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Outline

Introduce relevant RMT ensembles.

Describe results for large conductors.

Discuss data for small conductors.

Try to reconcile theory and data.
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Random Matrix Ensembles
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Orthogonal Random Matrix Models

RMT: SO(2N): 2N eigenvalues in pairs e � i � j , probability
measure on [0; � ]N :

d � 0(� ) /
Y

j< k

(cos � k � cos � j )
2

Y

j

d� j :
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Orthogonal Random Matrix Models

RMT: SO(2N): 2N eigenvalues in pairs e � i � j , probability
measure on [0; � ]N :

d � 0(� ) /
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j< k

(cos � k � cos � j )
2

Y

j

d� j :

Independent Model:

A 2N;2r =
��

I2r� 2r

g

�
: g 2 SO(2N � 2r)

�
:
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Orthogonal Random Matrix Models

RMT: SO(2N): 2N eigenvalues in pairs e � i � j , probability
measure on [0; � ]N :

d � 0(� ) /
Y

j< k

(cos � k � cos � j )
2

Y

j

d� j :

Independent Model:

A 2N;2r =
��

I2r� 2r

g

�
: g 2 SO(2N � 2r)

�
:

Interaction Model: Sub-ensemble of SO(2N) with the last 2r of
the 2N eigenvalues equal + 1: 1 � j; k � N � r :

d"2r (� ) /
Y

j< k

(cos � k � cos � j )
2

Y

j

(1 � cos � j )
2r

Y

j

d� j ;
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1-Level Density

L-function L(s; f ): by RH non-trivial zeros 1
2 + i
 f ;j .

Cf : analytic conductor.
' (x): compactly supported even Schwartz fn.

D1;f (' ) =
X

j

'
�

log Cf

2�

 f ;j

�
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1-Level Density

L-function L(s; f ): by RH non-trivial zeros 1
2 + i
 f ;j .

Cf : analytic conductor.
' (x): compactly supported even Schwartz fn.

D1;f (' ) =
X

j

'
�

log Cf

2�

 f ;j

�

individual zeros contribute in limit
most of contribution is from low zeros
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1-Level Density

L-function L(s; f ): by RH non-trivial zeros 1
2 + i
 f ;j .

Cf : analytic conductor.
' (x): compactly supported even Schwartz fn.

D1;f (' ) =
X

j

'
�

log Cf

2�

 f ;j

�

individual zeros contribute in limit
most of contribution is from low zeros

Katz-Sarnak Conjecture:

D1;F (' ) = lim
N!1

1
jF N j

X

f 2F N

D1;f (' ) =
Z

' (x)� G(F ) (x)dx

=
Z

b' (u)b� G(F ) (u)du:
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Random Matrix Models and One-Level Densities

Fourier transform of 1-level density:

�̂ 0(u) = � (u) +
1
2

� (u):

Fourier transform of 1-level density (Rank 2, Indep):

�̂ 2;Independent(u) =
�
� (u) +

1
2

� (u) + 2
�

:

Fourier transform of 1-level density (Rank 2, Interaction):

�̂ 2;Interaction(u) =
�
� (u) +

1
2

� (u) + 2
�

+ 2(juj � 1)� (u):
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Comparing the RMT Models

Theorem: M– '04

For small support, one-param family of rank r over Q(T ):

lim
N!1

1
jF N j

X

Et 2F N

X

j

'
�

log CEt

2�

 Et ;j

�
=

Z
' (x)� G(x)dx + r ' (0)

where

G =

( SO if half odd
SO(even) if all even
SO(odd) if all odd

Con�rm Katz-Sarnak, B-SDpredictionsfor small support.

Supports Independentand not Interaction model in the limit.
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Questions
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Interesting Families

Let E : y2 = x3 + A(T )x + B(T ) be a one-parameter family of
elliptic curves of rank r over Q(T ).
Natural sub-families:

Curves of rank r .

Curves of rank r + 2.
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Interesting Families

Let E : y2 = x3 + A(T )x + B(T ) be a one-parameter family of
elliptic curves of rank r over Q(T ).
Natural sub-families:

Curves of rank r .

Curves of rank r + 2.

Question: Does the sub-family of rank r + 2 curves in a rank r
family behave like the sub-family of rank r + 2 curves in a rank
r + 2 family?

