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FundamentalProblem:SpacingBetweenEvents

GeneralFormulation:Studyingsystem,observevaluesatt1,t2,t3,....

Question:whatrulesgovernthespacingsbetweentheti?

Examples:

•Spacingsb/wPrimes.

•Spacingsb/wEnergyLevelsofNuclei.

•Spacingsb/wEigenvaluesofMatrices.

•Spacingsb/wZerosofFunctions.
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GoalsoftheTalk

•Determinecorrectscaletostudyspacings.

•Seesimilarbehaviorindifferentsystems.

•Discusstools/techniquesneededtoprovetheresults.
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PARTI

NORMALIZEDSPACINGS
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NormalizedSpacing

Example:FractionalParts

Forα6∈Q,setxn=nαmod1.

Orderx1,...,xN:0≤y1≤···≤yN≤1.

Expectspacingsbetweenadjacenty’sofsize1
N.

Shouldstudy
yn+1−yn

1/N.
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NormalizedSpacing

Example:Primes

π(x)=#{p:pprime,p≤x}≈x
logx

(AveSpacingb/wPrimesatmostx)=x
π(x)≈logx.

Ifpn,pn+1≈x,study
pn+1−pn

logx.

Onereasonwhytwinprimesaresohard:2
logx→0.
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PARTII

PROBABILITYANDLINEARALGEBRAREVIEW
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ProbabilityReview

Letp(x)beaprobabilitydensity:

p(x)≥0 ∫

∞

−∞
p(x)dx=1.

Thus

Prob(x∈[a,b])=

∫

b

a
p(x)dx.

Moments:

kth-moment=

∫

∞

−∞
xkp(x)dx.

GoodfunctionuniquelydeterminedbyitsTaylorSeries,agoodprobability
densityisuniquelydeterminedbyitsmoments.
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ProbabilityReview(cont)

Importantquantities:

1.Meanµ=
∫

xp(x)dx.

2.Varianceσ2=
∫

(x−µ)2p(x)dx.
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LinearAlgebraReview





a11···a1N
.........
aN1···aNN









v1
...
vN





=





w1
...
wN





Ingeneral,inA−→v=−→w,−→wwillhavedifferentmagnitudeanddirection
than−→v.

−→v6=−→0isaneigenvectorwitheigenvalueλif

A−→v=λ−→v.

Note

A
2−→v=A(A−→v)=A(λ−→v)=λ

2−→v.
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LinearAlgebraReview(cont)

Say−→vieigenvectorswitheigenvaluesλi.

Assume
−→v=c1−→v1+···+ck−→vk.

Then

A
m−→v=A

m
(c1−→v1+···+ck−→vk)

=A
m

(c1−→v1)+···+A
m

(ck−→vk)

=c1A
m−→v1+···+ckA

m−→vk

=c1λ
m
1−→v1+···+ckλ

m
k−→vk.
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PARTIII

RANDOMMATRIXTHEORY
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OriginsofRandomMatrixTheory

ClassicalMechanics:3BodyProblemIntractable.

HeavynucleilikeUranium(200+protons/neutrons)evenworse!

Getsomeinfobyshootinghigh-energyneutronsintonucleus,seewhat
comesout.

FundamentalEquation:

Hψn=Enψn

H:matrix,entriesdependonsystem
En:aretheenergylevels
ψn:aretheenergyeigenfunctions
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Origins(cont)

StatisticalMechanics:foreachconfiguration,calculatequantity(saypres-
sure).

Averageoverallconfigurations–mostconfigurationsclosetosystemaver-
age.

Nuclearphysics:choosematrixatrandom,calculateeigenvalues,average
overmatrices.

Lookat:RealSymmetric(A=A
T

),ComplexHermitian(A
T

=A).
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RandomMatrixEnsembles

RealSymmetricMatrices:

A=









a11a12a13···a1N
a12a22a23···a2N

...............
a1Na2Na3N···aNN







=AT,aij=aji

Fixp,define

Prob(A)=
∏

1≤i≤j≤N
p(aij).

Thismeans

Prob
(

A:aij∈[αij,βij]
)

=
∏

1≤i≤j≤N

∫

βij

xij=αij

p(xij)dxij.

