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non-consecutive Fibonacci numbers.

Example: 2010 = 1597+ 377+ 34+ 2= Fig+ F13+ Fg+ Fo.

Lekkerkerker's Theorem (1952)

The average number of summands in the Zeckendorf

decomposition for integers in [Fy; Fns 1) tends to 1  :276n,
p—
where' = -2 is the golden mean.
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New Results

Central Limit Type Theorem

Asn!1l |, the distribution of the number of summands in the
Zeckendorf decomposition for integers in [Fn; Fn+ 1) is Gaussian

(normal).
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P
@ Generating function: g(x) = 5o Fnx" = Tx
@ Partial fraction expansion: I

1L 1 1
—s = = p= =
1 x x2 5 1; 5 12 5
!
) g0 = —2 = pr X X
= = — p— p—
1 x x2 5 x 1+2 5 , 5
P p !
1+ 5 1+ 5
= Pl— z * 7
5 1 L 5x 1 L5y

Coefcientof x" (power series expansion):

P- n p

- n
F, = pl—g e 5 s - Binet's Formula!
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Differentiating Identities and Method of Moments

@ Differentiating identities

Example: Given a random variable X such that
Prob(X = 1) = 3, Prob(X = 2) = 1, Prob(X = 3) = §, ...,
then what's the mean of X (i.e., E[X])?

PN -1 1,2 1,3 - 1
Solution: Letf(x) = 3x + zx°+ gx°+ = == 1.
fx)=1 3+2 Ix+3 x2+
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Differentiating Identities and Method of Moments

@ Differentiating identities
Example: Given a random variable X such that

Prob(X = 1) = 3, Prob(X = 2) = 1, Prob(X = 3) = §, ...,
then what's the mean of X (i.e., E[X])?

PN -1 1,2 1,3 - 1
Solution: Letf(x) = 3x + zx°+ gx°+ = == 1.
fx)=1 3+2 Ix+3 x2+
- 1 1 1 — .
f1)=1 1+2 1+3 i+ =EX]

@ Method of moments: Random variables X1, X, :::.
If the *™ moment E[X,,] converges to that of the standard
normal distribution (87), then X, converges to a Gaussian.
Standard normal distribution
2m™" moment: 2m  1!'=(2m 1)(2m 3) 1,
(2m 1) moment: 0.
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New Approach: Case of Fibonacci Numbers

Pnk = #TN 2 [Fn; Fne1): the Zeckendorf decomposition of N
has exactly k summandsg.

@ Recurrence relation:
N2[Fn+1;Fn+2):N:Fn+l+ Ft+ T n 1.

Pn+1k+1 = Pn 1kt Pn 2kt
Pnk+1 = Pn 2kt Pn 3kt
) Pn+ Lkyd = Pnk+1t Pn o1k:
@ Generating function: n.k>0pn;kxkyn = %:
; y Xy

@ Partial fraction expansion:
y _ y 1 1

1y xy2  yi(xX) y2x) y vi(x) y yao(x)
where y1(x) and y,(x) aretherootsof 1 'y xy?= 0.

P
Coefcientof y™ g(X)= 1 0PnkXX.
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New Approach: Case of Fibonacci Numbers (Continued)

Kn: the Borresponding random variable associated with k.
9(X) = koo PrikX".
o Differer]y'ating identities:
g(1) = nik>0 Pnk = Fne1  Fn,
919 = o0 kpnx® 1, g91) = g(1)E[Kql,
(xg)°= " 0 K2Pniex® 1,
(xg%x)) k=1 = GEKZ, x (xg%x))° lx=1 = GDEIK3], ...
Similar results hold for the centralized Kn: K9= K,  E[Kg].
@ Method of moments (for normalized K2):
E[(K)ZM=SD(KY)2™ ! (2m 1),
E[(KY)2™ l=(SD(KY)?m 11 0. ) Kn! Gaussian.
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New Approach: General Case

Let ph.k = #fN 2 [Hn; Hps 1): the generalized Zeckendorf
decomposition of N has exactly k summandsg.

@ Recurrence relation:

Fibonacci: pn+1:k+1 = Pnk+1t Pnk-
P

: _ L1 P s 1 _

General: pns 1k = =0 J:;; Pn mk j-

where sg = 0;Sm = C1 + Co + + Cm:

@ Generating function:

. . y

Fibonacci: -7 7 o2

general: P P

ky,n L 1" sper 1 m+ 1 ky,n
n LPnkXy m=0 J_%n;m xly n<L mPnkX“y™
P P
L1 Smr1 1 m+1
1 m=0  j=sn xly
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New Approach: General Case (Continued)

@ Partial fraction expansion:
Fibonacci:

y 1 1
yi(x) y2(x) Yy yi(x) Y ya(x)
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New Approach: General Case (Continued)

@ Partial fraction expansion:

H . y 1 1
Fibonacc: ¢35y v 300 ¥ 300
General: 3=
o1 BXy) .
| gl . ~ .
ST, O 0D e 500 %00
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New Approach: General Case (Continued)

@ Partial fraction expansion:
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New Approach: General Case (Continued)

@ Partial fraction expansion:

: s y 1 1
Fibonaccl: Gy 5y v %m0 ¥ v
General: 3=
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0 0 N0 e %00 i)
X K 1Smg1 1
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. P k

Coefcientof y": g(x) = n:k> 0 Pk X"
@ Differentiating identities

@ Method of moments ) K,! Gaussian
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Theorem (Alpert, 2009) (Analogue to Zeckendorf)

Every integer can be written uniquely as a sum of the Fy's,
such that every two terms of the same (opposite) sign differ in
index by at least 4 (3).

Example: 1900 = F17 Fq4 Fyo+ Fg+ Fo:

K: # of positive terms, L: # of negative terms.

Generalized Lekkerkerker's Theorem

Asn!l | E[K]andE[L]! n=10. E[K] EJ[L]='=2 :809.

Central Limit Type Theorem

Asn!l ,K andL converges to a bivariate Gaussian.p
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2
@ K+ Land K L are independent.
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