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1 Some notation

Before we get started we record some notation that will be used in these
notes. This section is merely to serve as a convenient reference; the notions
are defined at the appropriate places in the notes.

e The sine ratios are:

sin Tx
S(z) = —
sin Nx /2
S = —0
w(@) sinx /2



e GG(N) stands for one of the groups U(N), USp(2N), SO(2N), SO(2N +
1) and G by itself stands for one of the symmetry types U (unitary),
Sp (symplectic), O (orthogonal) even, O (orthogonal) odd

e The kernel functions are

Ky (2,y) = Sn(y — )

Son-1(y — ) + San—1(y + )
2

Ksopn(z,y) =

Son1(y — ) — Sani1(y + )
2

Kuspen)(z,y) =

Son(y — ) — Son(y + )
5 )

Ksoenyn(z,y) =

e The scaled limit of these kernel functions are

Ky(z,y) = S(y — )
Kgp(x,y) = Sy —z) = S(y + =)
Ko even(,y) = S(y — ) + S(y + )
Koodd(7,y) = S(y — ) — S(y + )
e For an interval J, the integral operator K jg(y) is defined by

(K e /KG(N) z,y)f(y) dy

for functions f integrable on J, and similarly the operator K¢ is
defined by

(Kjaf)(z /KG z,y)f(y) dy

These operators have eigenvalues denoted by A vy (J) ( = 1,2,...,N)
and \;o(J), (j =1,2,3,...) respectively.
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e The Chebyshev polynomials are T,,(x), U,(z), and V,,(x) where
T, (cos @) = cosnb

sin(n + 1)6
U, ) = ——————.
(cos0) sin 6
B 0, sin(n+3)0
Va(cos ) = Ugn(COS 5) =l %9

o We let yi(ny,;(s) be the density function for the jth nearest neighbor
spacing for eigenangles of G(N) and ji¢ ;(s) is the large-N—scaled-limit
of this density function. Similarly, vg(n);(s) is the density of the jth
lowest eigenangle for G(N) and v ;(s) is its scaled limit.

o We let Egn)(J,n) be the measure of the set of matrices X € G(NNV)
which have precisely n eigenangles in the set J.

2 Introduction

In 1972 the fortuitous introduction of Montgomery and Dyson served also as
an introduction of the worlds of analytic number theory and random matrix
theory. The symbiosis between these two subjects developed slowly for the
next 25 years with the principal developments being the numerical work of
Odlyzko and the calculations of the third and higher correlations of the Rie-
mann zeta-function (and other L-functions) by Hejhal, and Rudnick-Sarnak.

Around 1998, there were two very important developments that have
stimulated a great deal of subsequent work. Omne was the theory of sym-
metry types associated to families of L-functions by Katz and Sarnak. The
other was the relationship between moments of characteristic polynomials
and moments of the Riemann zeta-function and of families of L-functions
found by Keating and Snaith.

While we still do not understand why there is such a strong connnection
between random matrix theory and families of L-functions, we do realize
that random matrix theory provides models for a wide range of statistical
behavior of these families. Consequently, we can now confidently predict the
answer to any number of difficult questions about L-functions which 10 years
ago seemed hopelessly impossible.



The purpose of these notes is to provide an introduction to the random
matrix aspects of the book [KaSa] by Katz and Sarnak on symmetry types
associated with families of L-functions. In particular, we will develop here
some of the basic tools needed to understand the beginnings of computing
statistics of eigenvalues of unitary, orthogonal, and symplectic groups of ma-
trices. The four statistics we are interested in computing are n-correlation,
n—level density, jth nearest neighbor, and jth lowest eigenvalue.

The main goals of these notes are (a) to show how to rewrite the basic
Weyl integration formula for each of our groups G(NV) as a determinant of
a ‘“kernel” function Kg(ny (derived in sections 2 — 5, equations (9), (17),
(18), and (19)); (b) to use Gaudin’s lemma to compute level densities and
correlations (derived in sections 6 — 8, equations (28), (29), and (30)); (c)
to use the combinatorial identity (34) to deduce the mth nearest neighbor
statistic from the correlations (derived in section 9.1, equation (35)); and (d)
to use Gram’s identity to write the neighbor and lowest eigenvalue statistics
in terms of derivatives of infinite products of eigenvalues of simple operators
(derived in sections 9.2 — 9.5, equations (47) and (50)).