Equivalently, does it matter how one conditions on a curve
being rank r + 2?
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Testing Random Matrix Theor y Predictions

Know the right model for large conductors, searching for the
correct model for �nite conductors.

In the limit must recover the independent model, and want to
explain data on:

1 ExcessRank: Rank r one-parameter family over Q(T ):
observed percentages with rank � r + 2.

2 First (Normalized) Zero above Central Point: In�uence of
zeros at the central point on the distribution of zeros near
the central point.
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Excess Rank

One-parameter family, rank r over Q(T ).
Density Conjecture (Generic Family) =) 50% rank r, r+1.
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Excess Rank

One-parameter family, rank r over Q(T ).
Density Conjecture (Generic Family) =) 50% rank r, r+1.

For many families, observe
Percent with rank r � 32%
Percent with rank r+1 � 48%
Percent with rank r+2 � 18%
Percent with rank r+3 � 2%

Problem: small data sets, sub-families, convergence rate
log(conductor).
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Data on Excess Rank

y2 + y = x3 + Tx

Each data set 2000 curves from start. Last has conductors of
size 1017, but on logarithmic scale still small.

t-Start Rk 0 Rk 1 Rk 2 Rk 3 Time (hrs)

-1000 39.4 47.8 12.3 0.6 <1
1000 38.4 47.3 13.6 0.6 <1
4000 37.4 47.8 13.7 1.1 1
8000 37.3 48.8 12.9 1.0 2.5

24000 35.1 50.1 13.9 0.8 6.8
50000 36.7 48.3 13.8 1.2 51.8
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Theoretical Results
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RMT: Theoretical Results (N ! 1 , Mean ! 0:321)
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Figure 1a: 1st norm. evalue above 1: 23,040 SO(4) matrices
Mean = :709, Std Dev of the Mean = :601, Median = :709
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RMT: Theoretical Results (N ! 1 , Mean ! 0:321)

1 2 3
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Figure 1b: 1st norm. evalue above 1: 23,040 SO(6) matrices
Mean = :635, Std Dev of the Mean = :574, Median = :635
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RMT: Theoretical Results (N ! 1 )
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Figure 1c: 1st norm. evalue above 1: SO(even)
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RMT: Theoretical Results (N ! 1 )
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Figure 1d: 1st norm. evalue above 1: SO(odd)
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Data
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Rank 0 Curves: 1st Normaliz ed Zero above Central Point
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Figure 2a: 750 rank 0 curves from
y2 + a1xy + a3y = x3 + a2x2 + a4x + a6.

log(cond) 2 [3:2; 12:6], median = 1:00 mean = 1:04, � � = :32
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Rank 0 Curves: 1st Normaliz ed Zero above Central Point
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Figure 2b: 750 rank 0 curves from
y2 + a1xy + a3y = x3 + a2x2 + a4x + a6.

log(cond) 2 [12:6; 14:9], median = :85, mean = :88, � � = :27
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Rank 2 Curves: 1st Norm. Zero above the Central Point
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Figure 3a: 665 rank 2 curves from
y2 + a1xy + a3y = x3 + a2x2 + a4x + a6.

log(cond) 2 [10; 10:3125], median = 2:29, mean = 2:30
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Rank 2 Curves: 1st Norm. Zero above the Central Point
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Figure 3b: 665 rank 2 curves from
y2 + a1xy + a3y = x3 + a2x2 + a4x + a6.

log(cond) 2 [16; 16:5], median = 1:81, mean = 1:82

29



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

Rank 0 Curves: 1st Norm Zero: 14 One-Param of Rank 0
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Figure 4a: 209 rank 0 curves from 14 rank 0 families,
log(cond) 2 [3:26; 9:98], median = 1:35, mean = 1:36
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Rank 0 Curves: 1st Norm Zero: 14 One-Param of Rank 0
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Figure 4b: 996 rank 0 curves from 14 rank 0 families,
log(cond) 2 [15:00; 16:00], median = :81, mean = :86.
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Rank 0 Curves: 1st Norm Zero: 14 One-Param of Rank 0 over Q(T )