WanttounderstandeigenvaluesofA.
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EigenvalueDistribution

δ(x−x0)isaunitpointmassatx0.

ToeachA,attachaprobabilitymeasure:

µA,N(x)=
1

N

N∑

i=1

δ

(

x−
λi(A)

2
√
N

)

Equivalently

∫

b

a
µA,N(x)dx=

#
{

λi:
λi(A)

2
√
N∈[a,b]

}

N
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Semi-CircleLaw

N×Nrealsymmetricmatrices,entriesi.i.d.r.v.fromafixed
p(x).

Semi-CircleLaw:Assumephasmean0,variance1,other
momentsfinite.ThenforalmostallA,asN→∞

µA,N(x)−→
{

2
π

√
1−x2if|x|≤1

0otherwise.
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RandomMatrixTheory:Semi-CircleLaw
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p(x)=1 √
2π
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RandomMatrixTheory:Semi-CircleLaw
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The eigenvalues of the Cauchy
distribution are NOT semicirular. 

CauchyDistr:p(x)=1
π(1+x2)
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GOEConjecture

GOEConjecture:AsN→∞,theprobabilitydensityofthe
spacingb/wconsecutivenormalizedeigenvaluesapproachesa
limitindependentofp.

OnlyknownifpisaGaussian.

GOE(x)≈Axe−Bx2
.
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UniformDistribution:p(x)=1
2for|x|≤1
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 uniform matrices, normalized in batches
of 20. 

5000:300×300uniformon[−1,1]
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CauchyDistribution:p(x)=1
π(1+x2)

00.511.522.533.544.55
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The local spacings of the central 3/5 of the eigenvalues
of 5000 100x100 Cauchy matrices, normalized in batches
of 20. 

5000:100×100Cauchy
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PoissonDistribution:p(n)=λn

n!e−λ

00.511.522.533.544.55
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x 10

4

The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 Poisson matrices with lambda=5
normalized in batches of 20. 

5000:300×300Poisson,λ=5
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The local spacings of the central 3/5 of the eigenvalues
of 5000 300x300 sign matrices, normalized in batches    
of 20.                                                  

5000:300×300Poisson,λ=20
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FatThinFamilies

NeedafamilyFATenoughtodoaveraging.

NeedafamilyTHINenoughsothateverythingisn’tav-
eragedout.

RealSymmetricMatriceshave
N(N+1)

2independententries.
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RandomGraphs
   1

2
3

4

Degreeofavertex=numberofedgesleavingthevertex.

Adjacencymatrix:aij=numberedgesb/wVertexi&Vertexj.

A=









0011
0010
1102
1020









TheseareRealSymmetricMatrices.
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McKay’sLaw(KestenMeasure)

DensityofEigenvaluesford-regulargraphs

f(x)=

{

d
2π(d2−x2)

√

4(d−1)−x2|x|≤2
√
d−1

0otherwise.

d=3.
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McKay’sLaw(KestenMeasure)

d=6.

FatThin:fatenoughtoaverage,thinenoughtogetsomethingdifferentthan
Semi-circle.
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3-Regular,2000VerticesandGOE
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PARTIV

NUMBERTHEORY
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InfinitudeofPrimes

Theorem(Euclid):Thereareinfinitelymanyprimes.

Proof:Assumenot:p1,...,pN.

Lookatp1···pN+1.

Givesweakboundfornumberofprimesatmostx.
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RiemannZetaFunction

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(

1−
1

ps

)

−1

,Re(s)>1.

GeometricSeries(andExtendingFunctions):If|u|<1,
∞∑

k=0

uk=1+u+u2+u3+···=
1

1−u

UniqueFactorization:n=p
r1
1···p

rm
m.

∏

p

(

1−
1

ps

)

−1

=

[

1+
1

2s+

(

1

2s

)

2

+···
][

1+
1

3s+

(

1

3s

)

2

+···
]

···

=
∑

n

1

ns.
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RiemannZetaFunction(cont):

ζ(s)=
∑

n

1

ns=
∏

p

(

1−
1

ps

)

−1

,Re(s)>1

π(x)=#{p:pisprime,p≤x}

Propertiesofζ(s)andPrimes:

•lims→1+ζ(s)=∞,π(x)→∞.

