating function % (x,y,2) =
Zn>0,k>0,120 pn,k,lxkyl2n~

Theorem 2.1. We have

A 1z + ryzt
Y(r,y,z) = . 2.1
(%,9,2) 1—2z—(z+y)zt —ayzb — xyz7 (21)
Proof. We first derive the recurrence relation
Dkl = DPn—1kil + Dn—ak—1,1 1+ Dn-31k—1, T > 9, (2.2)

by a combinatorial approach. Next we want to get the generating function. To achieve
that, we need to have a recurrence relation with all terms of form p,, 0 5—ko1-1, With ng, ko
and [y constant. We solve this by using the proceeding recurrence relation with repeated
substitutions.

Let us prove (2.2) first. Clearly, p,x; = 0if £ < 0 or I < 0. For every far-difference
representation N = Y%, a;F;; € [Syo1 4+ 1,S,], N' := Y700, a;F; is also a far-difference
representation. Theorem 1.5 states that iy = n and a; = 1, therefore N’ € [S,_1 + 1 —
F,, S, — F,]. Since

Fn_ n—l_Sn—S = Fn_Fn—l_Fn—S_Fn—B"': n—Q_Fn—?)_Fn—EJ_"'
= Fo4—F,5— = (=F—-F)=F—-F =1, (2.3)
we get S, +1 — F, = —5,_3. Thus p,, ,; is the number of far-difference representations of

integers in [—S,_3,.S,_4] with £ — 1 positive summands and [ negative summands.
Let n > 5. We have two cases: (k —1,1) # (0,0) and (k —1,1) = (0,0).

Case 1. (k—1,1) =(0,0).
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Since F,, — S,—1 — Sp—3 = 1 by (2.3), we have F,,_; < S,,_1 < F,, for all n > 1. Hence there
is exactly one Fibonacci number in [S,_; + 1,5,] for all n > 1. Thus p,10 = Prn-1,10 = 1.
Further, for n > 5, we have p,_400 = pn—300 = 0, then (2.2) follows.

Case 2. (k—1,1) #(0,0).

Then N' = N — a1 F;, #0. Let N(J, k, 1) be the number of far-difference representations of
integers in the interval J with k positive summands and [ negative summands. Thus

Do = N0, Sn_a],k —1,0) + N([~Sn_3.0), k — 1,1)
= N((0,Sn_a], k —1,0) + N((0, Sp_s], |,k — 1)

n—4 n—3
= Zpi,kq,l + Zpi,z,kq- (2.4)
i=1 i=1

For n > 5, replacing n with n — 1 yields

n—>5 n—4
Pn-1kl = Zpi,k—l,l +Zpi,z,k—1- (2.5)
i=1 i=1

Subtracting (2.5) from (2.4), we get (2.2).
Let n > 9. Replacing (n, k,1) in (2.2) with (n — 3,1,k — 1) gives
Prn—3lk-1 = Pn—dlk—1+t Pn-7i-1k-1+ Pn—6k-1,-1, N = 8. (2.6)
Rearranging the terms of (2.2), we obtain
Pn—3lk—1 = Pnkil — Pn—1kl — Pn—dk—11, T = O. (2.7)
Replacing (n, k,1) in (2.2) with (n—1,k,[) and (n—4,k,l—1) (sincen > 9, n—1>n—4 > 5,
thus (2.7) applies to n — 1 and n — 4), we get
DPn—alk—1 = Pn—1k] — Pn—2kl — Pn—5k—1, (2.8)
and

Pn-71-1k—1 = Pn—4kil-1 — Pn—5kl—1 — Pn—8k—1,1—1- (2-9)
Plugging (2.6), (2.8) and (2.9) into (2.2) yields

Pkl =  2Dn—1kl — Pn—2kl T Pn—a k-1 T Pn—aki-1 — Pn—5k—1,
—Pn-5ki-1+ Pn6k-11-1 — Pn-8k—11-1, 7 = 9. (2.10)
Multiplying both sides of (2.10) by z*y'2", we get
Pnkﬂkylzn = 2an71,k,z$kylzn b 2Pp, 2klfl?kyl«2n 2+$Z4pn dk— 1z$kflylzn74
+3/Z4pn 4,k,1— ﬁk 13/ "z pn75,k71,lx lylzn >
—y 2 pns i1y 2" 4 2y g g2y O
—xyz pn_&k_l,l_lxk_lyl_lz”_s. (2.11)

Summing both sides over n > 9 and recalling that p,, ,; = 0if £ > 0 or [ < 0, we obtain

G(w,y,z) = 229(0,y,2) =2 ) parpat’y's" — G (2,y,2)

1<n<8
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k. l.n
+ E Pn—2k 1T Y 2 +332 55 Y, 2 E Prn—4,k— llff yz
2<n<8 4<n<8
i k. l.n 5
+y2*Y (x,y,2) — Pr—apg12"y 2" — x2°Y (x,y, 2)
4<n<8
k. l.n
+ E Prn—s5k—1,T Y Z —y2"Y x Yy 2 E DPn—5.k,1— ity
5<n<8 5<n<8

+$yzﬁg($a y,2) — Z Pr—6h-10-12"y' 2" — 33?/285?(% Y, %)
6<n<8

= (22— 22+t byt — a2’ -y +ay —ays®) Y(a,y, 2)

k 1.n k. l.n k 1.
—2 E Pn—1k T Y 2" + E Pn—2k T Y 2" — g Dn—ak—1,T"Y 2

1<n<8 2<n<8 4<n<8
k. l.n k. l.n k. l.n
- E Pn—akl—1T Y 2 + E Pn—5k-1,T Y 2 + E Pn—5kl-1T Y 2
4<n<8 5<n<8 5<n<8
k. l.n
— § Pn—6k—1,1-1C Y 2. (2.12)
6<n<8

We calculated all p,;,;’s for n < 8 and found that the only terms in the right-hand side of
(2.12) that are not canceled are xz, —rz?, ryz* and —zyz®°, therefore

x(z — 22) + zy(z* — 2°)

g\ ) ) =
(z,y,2) 1— (22 — 224zt + yzt — x2% — Y25 + 2y20 — xy28)
- rz + ryzt (2.13)
o l—z— (v y)t — 2y — ay” '
U

To show that KC,, and L,, are bivariate Gaussian, it suffices to prove the Gaussian behavior
of ak, + bL, for any a, b with (a,b) # (0,0). Note that the coefficient of z" in ¥ (z,y, 2)
18 D rs0050 Pukaryl; we denote this by (z”)fé(m,y,z). Setting (z,y) = (w® w®) and using
differentiating identities will give the moments of akC,, + 0L,,.