Famil y Median e� Mean � StDev � � log(cond) Number

1: [0,1,1,1,T] 1.28 1.33 0.26 [3.93, 9.66] 7
2: [1,0,0,1,T] 1.39 1.40 0.29 [4.66, 9.94] 11
3: [1,0,0,2,T] 1.40 1.41 0.33 [5.37, 9.97] 11
4: [1,0,0,-1,T] 1.50 1.42 0.37 [4.70, 9.98] 20
5: [1,0,0,-2,T] 1.40 1.48 0.32 [4.95, 9.85] 11
6: [1,0,0,T,0] 1.35 1.37 0.30 [4.74, 9.97] 44
7: [1,0,1,-2,T] 1.25 1.34 0.42 [4.04, 9.46] 10
8: [1,0,2,1,T] 1.40 1.41 0.33 [5.37, 9.97] 11
9: [1,0,-1,1,T] 1.39 1.32 0.25 [7.45, 9.96] 9

10: [1,0,-2,1,T] 1.34 1.34 0.42 [3.26, 9.56] 9
11: [1,1,-2,1,T] 1.21 1.19 0.41 [5.73, 9.92] 6
12: [1,1,-3,1,T] 1.32 1.32 0.32 [5.04, 9.98] 11
13: [1,-2,0,T,0] 1.31 1.29 0.37 [4.73, 9.91] 39
14: [-1,1,-3,1,T] 1.45 1.45 0.31 [5.76, 9.92] 10

All Curves 1.35 1.36 0.33 [3.26, 9.98] 209
Distinct Curves 1.35 1.36 0.33 [3.26, 9.98] 196
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Rank 0 Curves: 1st Norm Zero: 14 One-Param of Rank 0 over Q(T )

Famil y Median e� Mean � StDev � � log(cond) Number

1: [0,1,1,1,T] 0.80 0.86 0.23 [15.02, 15.97] 49
2: [1,0,0,1,T] 0.91 0.93 0.29 [15.00, 15.99] 58
3: [1,0,0,2,T] 0.90 0.94 0.30 [15.00, 16.00] 55
4: [1,0,0,-1,T] 0.80 0.90 0.29 [15.02, 16.00] 59
5: [1,0,0,-2,T] 0.75 0.77 0.25 [15.04, 15.98] 53
6: [1,0,0,T,0] 0.75 0.82 0.27 [15.00, 16.00] 130
7: [1,0,1,-2,T] 0.84 0.84 0.25 [15.04, 15.99] 63
8: [1,0,2,1,T] 0.90 0.94 0.30 [15.00, 16.00] 55
9: [1,0,-1,1,T] 0.86 0.89 0.27 [15.02, 15.98] 57

10: [1,0,-2,1,T] 0.86 0.91 0.30 [15.03, 15.97] 59
11: [1,1,-2,1,T] 0.73 0.79 0.27 [15.00, 16.00] 124
12: [1,1,-3,1,T] 0.98 0.99 0.36 [15.01, 16.00] 66
13: [1,-2,0,T,0] 0.72 0.76 0.27 [15.00, 16.00] 120
14: [-1,1,-3,1,T] 0.90 0.91 0.24 [15.00, 15.99] 48

All Curves 0.81 0.86 0.29 [15.00,16.00] 996
Distinct Curves 0.81 0.86 0.28 [15.00,16.00] 863
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Rank 2 Curves: 1st Norm Zero: one-param of rank 0 over Q(T )

�rst set log(cond) 2 [15; 15:5); second set log(cond) 2 [15:5; 16].
Median e� , Mean � , Std Dev (of Mean) � � .

Famil y e� � � � Number e� � � � Number

1: [0,1,3,1,T] 1.59 1.83 0.49 8 1.71 1.81 0.40 19
2: [1,0,0,1,T] 1.84 1.99 0.44 11 1.81 1.83 0.43 14
3: [1,0,0,2,T] 2.05 2.03 0.26 16 2.08 1.94 0.48 19
4: [1,0,0,-1,T] 2.02 1.98 0.47 13 1.87 1.94 0.32 10
5: [1,0,0,T,0] 2.05 2.02 0.31 23 1.85 1.99 0.46 23
6: [1,0,1,1,T] 1.74 1.85 0.37 15 1.69 1.77 0.38 23
7: [1,0,1,2,T] 1.92 1.95 0.37 16 1.82 1.81 0.33 14
8: [1,0,1,-1,T] 1.86 1.88 0.34 15 1.79 1.87 0.39 22
9: [1,0,1,-2,T] 1.74 1.74 0.43 14 1.82 1.90 0.40 14