•ζ(2)=π2

6,π(x)→∞.
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RiemannZetaFunction(cont):

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(

1−
1

ps

)

−1

,Re(s)>1.

FunctionalEquation:

ξ(s)=Γ
(

s

2

)

π−s2
ζ(s)=ξ(1−s).

RiemannHypothesis:

AllzeroshaveRe(s)=
1

2
;canwritezerosas

1

2
+iγ.

Observation:

Spacingsb/wzerosappearsameasb/weigenvaluesofComplexHermitianmatrices
(A

T
=A).
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Zerosofζ(s)vsGUE 2NICHOLASM.KATZANDPETERSARNAK

Figure1.Nearestneighborspacingsamong70millionzeroesbe-
yondthe10

20
-thzeroofzeta,versesµ1(GUE).

RH(needlesstosay,inthenumericalexperimentsreportedonbelowallzeroes
foundwereonthelineRe(s)=

1
2)andordertheordinatesγ:

......γ−1≤0≤γ1≤γ2.... (4)

Thenγj=−γ−j,j=1,2,...,andinfactγ1isratherlarge,beingequalto
14.1347....Itisknown(apparentlyalreadytoRiemann)that

#{j:0≤γj≤T}∼
TlogT

2π
,asT→∞. (5)

Inparticular,themeanspacingbetweentheγ
′
jstendstozeroasj→∞.Inorder

toexaminethe(statistical)lawofthelocalspacingsbetweenthesenumberswe
re-normalize(or“unfold”asitissometimescalled)asfollows:
Set

γ̂j=
γjlogγj

2π
forj≥1. (6)

Theconsecutivespacingsδjaredefinedtobe

δj=γ̂j+1−γ̂j,j=1,2,.... (7)

Moregenerally,thek−thconsecutivespacingsare

δ
(k)
j=γ̂j+k−γ̂j,j=1,2,.... (8)

Whatlaws(i.e.distributions),ifany,dothesenumbersobey?
Duringtheyears1980-present,Odlyzko[OD]hasmadeanextensiveandpro-

foundnumericalstudyofthezeroesandinparticulartheirlocalspacings.He
findsthattheyobeythelawsforthe(scaled)spacingsbetweentheeigenvaluesof

70millionspacingsb/wadjacentzerosofζ(s),startingatthe
1020thzero(fromOdlyzko)
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PARTV

SKETCHOFPROOFS
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SKETCHOFPROOF:EigenvalueTraceLemma

Trace(A)=a11+a22+···+aNN.

THEOREM:Trace(Ak)=

N∑

i=1

λi(A)k.

k=1Case:Say−→v6=−→0isaneigenvectorwitheigenvalueλ:

A−→v=λ−→v⇔(λI−A)−→v=−→0.

MeansλI−Aisn’tinvertible,so

p(λ)=det(λI−A)=0.

Writep(λ)=(λ−λ1)···(λ−λN),comparecoefficientswith
det(λI−A).
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SKETCHOFPROOF:ProbabilityReview

Probabilitydensitypofmeanµ=0,varianceσ2=1:

µ=

∫

∞

−∞
xp(x)dx

σ2=

∫

∞

−∞
(x−µ)2p(x)dx.

Asσ2=1,expectx2≈1.
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SKETCHOFPROOF:CorrectScale

Trace(A2)=

N∑

i=1

λi(A)2.

BytheCentralLimitTheorem:

Trace(A2)=

N∑

i=1

N∑

j=1

aijaji=

N∑

i=1

N∑

j=1

a2
ij∼N2

N∑

i=1

λi(A)2∼N2

GivesNAve(λi(A)2)∼N2orAve(λi(A))∼
√
N.

38



SKETCHOFPROOF:EigenvalueDistribution

δ(x−x0)isaunitpointmassatx0.