We first prove the a generalized Lekkerkerker’s Theorem and Gaussian behavior for akC,, +

bL,, which is a slight generalization of Theorem 1.6. This suffices to deduce Theorem 1.6 as
cov(Ky, L) = pvar(K, + L,,) — tvar(K, — L,).

Theorem 2.2. For any real numbers (a,b) # (0,0), we have
(a) The mean of akC,, + bL,, is

a+b  371—113v5 361 —123/5
n+ a+———m—D
10 40 40
(b) The variance of alC,, + bL,, is

Vb —1 20 — /5
200 5

o(¥; ) for some 4, € (0,1), (2.14)

10 (a® +b*) — (a+b)*| n+ qap + o(7,) for some 7,5 € (0,1),  (2.15)
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with qqp constant depending on only a and b; further, the standardized distribution of alkC,,4-0L,,
converges weakly to a Gaussian as n — 0o; in other words, IKC,, and L,, are bivariate Gaussian
as n — 0o.

2.2. Generalized Lekkerkerker’s Theorem. As the mean is a crucial input in the proof
of Gaussian behavior, we isolate this calculation first.
Proof of Theorem 2.2(a). Denote §(w) the coefficient of 2" in ¢ (w?, w?, 2), i.e.,

Gw) = D pagw™ (2.16)
k>0,0>0

Taking w = 1 in (2.16) gives us the sum of the p, x;’s, which by definition equals S,, — S,,—1 =
D,,ie.,
§(1) = > puks = D (2.17)
k>0,1>0
Moreover, taking the derivative of both sides of (2.16) gives

J1) = > (ak+b)puis, (2.18)
k>0,1>0
therefore /

g'(1
pn = Elak, +bL,] = gg(( )) (2.19)

Thus the proof of Part (a) reduces to finding ¢(1) and ¢'(1).

Let A,(2) be the denominator of 4 (w®, w’, z), namely

Ay(z) = 1—2— (W + w’)z — w28 — o+, (2.20)

and e (w), ex(w), . .., er(w) the roots of A,(z) (ie., regarding A,(z) as function of z). We

want to write - 1(Z) as a linear combination of the z_el, @) ’s, i.e., the partial fraction expansion,
w 7
b

as we can use power series expansion to find g(w), the coefficient of 2" in g (w* w
fact, we have the following proposition.

,2). In

Proposition 2.3. There exists ¢ € (0,1) such that for anyw € I. = (1 —¢,1+¢),
(a) The 7 roots of Ay(z) are nonzero and distinct.
(b) There exists a root e;(w) such that |e;(w)| < 1 and |ey(w)| < |e;(w)|, 1 <i < 7.
(¢) Fach root e;(w) (1 < i <7) is continuous and (-times differentiable for any ¢ > 1, and

(aw*™ + bw*™) e} (w) + (a + b)w* el (w) + e (w)]

! = — ! . 2.21
eiw) 1+ 4(w® + wb)ed(x) + 6wrtbe? (w) + Twatbed (w) (221)
(d) 1 1 < 1
= = — . 2.22
LG w2 et T (o) — ew) 222
Proof. Clearly, 0 is not a root of A,(z). When w = 1, we have
Ai(z) = 1—z2—22" =20 — 2T = — (2242 - )2+ 1)(* +1). (2.23)

V5—1

5—, any other root z of A(z) satisfies

Thus Al(z) has no multiple roots; moreover, except
|2 > 1> [¥5-L]. Hence (a), (b) hold for w = 1.
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Note that when w # 0, the leading coefficient of flw(z) is nonzero, and the coefficients
of A(z) are polynomials in one variable and hence continuous, thus the roots of A, (z) are
continuous with respect to w (see [US] or Appendix A of [MW]). Since (a), (b) hold for w = 1,
they also hold for a sufficiently small neighborhood I. of 1.

See Appendix A.1 for the proof of (c¢) and (d). O
Assume w € I.. Combining (2.1) and Proposition 2.3(d), we get
(W w’,2) = —(z+ w2t 7 ! .
G (w,w’, z) (z + ); wh(z — ex(w)) Hj# (e;(w) — (@)’ (2.24)
thus
w = Y 1
e L T e I ) = edw)
n—1 ’ 1
e >; wh(l = oiy)ei(w) I (65 (w) — ei(w))
7 ) . X
- z; er (W) [T (ej(w) — ex(w)) ! z; whe (w) [T (& (w) — ei(w))
N w4 el (w)
" & AL ew) ) (2:25)
Let

= m and Qz(w) = w(jl(w)@ﬂw) (2.26)

(w). Since e;(w) is nonzero and (-times differen-

Then g(w) = 351 wii(w)aj (w) = ¥, g
d &;(w). Further, it follows from Proposition 2.3(b) that

i=1
tiable for all ¢ and i, so are ¢;(w) an Az(
|&1(w)| > 1 and |a1( )| > |&i(w)], 1 <i<7. Hence for fixed ¢, we have
7
§9w) = 91 (w) + 3 Twiw)al @) = i (w) + o(} (w))af (w) (2.27)