10: [1,0,-1,1,T] 2.00 2.00 0.32 22 1.81 1.94 0.42 18
11: [1,0,-2,1,T] 1.97 1.99 0.39 14 2.17 2.14 0.40 18
12: [1,0,-3,1,T] 1.86 1.88 0.34 15 1.79 1.87 0.39 22
13: [1,1,0,T,0] 1.89 1.88 0.31 20 1.82 1.88 0.39 26
14: [1,1,1,1,T] 2.31 2.21 0.41 16 1.75 1.86 0.44 15
15: [1,1,-1,1,T] 2.02 2.01 0.30 11 1.87 1.91 0.32 19
16: [1,1,-2,1,T] 1.95 1.91 0.33 26 1.98 1.97 0.26 18
17: [1,1,-3,1,T] 1.79 1.78 0.25 13 2.00 2.06 0.44 16
18: [1,-2,0,T,0] 1.97 2.05 0.33 24 1.91 1.92 0.44 24
19: [-1,1,0,1,T] 2.11 2.12 0.40 21 1.71 1.88 0.43 17
20: [-1,1,-2,1,T] 1.86 1.92 0.28 23 1.95 1.90 0.36 18
21: [-1,1,-3,1,T] 2.07 2.12 0.57 14 1.81 1.81 0.41 19

All Curves 1.95 1.97 0.37 350 1.85 1.90 0.40 388
Distinct Curves 1.95 1.97 0.37 335 1.85 1.91 0.40 366
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Rank 2 Curves: 1st Norm Zero: 21 One-Param of Rank 0 over Q(T )

Observe the medians and means of the small conductor
set to be larger than those from the large conductor set.

For all curves the Pooled and Unpooled Two-Sample
t-Procedure give t-statistics of 2:5 with over 600 degrees
of freedom.

For distinct curves the t-statistics is 2:16 (respectively 2:17)
with over 600 degrees of freedom (about a 3% chance).

Provides evidence against the null hypothesis (that the
means are equal) at the :05 con�dence level (though not at
the :01 con�dence level).
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Rank 2 Curves from y2 = x3 � T 2x + T 2 (Rank 2 over Q(T ))
1st Normaliz ed Zero above Central Point

0.5 1 1.5 2 2.5 3 3.5
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0.4

0.6

0.8

1

Figure 5a: 35 curves, log(cond) 2 [7:8; 16:1], e� = 1:85,
� = 1:92, � � = :41
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Rank 2 Curves from y2 = x3 � T 2x + T 2 (Rank 2 over Q(T ))
1st Normaliz ed Zero above Central Point
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Figure 5b: 34 curves, log(cond) 2 [16:2; 23:3], e� = 1:37,
� = 1:47, � � = :34
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Rank 2 Curves: 1st Norm Zero: rank 2 one-param over Q(T )

log(cond) 2 [15; 16], t 2 [0; 120], median is 1.64.

Famil y Mean Standar d Deviation log(conductor) Number
1: [1,T,0,-3-2T,1] 1.91 0.25 [15.74,16.00] 2
2: [1,T,-19,-T-1,0] 1.57 0.36 [15.17,15.63] 4
3: [1,T,2,-T-1,0] 1.29 [15.47, 15.47] 1
4: [1,T,-16,-T-1,0] 1.75 0.19 [15.07,15.86] 4
5: [1,T,13,-T-1,0] 1.53 0.25 [15.08,15.91] 3
6: [1,T,-14,-T-1,0] 1.69 0.32 [15.06,15.22] 3
7: [1,T,10,-T-1,0] 1.62 0.28 [15.70,15.89] 3
8: [0,T,11,-T-1,0] 1.98 [15.87,15.87] 1
9: [1,T,-11,-T-1,0]

