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Random Matrix Ensembles

ayy a2 a3 - ain

dpo1 dop doz v+ AoN
A= ] . . .

ant dawn2 ams -+ amn

a; are functions of independent identically distributed
random variables by, ..., by,.
Fix p, define

Prob(A) = [ r(by).

Example: Real symmetric ensemble. Pick entries of the
matrix, up to equivalence of g; = a;;, independently from

p. We have ky = M) degrees of freedom.
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Eigenvalue Trace Formula

We want to understand the eigenvalues of A, but it is the
matrix elements that are chosen randomly and
independently.

Eigenvalue Trace Lemma
Let Abe an N x N matrix with eigenvalues \;(A). Then

Trace( A¥) Z Mi(A,

where

N N

k
Trace(A") Z Zah io @iy * * * Ay -

I11 Ik1
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Eigenvalue Distribution

I(x — xo) is a unit point mass at xp:
J f(x)d(x — xo)dx = f(x0).

To each matrix A, attach a probability measure:

pan(x) = NZ5< —T)>

[ unax - Z (A"(z’)"

>V
1 Trace(A")
M,(A, N) := n™ moment = 512 ”—W.
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Averaging
Look at the expected value for the moments:
Mn(N) = E(Ma(A, N))
= LIEZ(Trace(A”))

N2+
1
= NI > E(@0,8u0 - Aini)-
1<y, sin <N

e |f moments converge as N — oo, they define a
probability density called the limiting spectral density.

e For nice ensembles, typical large matrices approach
this density.
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Linked Ensembles

@ Some of the entries of our matrices are always the
same.

e Equivalence classes of entries are chosen i.i.d.r.v.
from p with mean 0, variance 1, and finite higher
moments.

{1,2,..,N}¥* — {1,2,.. N}?/~
R{LZ,...,N}Z/Q SN RNZ
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Matchings for a Linked Ensemble

We rewrite our formula for the moments as

1

D n(~)Mey )+ My,
where the sum is over equivalence relations on
{(1,2),(2,3),...,(n,1)}.

@ di(~): sizes of equivalence classes.

@ my: moments of p.

@ n(~): number of {(i1, i), (k, i3), -.., (in, f1) } ON Which =~
induces ~.
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Matchings for a Linked Ensemble

Equivalence relations on {(1,2),(2,3),...,(n, 1)} are
equivalence relations on the sides of an n-gon.
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Matchings for a Linked Ensemble

1
N3+

Mn(N) = D n(~)May () -+ M.

e Relations with singletons vanish because the mean
m; = 0.

e For ensembles that are nice enough, higher order
pairings are lower order terms.

e If ensemble is real symmetric, non-crossing pairings
(Catalan words) always contribute at least 1.
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Non-Crossing Pairings
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Non-Crossing Pairings

The number of non-crossing pairings is equal to the
Catalan number C;)».
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Non-Crossing Pairings

The Catalan numbers are the moments of the semi-circle
density. This is the limiting spectral density for the full
ensemble of real symmetric matrices.

0.4+
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Our ensemble:
Period m—Circulant Matrices



Period m—Circulant
000000000000 00000000

Toeplitz Matrices

e Toeplitz matrices are constant along diagonals.

Ch G ©C G C GCs
C_1 (o Cq Co C3 C4
Co C1 ( Cq Co C3
C3 Co C 1 (O Cci C
C4 C3 Co C4 C €
C.5 C4 C3 Co2 C 41 (O
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o If we think of the indices of our basis elements
modulo N, diagonals wrap around.

e Circulant matrices are constant along these “toroidal
diagonals.” More “fair.”

Co Ci C C3 C4 G5
Cs Chp C C C3 C4
Cs C5 Ch C C C3
C3 C Cs C C ©C
Co C3 C C5 Cy Cy
Ci C C3 C4 C5 C
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The Ensemble of Real Symmetric Circulant Matrices

@ Linked ensembile. Pick the first half of the first row
i.i.d.r.v., and the rest of the matrix is determined.

@ The limiting eigenvalue density is Gaussian.

Co Ct C C3 C C
Ct G C C G &
Cc G G € C G
C; C C C C ©
C C3 C C C ¢
Cit G G C G G
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The Ensemble of Real Symmetric Period m—Circulant Matrices

e Rather than constant, we impose the weaker
condition that diagonals are periodic of period m.