1) = a”(1) +o(3)ar(), (2.28)

where 4, = 4(1) € (0,1)
Applying ( .28) Wlth ¢ =1, we obtain

PO aa)FDE) + @) + GG + olG)ar()
30 2 (Dar (L) +o(d)ar()
(A @) + @) + @) + o(3p)
(D) T o(30)
s ama)
= a0t am 0w (2.29)
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Therefore, by (2.19) fi, is of the form:

fin. = Capn+day + 0(30), (2.30)
v 0 0 ‘(1)
. ah (1 e (1 A q;(1

C,p = 2 = 27 and d,, = 1+ 22, 2.31

o (1) e1(1) ’ @ (1) (231

Here we used the definition that &;(w) = 1/e;(w) (see 2.26).
Setting w = 1 in (2.21) and using e;(1) = ® (with & = (v/5 — 1)/2), we get C,p =
—e1(1)/e1(1) = (a+b)/10. It is harder to calculate d,, but still tractable. We prove

. 371 — 1135 361 — 1235

dyy = n a+ 0 b. (2.32)
Recall from (2.26) that
. B w4+ e (w)
Y | I R ) (23
Let )
E(w) = [](ej(w) = ex(w)), (2.34)
J#1
then , »
. wt+ef(w
qi(w) = wBw) (2.35)
Thus
PR 10 B (C b+ ed(w)wE(w) — (wE(w)) (w™ + e}(w))))/ (wE(w))?
am (> + i) (wB(w)
_ 14 (w__b + e:{;(w))’ B (wi?(w))’ _ 14 bw b‘i + Sej(w)e’l(w) E(w) —|: wk'(w)
w=b + e (w) wE(w) w’ +ej(w) wE(w)
(2.36)
Setting 2z = 1 and using e;(1) = ® and €} (1) = —(a + b)®/10, we get
o —b—gpa+b)®® E'(1) VB4l _9—3\/5a B
dop = 5 B 1 b 0 (a+0b) B (2.37)

Thus it remains to evaluate £(1) and E'(1). Consider A, (¢’ + e;(w)):
Ay +er(w)) = 1—€ —ey(w) — (w+w®) (€ +er (w)) —w' (e + e (w))e —w' (e + ey (w))".

(2.38)
On the other hand, we have
Au(€ +er(w)) = —w T + er(w) — e;(w)). (2.39)
J#1
Comparing the coefficients of €’ in (2.38) and (2.39) gives
w ™ T[(er(w) = e;(w)) = 1+ 4(w" + w’)ef(w) + 6w el (w) + Tw*Pef(w).  (2.40)

J#1
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Thus
E(w) = H(el(w) —ej(w)) = w ) L 4w 4w el (w) + 665 (w) + Te(w).  (2.41)
#1
Setting w = 1, we get
E(1) = 14803 460° + 7% = 100> (2.42)
Differentiating both sides of (2.41) yields

E'(z) = (a+bw e+ 4 (aw™ "+ bw ") e} (w) + 30e] (w)e; (w) + 42¢5 (w)e] (w).

(2.43)
Setting 2z = 1 and plugging in e;(1) = ® and €}(1) = —(a + b)®/10 yields
E'(1) = —(a+b)—4(a+b)d + 30@4$ o+ 42<I>5¥ o.
Thus .
E'(1 2 —
(1) _ 29V5 - 95 (a+b). (2.44)
E(1) 10
Plugging (2.44) into (2.37) yields
; 371 -113v5 361 —123V5
= . 2.4
da,b 40 a—+ 40 b ( 5)
This completes the proof of Theorem 2.2(a). O

2.3. Gaussian Behavior. We prove M, = alC,, + bL, converges weakly to a Gaussian by
calculating its centralized moments and using Markov’s Method of Moments. Its variance is
a special case, and is determined below. Note that the proof of Theorem 2.2(a) yielded

ElaK, +bL,) = Coyn+day+o(30,) and var(akC, +bL,) = K'(1)n+G{(1) +o(77,) (2.46)
i (1) 1) ' (w)
A e -~ ql fa w@l w A
Cop = ——22 dyp = 1+22 h(w) = — -, 2.47
v e e T g MY T Ty 247

and constants 4,5, 7o € (0,1) and ¢{(1) depending on only a and b.

Let 6,, be the standard deviation of M,, = alC,, + bL,,. First we centralize and normalize
M to M = (M, — fin)/6,. Thus it suffices to show that MY converges to the standard
normal. According to Markov’s Method of Moments, we only need to show that each moment
of M tends to that of the standard normal distribution, which is equivalent to the following.

Theorem 2.4. Let ji,(m) be the m™ moment of M,, — [i,, then for any integer u > 1, we
have

by (2u — 1 (1, (2
20— 1) g (20
o ot

— (2u — D!, as n — 0. (2.48)

In the proof we first point out that it suffices to prove the same result for M,, — fi,, with
fin, = Copn + da p» and Cab, d, » defined in (2.31). Then we show that the m™ moment fi,(m)
of M,, — fi,, equals §,,(1)/D,, for polynomials g,,(z) with

3 B akAbl—fin—1
go(z) = E Dr o, W pnh =
Kl

) G = Gp@). 21 (249)
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By Definitions (2.16) and (2.49), we prove by induction that the main term of g, (1) is
of the form & (x)x =" 3" fim(x)n' for some functions f;,,(z)’s and thus conclude that
fin(m) = ql;(l) Yoo fim(L)n' + o(12) for some 7, € (0,1). Finally, we evaluate the f;,(1)’s
to obtain (2.48).

We now give the proof. In the course of our analysis we will interrupt the proof to state
and prove some simple, needed propositions. Noting that [, = fi, + o(77) by (2.30), by some
simple approximations (see Appendix A.2), we see that

fin(m) = fin(m)+o(3,) (2.50)
for some 3,, € (0,1). In the special case of m = 2, we have 62 = [i,(2) = ji,(2) + o(7"),
therefore (2.48) is equivalent to
by, (2u — 1 by, (2
fin u ) 0 and Fn(2W)
fin 2(2) [ (2)

— (2u— 1!, as u — oo. (2.51)

We calculate the moments fi,,(m)’s by applying the method of differentiating identities to
g. Setting x = 1 in (2.49), we get

/
g1(z) = (xzgo(x)) = <an7k,lx“k+bl_ﬂ"> = an7k7l(ak+bl—[/Jn)x““bl_ﬂ"_l. (2.52)
k,l k,l

When m = 2, by (2.49) and (2.52), we get
Go(z) = (zg1(x)) = an,k,l(ak + bl — fi, )2t (2.53)
kel

Setting x = 1, we get

32(1) =Y pugalak + bl = ji)* = ji,(2) Dy (2.54)
k,l

By induction on m, we can prove the following.