10: [0,T,7,-T-1,0] 1.54 0.17 [15.08,15.90] 7
11: [1,T,-8,-T-1,0] 1.58 0.18 [15.23,25.95] 6
12: [1,T,19,-T-1,0]
13: [0,T,3,-T-1,0] 1.96 0.25 [15.23, 15.66] 3
14: [0,T,19,-T-1,0]
15: [1,T,17,-T-1,0] 1.64 0.23 [15.09, 15.98] 4
16: [0,T,9,-T-1,0] 1.59 0.29 [15.01, 15.85] 5
17: [0,T,1,-T-1,0] 1.51 [15.99, 15.99] 1
18: [1,T,-7,-T-1,0] 1.45 0.23 [15.14, 15.43] 4
19: [1,T,8,-T-1,0] 1.53 0.24 [15.02, 15.89] 10
20: [1,T,-2,-T-1,0] 1.60 [15.98, 15.98] 1
21: [0,T,13,-T-1,0] 1.67 0.01 [15.01, 15.92] 2

All Curves 1.61 0.25 [15.01, 16.00] 64
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Function Field Example (with Sal Butt, Chris Hall)
y2 = x3 + (t5 + a1t4 + a0)x + (t3 + b2t2 + b1t + b0), ai ; bi 2 F5

0.2 0.4 0.6 0.8 1 1.2 1.4

0.5

1

1.5

2

Figure 6a: Normalized �rst eigenangle: 719 rank 0 curves.
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Function Field Example (with Sal Butt, Chris Hall)
y2 = x3 + (t5 + a1t4 + a0)x + (t3 + b2t2 + b1t + b0), ai ; bi 2 F5

0.2 0.4 0.6 0.8 1 1.2 1.4

0.25

0.5

0.75

1

1.25
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1.75

Figure 6b: Normalized �rst eigenangle: 978 curves
(719 rank 0 curve, 254 rank 2 curves, 5 rank 4 curves).

40



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

Jacobi Ensembles
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Repulsion or Attraction?

Conductors in [15; 16]; �rst set is rank 0 curves from 14
one-parameter families of rank 0 over Q; second set rank 2 curves
from 21 one-parameter families of rank 0 over Q. The t-statistics
exceed 6.

Famil y 2nd vs 1st Zero 3rd vs 2nd Zero Number
Rank 0 Curves 2.16 3.41 863
Rank 2 Curves 1.93 3.27 701

The repulsion from extra zeros at the central point cannot be entirely
explained by only collapsing the �rst zero to the central point while
leaving the other zeros alone.
Can alsointerpret asattraction.
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Comparison b/w One-Param Families of Diff erent Rank, �r st
normaliz ed zero above the central point.

First is the 701 rank 2 curves from the 21 one-parameter families
of rank 0 over Q(T ) with log(cond) 2 [15; 16];

second is the 64 rank 2 curves from the 21 one-parameter
families of rank 2 over Q(T ) with log(cond) 2 [15; 16].

Famil y Median Mean Std Dev #
Rank 2 Curves (Rank 0 Families) 1.926 1.936 0.388 701
Rank 2 Curves (Rank 2 Families) 1.642 1.610 0.247 64

t-statistic is 6.60, indicating the means differ.

The mean of the �rst normalized zero of rank 2 curves in a
family above the central point (for conductors in this range)
depends on how we choose the curves.
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Spacings b/w Norm Zeros: Rank 0 One-Param Families over Q(T )

All curves have log(cond) 2 [15; 16];

zj = imaginary part of j th normalized zero above the central point;

863 rank 0 curves from the 14 one-param families of rank 0 over Q(T );

701 rank 2 curves from the 21 one-param families of rank 0 over Q(T ).

863 Rank 0 Curves 701 Rank 2 Curves t-Statistic
Median z2 � z1 1.28 1.30
Mean z2 � z1 1.30 1.34 -1.60
StDev z2 � z1 0.49 0.51
Median z3 � z2 1.22 1.19
Mean z3 � z2 1.24 1.22 0.80
StDev z3 � z2 0.52 0.47
Median z3 � z1 2.54 2.56
Mean z3 � z1 2.55 2.56 -0.38
StDev z3 � z1 0.52 0.52
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Spacings b/w Norm Zeros: Rank 2 one-param families over Q(T )

All curves have log(cond) 2 [15; 16];

zj = imaginary part of the j th norm zero above the central point;

64 rank 2 curves from the 21 one-param families of rank 2 over Q(T );

23 rank 4 curves from the 21 one-param families of rank 2 over Q(T ).