@ For our purposes, they provide an opportunity to see
a transition between the ensemble of real symmetric
circulant matrices and that of all real symmetric
matrices.

Co Ci C2 C3 C» O
Cq do d1 d2 C3 d2
Co d1 Ch Ci C (3
C3 d2 Cq do d1 d2
C G G di ¢ ¢
d1 d2 C3 dg Cq do
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Matchings

Recall our formula for the moments of a linked ensemble.
1
Nz

My(N) = —7= > “n(~) Mgy~ -+ Moy

where the sum is over equivalence relations on

{(1,2),(2,3),...,(n,1)}.

For the ensemble of symmetric period m—circulant
matrices, the coefficient n(~) is the number of solutions to
the system of Diophantine equations:
Whenever (s,s+ 1) ~ (¢, t+ 1),

@ isi1— Is = i1 — ir(mod N) and is = ir (mod m), or

@ isi1 — Is = —(lts1 — ir) (mod N) and is = iz 4 (Mmod m).
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Whenever (s,s+ 1) ~ (¢, t+ 1),

@ isi1— Is =iy — ir(mod N) and is = ir (mod m), or

@ isi1 — Is = —(lts1 — ir) (mod N) and is = i1 (Mmod m).
Split up sum further, based on if the first or second set of
equations holds for each pair of equivalent edges.

When the first holds, edges are matched with the same
orientation, and when the second holds, edges are
matched with opposite orientation.
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Contributing Terms
As N — oo, the only terms that contribute to this sum are

those in which the entries are matched in pairs and with
opposite orientation.

® % %

Therefore, the odd moments go to zero as N~'/2.
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Algebraic Topology

If we think of these pairings as topological identifications,
the contributing ones are precisely those that give rise to
orientable surfaces.

_~
ﬁ
N

It turns out that the contribution from such a pairing is
m~—29, where g is the genus (number of holes) of the
surface. The proof is a combinatorial argument involving

Euler characteristic.
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Computing the Even Moments

Our formula for the even moments becomes

Lk/2] 1
Ma(N) = 3 colkm 4.0, (%)

with £4(k) the number of pairings of the edges of a
(2k)-gon giving rise to a genus g surface.

But J. Harer and D. Zagier (1986) gave generating
functions for the e4(k)...
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Harer and Zagier say:

[k/2]
> eg(k)m 1729 = (2k — 1)1l c(k, m)
g=0

where

o0 m
14+2) ok, mx*' = (ﬂ) .

1—x
k=0
Thus, we write

Mok = m~ D2k — 1)1t e(k, m).
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We can then use a multiplicative convolution and
Cauchy’s residue formula to find the characteristic
function of the distribution (inverse Fourier transform of
the density).

S Mok 1S 1 /—2\"
P(t) = k_oﬁ(lt) —EZc(k,m)H (ﬁ)

_ 1 1 + 2_1 1 e—t22/2m%
2rim J 5 222 1 11—z z
1

- %ei <T> (1= 1) (%)
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Results

Taking a Fourier transform and doing a bit of
manipulation, we obtain our explicit formulas.

Theorem

The limiting spectral density function f,(x) of the real
symmetric period m—circulant ensemble is given by the
formula

_ mx m

fn 2 ZZrli(rJr,:Jﬂ)

=0

(2r + 2s)! (_1) s ()’

(r+s)ls! 2
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Results (continued)

As m — oo, the limiting spectral densities approach the
semicircle distribution.
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Results (continued)
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Figure: Plot for f; and histogram of eigenvalues of 100 circulant
matrices of size 400 x 400.
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Results (continued)
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Figure: Plot for f, and histogram of eigenvalues of 100 period
2—circulant matrices of size 400 x 400.
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Results (continued)
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Figure: Plot for f; and histogram of eigenvalues of 100 period
3—circulant matrices of size 402 x 402.
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Results (continued)

-3 -2 -1 1 2 3

Figure: Plot for f; and histogram of eigenvalues of 100 period
4—circulant matrices of size 400 x 400.
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Results (continued)
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Figure: Plot for f3 and histogram of eigenvalues of 100 period
8—circulant matrices of size 400 x 400.
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Results (continued)
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Figure: Plot for f;p and histogram of eigenvalues of 100 period
20—circulant matrices of size 400 x 400.
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Results (continued)

0.4+

Figure: Plot for the density of the Wigner semi-circle distribution
(ilm — w”)-
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