Proposition 2.5. For any m > 0, we have
gm(z) = mek,l(ak 4 bl — fi) "z I and G, (1) = fin(m)D,,. (2.55)
k,l

Proof. We have proved the statement for m = 0, 1, 2. If (2.55) holds for m, then the recurrence
relation (2.49) gives

!/
gmr(x) = (2gm(z))" = (ZPn,kJ(akijl — ﬁn)mxakJ“bl_ﬂ")

k.l

= an,k,l(ak’ + bl — fiy, )" gkt (2.56)
ol

Setting x = 1 gives §y+1(1) = fin(m + 1)D,,. Thus the statement holds for m + 1 and hence
for any m > 0. U
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Returning to the proof of Theorem 2.4, denote

oate) = 0D and gy00) = gialo)) (25)

forzel.if 1 <i<7andfor x € I, U{1l} if i = 1. By Definition (2.57) and using the same
approach as in proving (2.27), we can show that

Vo e I, : Gii(z) = o(r])ay(z) (2.58)

for some 7; € (0,1). Thus referring to (2.49) we have

Veel. : gj(x Zgﬂ = gji(x) +o(r])a} (). (2.59)

Taking the limit as x approaches 1 ylelds

Vreel, (1) = g(1)+o(r)ay(1). (2.60)
), then

) = @@)a @) and Fya(e) = (@Fy(x))' (2.61)
Note that ¢ (z) and &;(z) are (-times differentiable for all ¢. Thus when j = 0, we get

Denoting g;1(x) by Fj(x

Fyo(z

Fi(z) = (zF(@) = (@(0)af (@)z )
nady ()& (2)67 ™ (@)™ = (fin — 1)qu (@) (@)a™™ + 2, (2)d (@)a ™"
= nadi(e)dy (2)ar (@)™ = (Copn + dap — 1)a(2)a5 (x)a™ + wgy (2)a5 (x)~"
r&d(x) A R 5 oA o
=t | (S - ) o+ (1 dunio) + o)
= af(@)a™ " [h(@)@(@)n + d'q(2) + 2d) ()], (2.62)
where h(x) and d' are defined as
hz) = ra(n) Copand d =1—d,, = o (2.63)
&y () ’ ’ @i (1)
(see (2.31) for the definition of d, ;). By (2.31), we have
h(l) = 0. (2.64)
Moreover, since & (z) is ¢-times differentiable at 1 and &;(1) # 0, we have
h(z) is {—times differentiable at 1 for any ¢ > 1. (2.65)

From (2.61) and (2.62), we observe that F,(z) can be written as a product of &7 (z)z #n
and a sum of other functions of n and z. In fact, we have the following.

Proposition 2.6. For any m > 0,
(a) We have F,,(z) is of the form

Fo(z) = a2 (x)z Z fim(z)n?, (2.66)

where the f;,,’s are functions of x and &y (z) but independent of n.
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(b) The fim’s are (-times differentiable at x € 1. for any £ > 1.

(c) Define
fim(z) = 0if i >mori<0orm<O0, (2.67)
then for m > 0, we have the following recurrence relation:
fim(@) = h(@)ficrm1(x) + d fign1(2) + 2 71 (2). (2.68)

Proof. We proceed by induction on m. For m = 0 and 1, (a) holds because of (2.61) and
(2.62). Further, (2.61) and (2.62) give the expressions of fyo, fo1 and fi1:

foolx) = (), foa(x) = d'q(z) + 241(), fra(z) = h(z)@(z). (2.69)

Thus they are differentiable (-times at x € I. for any ¢ > 1. Hence (b) holds for m = 0 and
1. Finally, with (2.69), it is easy to verify that (c) holds for m = 0 and 1.
If the statement holds for m, by (2.49) we have

Frual() = [d’fmn-ﬂnzwfi,m(x)ni] = > [ @i (@]

For convenience, we denote h;(x) = &} (x)x "z f; ,,(z)n' for 0 < ¢ < m. Thus

Foa( Z W (x (2.70)

For each 0 <17 < m, we have
hi(e) = n'[&(2)a " (@)™ 2 fim — (i — 1A (@)2™" fim(z) + &7 (@) 2 f] ()]
= (@) [nfim(@) (a1@)ar (@) = Cop) + (1= dag) fim(@) + 2, ()]
= ') (@)a™™ [nh(z) fim(x) + d fim(@) + 2 f] ()]
= aj(x)p [n”lh(x)fi,m(x) +nt (d’fiﬁm(x) + xfz'm(ac))} (2.71)
(see (2.63) for the definitions of h(z) and d'). Plugging (2.71) into (2.70) yields

Fm+1<l’> = d?('r)x_ﬁn[ m+1h fmm +Zn fz lm )‘f“d/fz,m(x)

+ af] () + d fom(z) + xf07m(x)} : (2.72)

Hence (2.66) holds for m + 1 as desired.
For (b) and (c), from (2.72) we get

Srtrmar (€)= h(2) fm(z), (2.73)
fi,m+1(x> = h(&?)fzfl,mCL’) + d’fz,m(:v) + If;m(.f), 1 < ) <m (274)

and
Jomir(x) = d fom(x) + 2f5m(2). (2.75)

By Definition (2.67), we can combine (2.73), (2.74) and (2.75) into one recurrence relation
(2.68) (with m replaced by m + 1). With this recurrence relation, (2.65) and the induction
hypothesis of (b) for m, we see that (b) also holds for m + 1. This completes the proof. [
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Proposition 2.7. We have
(2.76)

") for some 7, € (0,1).