64 Rank 2 Curves 23 Rank 4 Curves t-Statistic
Median z2 � z1 1.26 1.27
Mean z2 � z1 1.36 1.29 0.59
StDev z2 � z1 0.50 0.42
Median z3 � z2 1.22 1.08
Mean z3 � z2 1.29 1.14 1.35
StDev z3 � z2 0.49 0.35
Median z3 � z1 2.66 2.46
Mean z3 � z1 2.65 2.43 2.05
StDev z3 � z1 0.44 0.42
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Rank 2 Curves from Rank 0 & Rank 2 Families over Q(T )

All curves have log(cond) 2 [15; 16];

zj = imaginary part of the j th norm zero above the central point;

701 rank 2 curves from the 21 one-param families of rank 0 over Q(T );

64 rank 2 curves from the 21 one-param families of rank 2 over Q(T ).

701 Rank 2 Curves 64 Rank 2 Curves t-Statistic
Median z2 � z1 1.30 1.26
Mean z2 � z1 1.34 1.36 0.69
StDev z2 � z1 0.51 0.50
Median z3 � z2 1.19 1.22
Mean z3 � z2 1.22 1.29 1.39
StDev z3 � z2 0.47 0.49
Median z3 � z1 2.56 2.66
Mean z3 � z1 2.56 2.65 1.93
StDev z3 � z1 0.52 0.44
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New model

The joint PDF of N pairs of eigenvalues f e i � j g1� j � N , taken from
random orthogonal matrices having other r �x ed eigenvalues at
+ 1 is

d" r (� 1; : : : ; � N) = CN;r

Y

j< k

(cos � k � cos � j )
2

Y

j

(1 � cos � j )
r d� j :

This probability measure is well de�ned for r 2 (� 1=2; 1 ).
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê2.0000

Figure: 1-level density for the ensemble with r = 24=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.9167

Figure: 1-level density for the ensemble with r = 23=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.8333

Figure: 1-level density for the ensemble with r = 22=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.7500

Figure: 1-level density for the ensemble with r = 21=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.6667

Figure: 1-level density for the ensemble with r = 20=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.5833

Figure: 1-level density for the ensemble with r = 19=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.5000

Figure: 1-level density for the ensemble with r = 18=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.4167

Figure: 1-level density for the ensemble with r = 17=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.3333

Figure: 1-level density for the ensemble with r = 16=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.2500

Figure: 1-level density for the ensemble with r = 15=12.
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Example of Decreasing repulsion: 2 � r � 0
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Figure: 1-level density for the ensemble with r = 14=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.0833

Figure: 1-level density for the ensemble with r = 13=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê1.0000

Figure: 1-level density for the ensemble with r = 12=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.91667

Figure: 1-level density for the ensemble with r = 11=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.83333

Figure: 1-level density for the ensemble with r = 10=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.75000

Figure: 1-level density for the ensemble with r = 9=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.66667

Figure: 1-level density for the ensemble with r = 8=12.
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Example of Decreasing repulsion: 2 � r � 0
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Figure: 1-level density for the ensemble with r = 7=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.50000

Figure: 1-level density for the ensemble with r = 6=12.
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Example of Decreasing repulsion: 2 � r � 0
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Figure: 1-level density for the ensemble with r = 5=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.33333

Figure: 1-level density for the ensemble with r = 4=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.25000

Figure: 1-level density for the ensemble with r = 3=12.
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Example of Decreasing repulsion: 2 � r � 0
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rÊ= Ê.16667

Figure: 1-level density for the ensemble with r = 2=12.
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Example of Decreasing repulsion: 2 � r � 0
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Figure: 1-level density for the ensemble with r = 1=12.
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Example of Decreasing repulsion: 2 � r � 0

3

2

2

1.5

1

1

0.5

0
0

x

54

rÊ= Ê0.

Figure: 1-level density for the ensemble with r = 0=12.
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The Condensation Parameter r

For simplicity, assume that E is an even orthogonal family
depending on a parameter T ! 1 .
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The Condensation Parameter r

For simplicity, assume that E is an even orthogonal family
depending on a parameter T ! 1 .

The condensation parameter r will progressively decrease
from an initial maximum value r0 to a minimum value
r1 = 0 (resp., r1 = 1 if E is an odd orthogonal family.)

74



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

The Condensation Parameter r

For simplicity, assume that E is an even orthogonal family
depending on a parameter T ! 1 .