ToeachA,attachaprobabilitymeasure:

µA,N(x)=
1

N

N∑

i=1

δ

(

x−
λi(A)

2
√
N

)

Obtain:

kth-moment=

∫

∞

−∞
xkµ

A,N(x)dx=
1

N

N∑

i=1

λi(A)k

(2
√
N)k

=
Trace(Ak)

2kN
k
2+1
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SKETCHOFPROOF:Semi-CircleLaw

N×Nrealsymmetricmatrices,entriesi.i.d.r.v.fromafixed
p(x).

Semi-CircleLaw:Assumephasmean0,variance1,other
momentsfinite.ThenforalmostallA,asN→∞

µA,N(x)−→
{

2
π

√
1−x2if|x|≤1

0otherwise.

Traceformulaconvertssumsovereigenvaluestosumsoveren-
triesofA.

Expectedvalueofkth-momentofµA,N(x)is
∫

∞

−∞
···

∫

∞

−∞

Trace(Ak)

2kN
k
2+1

∏

i≤j
p(aij)daij
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SKETCHOFPROOF:2nd-Moment

Trace(A2)=

N∑

i=1

N∑

j=1

aijaji=

N∑

i=1

N∑

j=1

a2
ij.

Substitutingintoexpansiongives

1

22N2

∫

∞

−∞
···

∫

∞

−∞

N∑

i=1

N∑

j=1

a2
ji·p(a11)da11···p(aNN)daNN

Integrationfactorsas
∫

∞

aij=−∞
a2
ijp(aij)daij·

∏

(k,l)6=(ij)
k<l

∫

∞

akl=−∞
p(akl)dakl=1.

HaveN2summands,answeris1
4.
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SKETCHOFPROOF:ZeroKnowledge(Heuristic)

P(x)polynomial,zerosr1,...,rn.Then

P(x)=(x−r1)(x−r2)···(x−rn)

=xn+an−1(r1,...,rn)xn−1+···+a0(r1,...,rn)

where

an−1(r1,...,rn)=−(r1+···+rn)
...

a0(r1,...,rn)=r1r2···rn.

Knowledgeofzerosgivesinfooncoefficients.
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PARTVI

CONCLUSIONS

43



Correspondences

Similaritiesb/wNucleiandPrimes:

EnergyLevels←→Zerosofζ(s)

NeutronEnergy←→SummationLemmas

DifferentElements:U,Pu,...←→DifferentL-Functions
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Summary

•Similarbehaviorindifferentsystems.

•Findcorrectscale.

•Averageoversimilarelements.

•NeedaTraceLemma.

•Thinsubsetscanexhibitverydifferentbehavior.
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OpenProblems
RealSymmetricBandMatrices





















a1,1a1,20···000
a1,2a2,2a2,3···000
0a2,3a3,3···000
.....................
000···aN−2,N−2aN−2,N0
000···aN−2,NaN−1,N−1aN−1,N

000···0aN−1,NaN,N





















RealSymmetricToeplitzMatrices












b0b1b2···bN−1

b1b0b1···bN−2

b2b1b0···bN−3
...............

bN−1bN−2bN−3···b0













RatesofConvergence
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APPENDIX:ContourIntegrationandL-Fns
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ZeroKnowledge:(ContourIntegration)

−
ζ′(s)

ζ(s)
=−

d
ds

logζ(s)

=
d
ds

∑

p

log
(

1−p−s
)

=
∑

p

logp·p−s
1−p−s

=
∑

p

logp

ps+Good(s).

ContourIntegration:
∫

−
ζ′(s)

ζ(s)

x
s

s
dsvs

∑

p

logp

∫(

x

p

)

s
ds

s
.

Knowledgeofzerosgivesinfooncoefficients.
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FamiliesofL-Functions

Moregenerally,wemayconsideranL-function

L(s,f)=

∞∑

n=1

an(f)

ns=
∏

p

Lp(p−s,f)−1,Re(s)>s0.

Examples:

•DirichletCharacters:an(f)=χf(n).

•EllipticCurves:y2=x3+Afx+Bf,ap(f)isrelatedto
numberofsolnsmodp.

GeneralRiemannHypothesis:AllL-functions(afternormal-
ization)havetheirzerosonthecriticalline.
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