fin(m n' + o,
Proof. From (2.55), (2.59), (2.17), (2.28) with ¢ = 0, the definition F,,(z) = §m1(z) and
Proposition 2.6, we obtain
o = (D) G o(m)at(D) _ Full) + olrh)at()
" D, D, D,
mof "ilat (1 ;
— [ZZZOAfZ,m( )n +O( z@) al( ) nz+0 ) (277)
[G1(1) + o(vg)] &7 (1)
OJ

From Proposition 2.7, we see that the main term of f,(m) only depends on §¢;(1) and the
fim(1)’s. Note that to prove (2.51), it suffices to find the main term of fi,,(m). Thus the
problem reduces to finding the f;,,,(1)’s. We first calculate the variance, namely fi,,(2)

Proposition 2.8. The variance of M,, — [i
i (2.78)

fin(2) = h'( Jn+ 4 (1) + o(7y)
with b'(1) # 0, ¢{(1) and 75 € (0,1) constant depending on only L and the ¢;

With the estimation (2.50), it follows immediately that the variance of M,, is of order n

Theorem 2.9. The variance of M,, = alC,, + bL,,
fin(2) = K (n+ /(1) +o(r") (2.79)

with W' (1) # 0, ¢/(1) and 75 € (0,1) constant depending on only a and b; further, W' (1) is
20 —
0 5\/5(a+b)2 : (2.80)

given by
A \/5—1
/ _ 2, 122\
W) = 55 10 (a® + %)

This proves (2.15) in Theorem 2.2.
Proof of Proposition 2.8. If m = 2, by (2.73) and (2.64) we get fo2(1) = h(1)f11(1) =

Applying (2.68) to (i,m) = (1,2) and plugging in (2.69) yields
W) for(x) + d fra(z) + 2 fi (@)
(2.81)

fra(z)
= h(x)foa(x) + d'h(z)g () + zh(x)§y (x) + zh'(2) G (2).
Setting x = 1 and using h(1) = 0 (see (2.64)) yields
fi2(1) = h(1) foa(1) + d'h(1)g(1) + h(1)G (1) + A'(1)Gi(1) = A'(1)G(1). (2.82)
Using (2.75) and (2.68), we can find fy2(x) as follows:
d*g (x) +d'zq)(x) + dxg (z) + 2q) () + 2] (x). (2.83)

fop(x) = d'for(z) +afs (z) =
Setting x = 1 and substituting d’

11 (see (2.63)) yields

(1)
A

f02(1) = ¢,/(1).

(2.84)
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Combining the above results with Proposition 2.7 gives (2.78). We can derive a formula for
R (w) in terms of e;(w) by using (2.21). Then (2.80) follows by e;(1) = ®. We can verify that
R'(1) # 0 by simple quadratic inequalities (details can be found in Appendix A.3). O

From Propositions 2.7 and 2.8, we see that (2.51) (which is what we need to show to finish
the proof of Theorem 2.4) is equivalent to

fizu—1(1) = 0, i > u, (2.85)
fizu(1) = 0, i > u, (2.86)
and
fuzu(1) = (2u— )G (1) ('(1))". (2.87)
For convenience, we denote
) = ), £>0. (2.88)

Note that if ¢ = 0, then the definition is just t;,, = fim(1).
Proposition 2.10. For any 0 < m < 2t and é > 0, we have

1m - = Jim— K( ) 0. (289)

Proof. If £ > m or i > m — {, according to Definition (2.67), we have f;,,—¢(x) = 0. Thus

fi(’i)l_e(a:) = 0 and (2.89) follows. Therefore, it suffices to prove for 0 < ¢ < m < 2i and
1<m—1/{, ie.,

0 <?¢ < m—i < i (2.90)

We proceed by induction on m. If m = 0, then there is no i that satisfies (2.90). Thus the

statement holds. If m = 1, the only choice for i and ¢ that satisfies (2.90) is i = 1 and ¢ = 0.

By (2.69) and (2.64), we get 9 ti1 = f11(1) = h(1)¢:(1) = 0. Thus the statement holds

zmé_

for m = 1. Assume that the statement holds for any m’ < m (m > 2). For any (i,m, ¢) that
satisfies (2.90) and 1 < j < ¢, we have

2i—1) =2—-2>m—-2>m—1-7j (2.91)

thus we can apply the induction hypothesis (2.89) to (i —1,m —1—j,¢—7), (i, m —1,¢) and
(i,m—1—2£€+7,j) with 1 < j < ¢ and obtain

FED @ = 9 = 9,0 = (2.92)

Taking the ¢™ derivative of both sides of (2.68), we get

FO ) = Ol +Z() D ()

+d fi0 @)+ fD @)+ Y (). (2.93)

j=1
Setting x = 1 and using (2.92) and (2.64) yields

0 (+1 /+1
L) = o), de, 1, = 15, (2.94)
Applying (2.94) to £ =0,1,...,m, we get
t =t =t = =t ="M =0, (2.95)
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where the last step follows from (2.67).

Thus the statement holds for m as well. This completes the proof. O
Corollary 2.11. For any u > 1, we have (2.85) and (2.86), i.e.,
tivgufl = O, ZZ u and ti,gu = O, > U. (296)

Proof. Applying Proposition 2.10 with (i,m,¢) = (i,2u —1,0) (i > ) and (i, m, ¢) = (i, 2u —
1,0) (i > u). O

Thus it remains to show (2.87).

Proposition 2.12. For any u > 1 we have
() fuuto(z) with 0 < v < w is of the form

funo(T) = Tupdi ()R (2) (B (2))" + Sup(z)h“ (), (2.97)

where 1., is a constant determined by u and v, s,,(z) is a polynomial of the h)(z)’s and the
qﬁz) (x)’s (¢ > 0) with coefficients polynomials of x.

(b) ruo =1 and
Tuw = Tu—1o+ (U—0+D)ryp1, Tuu = Tuu-1, 1 <0 <u. (2.98)

()

Proof. We proceed by induction on u + v.
By (2.69) and (2.73), we get

Tuw = (2u— 1) (2.99)

fuu(z) = @(z)h"(x), u>1. (2.100)
Hence (a) holds for v =0 and r, o = 1.