The condensation parameter r will progressively decrease
from an initial maximum value r0 to a minimum value
r1 = 0 (resp., r1 = 1 if E is an odd orthogonal family.)
By suitably decreasing r as T increases, the statistics of
eigenvalues in this model match many of the theoretical
and experimental features observed in the critical zeros
of E:

“Repulsion” of eigenvalues away from central point when
r > 0. (The larger r , the more repulsion.)
“Independent” model statistics when r = 0.

75



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

The Effect of the Parameter r

As r varies from r0 to 0 the “central repulsion” decreases
and, at r = 0, it disappears completely.

Increasing r merely tends to shift all the eigenvalues to the
right: they are pushed away, but the relative spacings
between them are basically unchanged.

76



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

References

Caveat: this bibliography hasn't been updated for a few years,
and could be a little out of date. It is meant to serve as a �rst
reference.

77



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

B. Bektemirov, B. Mazur and M. Watkins, Average Ranks of
Elliptic Curves, preprint.

B. Birch and H. Swinnerton-Dyer, Notes on elliptic curves. I, J.
reine angew. Math. 212, 1963, 7 � 25.

B. Birch and H. Swinnerton-Dyer, Notes on elliptic curves. II, J.
reine angew. Math. 218, 1965, 79 � 108.

C. Breuil, B. Conrad, F. Diamond and R. Taylor, On the
modularity of elliptic curves over Q: wild 3-adic exercises, J.
Amer. Math. Soc. 14, no. 4, 2001, 843 � 939.

A. Brumer, The average rank of elliptic curves I, Invent. Math.
109, 1992, 445 � 472.

78



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

A. Brumer and R. Heath-Brown, The average rank of elliptic
curves III, preprint.

A. Brumer and R. Heath-Brown, The average rank of elliptic
curves V, preprint.

A. Brumer and O. McGuinness, The behaviour of the
Mordell-Weil group of elliptic curves, Bull. AMS 23, 1991,
375 � 382.

J. Coates and A. Wiles, On the conjecture of Birch and
Swinnterton-Dyer, Invent. Math. 39, 1977, 43 � 67.

Cremona, Algorithms for Modular Elliptic Curves, Cambridge
University Press, 1992.

79



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

F. Diamond, On deformation rings and Hecke rings, Ann. Math.
144, 1996, 137 � 166.

S. Fermigier, Zéros des fonctions L de courbes elliptiques, Exper.
Math. 1, 1992, 167 � 173.

S. Fermigier, Étude expérimentale du rang de familles de
courbes elliptiques sur Q, Exper. Math. 5, 1996, 119 � 130.

E. Fouvrey and J. Pomykala, Rang des courbes elliptiques et
sommes d'exponentelles, Monat. Math. 116, 1993, 111 � 125.

F. Gouvéa and B. Mazur, The square-free sieve and the rank of
elliptic curves, J. Amer. Math. Soc. 4, 1991, 45 � 65.

80



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

D. Goldfeld, Conjectures on elliptic curves over quadratic �elds ,
Number Theory (Proc. Conf. in Carbondale, 1979), Lecture
Notes in Math. 751, Springer-Verlag, 1979, 108 � 118.

H. Iwaniec, W. Luo and P. Sarnak, Low lying zeros of families of
L-functions, Inst. Hautes Études Sci. Publ. Math. 91, 2000,
55 � 131.

A. Knapp, Elliptic Curves, Princeton University Press, Princeton,
1992.

N. Katz and P. Sarnak, Random Matrices, Frobenius Eigenvalues
and Monodromy, AMS Colloquium Publications 45, AMS,
Providence, 1999.

N. Katz and P. Sarnak, Zeros of zeta functions and symmetries,
Bull. AMS 36, 1999, 1 � 26.

81



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

V. Kolyvagin, On the Mordell-Weil group and the
Shafarevich-Tate group of modular elliptic curves, Proceedings of
the International Congress of Mathematicians, Vol. I, II (Kyoto,
1990), Math. Soc. Japan, Tokyo, 1991, 429 � 436.

L. Mai, The analytic rank of a family of elliptic curves, Canadian
Journal of Mathematics 45, 1993, 847 � 862.

J. Mestre, Formules explicites et minorations de conducteurs de
variétés algébriques, Compositio Mathematica 58, 1986,
209 � 232.