Since the only (u,v) with u+v =1and 0 < v < wis (0,1), (a) holds for u+v = 1. Assume
that (a) holds for u+v <t (¢t > 1). We will simultaneously prove (a) and (b). If u+v =t+1,
we have shown that the statement holds for v = 0. For 1 < v < u, we have three cases: v =1,
l<v<wand 1 <v=u.

When 1 < v < wu, applying (2.68) to (i,m,f) = (u,u + v,0) and using the induction
hypothesis for (v — 1,v), (u,v — 1), we get

fU,u—i-v(x) = h(x)fu—l,w&-v—l + d/fu,u+v—1 + xfz/L,quv—l
= h(@) [rum10@i(2)2" "7 (@) (W(2))" + Sumr(@)h" " (2)]

1 [rumd @) 0 @) (0 (@) 4 sy () )]

1 [ () B ) () s ()R ()|

= Tu10@i(x)2h 0 (2) (W(2))" + [su-1,0(2)
d' TGy ()2 T (B (@) 4 d sy () h(2) ] R ()

0 [Py (@) B (@) (W) s (@) (@) (2.101)
Denote the last line of (2.101) by W.
Case 1. v = 1. We have
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W= [ruendi (@R @) + (0 =0+ Drgeaads (@) ()0 ()
+(u 42— 0)syp1(z)R ()WY (2 )}
= I[Tu,vfl‘ﬂ(x)—i-(u—i-Z—v)suv 1(z)h ( )] huwﬂ(x)

+a(u— v+ D)ryp1qi () (2)h" 0 (x). (2.102)
Noting that v = 1, thus the above equation can be written as
W= wlreey(e) + (u+2 = v)sye (@) ()] 1 (@)
+(u — v+ D)ryp1Gi ()" (z) (W ()" (2.103)
Plugging this into (2.101) yields
Fowio@) = Pucrada(@)a" B @) (@) + [su-10(2)

vy da(@)a ™ (W (@) + d'sy o (2)h() 20 (@)
+2 [Fup-1G3 (%) + (u+ 2 = v) syt ()R ()] 27 (@)
+(u— v+ 1)ryp_1Gi(x)zh" " (x) (W (2))"
= [Putw+ (u—v+ Drue 1)@ (z)2h(x) (B (1) + [Su_1.0(2)
+d Ty 1 ()2 (B (@) + d' S (2)R(2) + 270 1) ()
+2(u+ 2 — V) Sy (z)H ()BT (). (2.104)
Hence fyu10(x) is of the form (2.97) and (2.98) holds.
Case 2. 1 < v < u. We have
W= (u—v+ Dryeagiz)z"h"" () (W (2))"
w18y ()2 + (0 = Drypadi (@) (0 ()"
(

+(v = Drupmada(z)a” (W (z))" 7 B (x)
+(u + 2 — 0)wSy 1 ()R (2)] T (). (2.105)
Plugging this into (2.101) yields
fu,u—&-v(x) = [Tu—l,v + (u—v+ 1)TU,U—1]Q1 (z)z"h" () (h/(x))y + [Su—lw(x)

td' Ty 1y (2)2" (W ()" + Ay (2)D(2) + Tyl (z)2?

+(v = DryporGe(@)z ™ (1 (2)"7 (B (2) + 2l (x))

+(u 42 = v)xsy o1 ()R (2) ] (). (2.106)
Hence fy ut0() is of the form (2.97) and (2.98) holds in this case too.
Case 3. 1 < v = u. Thus u > 2. From the recurrence relation (2.68) and the initial condition
(2.69), we see that each f;,, is a polynomial of the h(¥)(x)’s and the g\ (x)’s (¢ > 0) with

coefficients polynomials of x. By (2.101) and the induction hypothesis (2.97) for (u,v) =
(u,u— 1), we get

fu,u+v($) = fu,Zufl(l) = h(x)fuflﬂufl +d/fu,2u71 +*Tf1;72u—1
= (@) fumt2u-1 + PuamrGa (@) h(@) (W(2)" 7+ syumi ()0 (2)
+a[ruu1Gi (@) (@) (0(2)" + sy (@) (@)
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= reua1@(@)z" (W (2)" + [fumr20-1 + Tuu—1Gr (z)x" (h/(x))ufl + Syu—1(x)h(x)
Fry a1y @)z (0(2)" 7 4 (= Drguadi(@)ae ™ (0(@)" 7 (0 (@) + 2h" ()
28, 1 () h(x) + 205y 01 ()R ()] h(2). (2.107)

Hence fi, 41v(2) is of the form (2.97) and (2.98) holds in this case, completing the proof of (a)
and (b).

We use generating functions to prove (c). The proof of (c¢) is an immediate consequence of
Lemma 2.13 (see Remark 2.1 for the details). O

Lemma 2.13. Define

Ty(x) = Y ru.z"™", v>0. (2.108)
Then we have
(a) .
T,(z) = L(x), v>1. (2.109)
11—z
) 1 (2v — 1N
v— 1)l
To(z) = — and T,(z) = EESmEE=E v>1. (2.110)
Proof. (a) According to Definition (2.108),
(1 - fL’)T,U(ZE) = Z Tu,vxu_v - Zru,vxu_v+1 = Z Tu,vxu_v - Z ru—l,vmu_v
u=v u=v u=v u=v+1
= Towt Y (Puw = Tue10)2" (2.111)
u=v+1

By the recurrence relation (2.98), we get

Tuw — Tu—1p = (W—0V+1)ry,q foru>v+1, and ry_1, = Tye. (2.112)
Thus
(1 - :C>Tv($) = Tup + Z (u — U+ 1)Tu,v71xuiv =Ty-1v + Z (u — U+ 1)ru,v71$U7v
u=v+1 u=v+1
= > (u—v+Dryp 2 (2.113)

On the other hand, taking the derivative of both sides of Definition (2.108), we see that
T!_,(x) also equals (2.113). Therefore (2.109) holds.
(b) Since 7,9 = 1 (see Proposition 2.12(b)), we have

o o 1
To(x) = erox“ = Zm“ =1 (2.114)
u=0 u=0

Applying (a) to v =1, we get

T(w) = D@ _ 1 < ! ), - (2.115)

1—=x l—z\1—=z
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Thus (2.110) holds for v = 1.
Assume that (2.110) holds for v—1 (v > 2). It follows from (a) and the induction hypothesis
that

To(2) = Tha(x) 1 (20 =31\’ _ (2o |
l—x 1—2 \(1—a)21 (1 — )2+t
Hence (2.110) holds for v and therefore for any v > 1. O

Remark 2.1. The proof of part (¢) of Proposition 2.12 is immediate, as any u > 1,
Fuw = Tu(0) = (2u— 1) (2.116)
by Definition (2.108) and Lemma 2.13.
Setting v = u and x = 1 in Proposition 2.12(a) and using (2.64) and (2.99), we get
fuzu(1) = ruu@i(l) (W(1)" = (2u — DG (1) (7'(1))", (2.117)
as desired, completing the proof of Theorem 2.4 and Theorem 2.2(b). O

Applying Theorem 2.2 to the special cases (a,b) = (1,0) and (0, 1), we obtain the following
results.

Theorem 2.14. The expected values and variances of IC,, and L, are

1 371 — 113v/5 29v/5 — 25
E = —n4+ — o = — 1), (2.11
1 361—123v5 . 15+ 21v/5
E[L,] = 0" + — +0(hg1),  var(L,) = 000 " +0O(1). (2.119)
Additionally, we have
1
EK,] —E[L,] = +4\/3 +0(4™) = g + 0(4™) ~ 0.809016994 for some 4’ € (0,1)(2.120)

In words, on average there are approximately 0.809 more positive terms than negative terms
in the far-difference representation.

Applying Theorem 2.2 to a = b =1, we get

2v/5 V5 —1

var(iC, + £,,) = 125" + O(1), and var(C,, — £,,)) = T + O(1). (2.121)
Hence
cov(n. L)) = var(KC,, + L,,) ;Var(lCn — L)
= Wﬂ, +O(1) ~ —0.0219574275n + O(1). (2.122)
With Theorem 2.14 and (2.122), we compute the correlation between K,, and L,:
cov(K,, L) %n +0(1)

corr(IC,, L) = =
Vvar(K, var(L,,) %(wn +0(1) (2550 +0(1))

1000 1000

BAE, L O(1) 25215

= +
WBEn L O(1) 297525

o(1)
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- %7_9121 +o(l) ~ —0.551057655 + o(1). (2.123)
Since var(KC,,) and var(L,) are of size n and have the same coefficients of n, we have
cov(lC, + L, K, — L) = E[(K,—E[K,]+ (L, — E[L,)])) (K, — E[K,] — (L, — E[L)]))]
E[(Kn - E[Kn])2 - (l - E['Cn])ﬂ
= var(K,) —var(L,) = O(1). (2.124)

Further, we have the values of var(C,, + £,,) and var(KC,, — £,,) from (2.121) and (2.121), thus
cov(KC,, + L, IC,, — Ly)
\/Val"(lcn + L,)var(K,, — L)
o)

250 +0(1)) (Ltn +0(1)
(o) )

Since IC,, and L,, are bivariate Gaussian, K,, + £,, and K,, — £,, are independent as n — oo.

corr(IC, + L, K,y — L) =

3. CONCLUSION AND FUTURE RESEARCH

Our combinatorial perspective has extended previous work, allowing us to prove Gaussian
behavior for the number of summands for a large class of expansions in terms of solutions to
linear recurrence relations. This is just the first of many questions one can ask. Others, which
we hope to return to at a later date, include:

(1) Are there similar results for linearly recursive sequences with arbitrary integer coeffi-
cients (i.e., negative coefficients are allowed in the defining relation, which is different
than allowing negative summands)?

(2) What happens if we consider sequences where either uniqueness of representation fails,
or some numbers are not representable? What is true for a ‘generic’ number?

(3) Lekkerkerker’s theorem, and the Gaussian extension, are for the behavior in intervals
[F,, Fi1). Do the limits exist if we consider other intervals, say [F,, + g1(Fy), F,, +
g2(F},)) for some functions g; and g»7 If yes, what must be true about the growth
rates of ¢g; and ¢o7

(4) For the generalized recurrence relations, what happens if instead of looking at > | a;
we study > ., min(1,a;)? In other words, we only care about how many distinct H,’s
occur in the decomposition.

(5) What can we say about the distribution of the largest gap between summands in
generalized Zeckendorf decomposition? Appropriately normalized, how does the dis-
tribution of gaps between the summands behave?

The last question has been solved in some cases in [BM]. They prove

Theorem 3.1 (Base B Gap Distribution). For base B decompositions, as n — oo the proba-
bility of a gap of length 0 between summands for numbers in [B", B"™) tends to (B_%#,

and for gaps of length k > 1 to (B_%(#B_k.

Theorem 3.2 (Zeckendorf Gap Distribution). For Zeckendorf decompositions, for integers in
[F, Fi1) the probability of a gap of length k > 2 tends to % for k > 2, with ¢ = %5
the golden mean.
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APPENDIX A. NEEDED TECHNICAL RESULTS

A.1. Proof of Proposition 2.3.