J. Mestre, Courbes elliptiques de rang � 11 sur Q(t), C. R. Acad.
Sci. Paris, ser. 1, 313, 1991, 139 � 142.

J. Mestre, Courbes elliptiques de rang � 12 sur Q(t), C. R. Acad.
Sci. Paris, ser. 1, 313, 1991, 171 � 174.82



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

P. Michel, Rang moyen de familles de courbes elliptiques et lois
de Sato-Tate, Monat. Math. 120, 1995, 127 � 136.

S. J. Miller, 1- and 2-Level Densities for Families of Elliptic
Curves: Evidence for the Underlying Group Symmetries, P.H.D.
Thesis, Princeton University, 2002,
http://www.math.princeton.edu/� sjmiller/thesis/thesis.pdf.

S. J. Miller, 1- and 2-level densities for families of elliptic curves:
evidence for the underlying group symmetries, Compositio
Mathematica 140 (2004), 952-992.

S. J. Miller, Variation in the number of points on elliptic curves
and applications to excess rank, C. R. Math. Rep. Acad. Sci.
Canada 27 (2005), no. 4, 111–120.

83



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

S. J. Miller, Investigations of zeros near the central point of elliptic
curve L-functions (with an appendix by E. Dueñez), Experimental
Mathematics 15 (2006), no. 3, 257–279.

K. Nagao, Construction of high-rank elliptic curves, Kobe J. Math.
11, 1994, 211 � 219.

K. Nagao, Q(t)-rank of elliptic curves and certain limit coming
from the local points, Manuscr. Math. 92, 1997, 13 � 32.

Rizzo, Average root numbers for a non-constant family of elliptic
curves, preprint.

84



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

D. Rohrlich, Variation of the root number in families of elliptic
curves, Compos. Math. 87, 1993, 119 � 151.

M. Rosen and J. Silverman, On the rank of an elliptic surface,
Invent. Math. 133, 1998, 43 � 67.

M. Rubinstein, Evidence for a spectral interpretation of the zeros
of L-functions, P.H.D. Thesis, Princeton University, 1998,
http://www.ma.utexas.edu/users/miker/thesis/thesis.html.

Z. Rudnick and P. Sarnak, Zeros of principal L-functions and
random matrix theory, Duke Journal of Math. 81, 1996,
269 � 322.

T. Shioda, Construction of elliptic curves with high-rank via the
invariants of the Weyl groups, J. Math. Soc. Japan 43, 1991,
673 � 719.85



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

J. Silverman, The Arithmetic of Elliptic Curves, Graduate Texts in
Mathematics 106, Springer-Verlag, Berlin - New York, 1986.

J. Silverman, Advanced Topics in the Arithmetic of Elliptic
Curves, Graduate Texts in Mathematics 151, Springer-Verlag,
Berlin - New York, 1994.

J. Silverman, The average rank of an algebraic family of elliptic
curves, J. reine angew. Math. 504, 1998, 227 � 236.

N. Snaith, Derivatives of random matrix characteristic
polynomials with applications to elliptic curves, preprint.

C. Stewart and J. Top, On ranks of twists of elliptic curves and
power-free values of binary forms, Journal of the American
Mathematical Society 40, number 4, 1995.

86



RMT Ensembles Questions Theoretical Results Data Jacobi Ensembles Refs

R. Taylor and A. Wiles, Ring-theoretic properties of certain Hecke
algebras, Ann. Math. 141, 1995, 553 � 572.

A. Wiles, Modular elliptic curves and Fermat's last theorem, Ann.
Math 141, 1995, 443 � 551.

M. Young, Lower order terms of the 1-level density of families of
elliptic curves, IMRN 10 (2005), 587–633.

M. Young, Low-Lying Zeros of Families of Elliptic Curves, JAMS,
to appear.

D. Zagier and G. Kramarz, Numerical investigations related to the
L-series of certain elliptic curves, J. Indian Math. Soc. 52 (1987),
51–69.

87


	RMT Ensembles
	
	
	
	

	Questions
	
	
	
	

	Theoretical Results
	
	

	Data
	
	
	
	
	
	
	

	Jacobi Ensembles
	
	
	
	
	
	
	
	
	