Proof of Proposition 2.3. For (c), since e;(w) is a root of A,(z), we have

0 = 1—e(w)— (w* +w)ef(w) — w el (w) — w*el (w). (A.1)

)

For a small increment Aw, we have
0 = 1—e(w+ Aw) — [(w+ Aw)* + (w + Aw)’]ef (w + Aw)
— (w + Aw)* b (w 4+ Aw) — (w + Aw)* el (w + Aw). (A.2)
Subtracting (A.2) from (A.1) yields
0 = ei(w+ Aw) — e;(w) + (w* + w’) e} (w + Aw) — €} (w)]
+ [(w+ Aw)* + (w + Aw)? — w® — w]ef (w + Aw)
+ wel(w + Aw) — ef(w)] + [(w + Aw)* ™ + w*)el (w + Aw)
w)] + [

+ w el (w + Aw) — e (w)] + [(w + Aw)* ™ — w* el (w + Aw)

= [ei(w + Aw) — e;(w)] |1+ (w® + w’) e{(w + Aw)e?_j(w)

j:()
b Y e+ Al ) + 0 Z wt Aw)e <w>]
=0
+ Aw [J<<w+Aw - (w+AAw13 _wb> e; (w + Aw)
w+AwA:b_w +b( 5 (1w + Aw) + ¢ <w+Aw))]. (A.3)

Since e;(w) is continuous, the coefficient of [e;(w + Aw) — e;(w)] converges as Aw — 0 and
its limit is
14 4(w” + w)ed(x) + 6w el (w) + Tw el (w), (A.4)
which is exactly —A’ (z) (with respect to z) at e;(w) and therefore nonzero since A, (z) has
no multiple roots. Since w?, w® and w®? are differentiable at w = 1, the coefficient of Aw in
(A.3) also converges as Aw — 0 and its limit is
(aw™" +bw"™) ef(w) + (a+ b)w " e (w) + €] (w)). (A.5)

Thus €}(w) exists and

, B . ei(w+ Aw) — e;(w)
ei(w) = A, Aw
(aw*™" +bw") el (w) + (a + D)w el (w) + e] (w)]

T T 4w+ wh)ed(w) + 6wt el (w) + Twetbed(w) (4.6)

Since the denominator of e}(w) is not zero, by repeated use of the quotient rule and the
differentiability of e;(w), we see that el@)(w) exists for any ¢ > 1.
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Finally for (d), since the leading coefficient of A, (z) is —w**® and the roots of A, (z) are
er(w), es(w), ..., ez(w), we have

7
Ay(z) = =] (z = es(w)) . (A7)
i=1

For any w € I, the ¢;(w)’s are distinct, thus we can interpolate the Lagrange polynomial

of Z(z) =1 at ey (w), ez2(w), ..., er(w):
’ Hj;éi (z —ei(w))
i1 Hj;éi (ej(w) — e;(w))
Dividing both sides by [[__; (2 — e;(w)) and combining with (A.7) yields (2.22). O

- 1. (A.8)

A.2. Proof that ji,(m) = fi,(m)+o(52). In (2.30), we proved that fi, = Aaﬁbn—l—cimb—i—o(&(’}’b)

and we set i, = C’mbn + cZa,b (éa,b and cf%b are defined in (2.31)). Thus i, = fi, + o(77]). We
defined fi,(m) = > pogi(ak + bl — fi,)™ /Dy, In this section we prove the following.

Lemma A.1. For any m, we have fi,(m) = fi,(m) + o(B2) for some f,, € (0,1).

Proof. In the argument below, we will need an upper bound for the number of positive (neg-
ative) summands an N € (S,,_1,5,) can have. As there are n Fibonacci numbers and each
one can be taken at most once, the maximum number of positive (negative) summands such
an NN can have is n.

Since
P k(ak + 0l — fi,)™ X
a(m) = — = Prob(n, k,l)(ak + bl — fi,)™
i) = SR > Prob(n .1 o
- Pn.k l(ak’ + bl — ﬂn)m ~
n(m) = = = Prob(n, k,l)(ak + bl — fi,)™
) = 2 o > Prob(an 1) fin)
tn = fin+o(7}) by Theorem 1.2, (A.9)
when n is large, we have
lttn(m) = fin(m)| = > Prob(n, k,1) [(ak + bl — fin + o(y]"))™ = (ak + bl — fi)"]
kel

m

= lo(h}) Z Prob(n, k,1) Z (T) (ak + bl — fi,)™ " (o(y1))" "

IA

o(77) Z Prob(n, k,l)(ak + bl + fi, +1)™
k

IN

o(v1)(Jaln + [bln + Copn + day + 2011)™ > " Prob(n, k)
k
< Jo(v)(a| + 16| + |Cap| + |dap| +2011)"n™ - 1| = o(B},) (A.10)

for some G, € (0,1). O
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A.3. Proof that /(1) # 0. This is important in the proof of the Gaussian behavior in Section

2.3, as this tells us that the variances grows like n.

Proof. By (2.21), we have

wey(w) - (aw? +bu’) ef(w) + (a + bjw e} (w) + ef(w)]
valw) _ _ . (A.11)
er(w) 1+ 4(w* + wb)ed(w) + 6wrtbed (w) + Twatbel (w)
Thus
b5 6 !
() (aw® + bw) e3(w) + (a + b)w (e} (w) + €f(w))
w =
14 4(w® + wb)ed(w) + 6wrtbed (w) + Twrtbel (w)
_ [[(aw +bw?) € (w) + (a + b)w (e (w) + b(w))]
14 4w + wh)ed(w) + 6w e} (w) + Tw el (w)]
—[(aw® + bw®) € (w) + (a + b)w* ™ (e} (w) + €f(w))]
14 4(w® + wh)ed(w) + C”“b(66 ) + 7€l w)}]
14 4(w® + wh)ed(w) + w P (667 (w) + Teb(w))] - (A.12)
Setting w = 1 in (A.11) and using e;(1) = ®, we get
eif(l)  (a+b)(PP+P°+%  a+b (A13)
er(l)  1+8P34605+706 10 ‘
Thus b
¢ (1) = —“1+O o. (A.14)
Plugging e;(1) = ® and (A.14) into (A.12) with w = 1 yields
K1) = [®°[10 (a® +b%) + (a+b)* (=3 + 10D — 50% — 60°)]
—®%(a+b)* (1.6 + 30* + 2.8¢%)] /(1009
V5 —1 20 — /5
= 10 (a® +b°) — ————(a +b)? A.15
500 (a® +07) ) (A.15)
Since %5 < 4 and a® + b > 0, we have
20 — /b
T\/_ (a* +0%) <4(a+1b)*> <8(a®+b*) <10 (a® + 7). (A.16)
Hence 7/(1) # 0. O
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