3 Definitions and Haar measures

3.1 Unitary

If X is an N x N matrix with complex entries X = (x;;), we let X* be its
conjugate transpose, i.e. X* = (r7,) where 2, = Ty;. X is said to be unitary
if XX* =1. We let U(N) denote the group of all N x N unitary matrices.
This is a compact Lie group and has a Haar measure which allows us to do
analysis.

All of the eigenvalues of X € U(N) have absolute value 1; we write them

as
el o2 . i
with
O§91§92§---§0N<27r. (1)
The eigenvalues of X* are e=1 ... e~ Clearly, the determinant, det X =

Hfle e of a unitary matrix is a complex number with absolute value equal
to 1.



For any sequence of N points on the unit circle there are matrices in
U(N) with these points as eigenvalues. The collection of all matrices with
the same set of eigenvalues constitutes a conjugacy class in U(N). Thus, the
set of conjugacy classes can be identified with the collection of sequences of
N points on the unit circle.

We are interested in computing various statistics about these eigenval-
ues. Consequently, we identify all matrices in U(N) that have the same set
of eigenvalues. Weyl’s integration formula gives a simple way to perform
averages over U(N) for functions f that are constant on conjugacy classes.
Such functions are called ‘class functions’. Note that f being constant on
conjugacy classes entails that f(6y,...,0y) is necessarily symmetric in its N
variables. Weyl’s formula asserts that for such an f,

/ f(X)dX = F0r,...0n) ] % -
U(N) [0,27]V

1<j<k<N

o do; ... doy
NI@2m)N

Notice that we have used X to represent a variable element of U(N) and dX
to denote the Haar measure. If we want to emphasize the group U(N) we
will designate the Haar measure by d Xy (y).

3.2 Orthogonal and Symplectic

A unitary matrix X is said to be orthogonal if X X' = I, where X' denotes
the transpose of X. Orthogonality for a unitary matrix implies that X = X*
or X = X. In other words any real unitary matrix is orthogonal. We let
SO(N) denote the subgroup of U(N) consisting of N x N orthogonal matrices
with determinant 1.

We want to distinguish these two cases. Thus, we consider SO(2N) (even
orthogonal) and SO(2N + 1) (odd orthogonal).

For any complex eigenvalue of an orthogonal matrix, its complex conju-
gate is also an eigenvalue. The eigenvalues of X € SO(2N) can be written
as

eizel eizHN

g e ey

with
0§91§92§"'§9N§7T-



The Weyl integration formula for integrating a symmetric function f(X) =
f(by,...,0§) over SO(2N) is

9(N-1)?

F(X dX:—/ F(6y,....0
/50(21\/) &0 TN Jiomn (61 v)
X H (cos O — cos Hj)zdﬁl ...dOy.

1<j<k<N

The eigenvalues of X € SO(2N + 1) can be written as

1, eiwl, o ,ein

with
0<6,<f,<---<0Oy<m.

The Weyl integration formula for integrating a symmetric function f(X) =

f(6y1,...,0N) over the space SO(2N + 1) is

oN?

HX)dX = —/ f(br,...,0 cos Oy, — cos f;)?
/SO(QN—i-l) ( ) 7TNN' [0,7]V ( 1 N) H ( k ])

1<j<k<N

N 9
« 2 h
X ISIH (“91 (19]\7

A unitary matrix X is said to be symplectic if XZX' = Z where

(0 Iy
(8 W)

A symplectic matrix necessarily has determinant equal to 1. The symplec-
tic group USp(2N) is the subgroup of 2N x 2N symplectic matrices. The
eigenvalues of a symplectic matrix are

e:tzel e:tzHN

g e ey

with



The Weyl integration formula for integrating a symmetric function f(X) =
f(by,...,0N) over USp(2N) is

oN?
f(X)dX = / f(0,...,0 cos 0, — cos 0;)?
J o 70 ot [, SO o) TT (eosti—cost)

1<j<k<N
N

H sin26,, df, ...dOy.

h=1

4 Vandermonde determinants and orthogo-
nal polynomials

We occasionally use the notation (f(j, k));x to denote the matrix whose j, k
entry is f(j, k).

We recall the basic fact about Vandermonde determinants. For any set

N-tuple of complex numbers (xy,...,xy) let
Axy,...,xN) = Jggjtv (:Ei_l)jk. (2)
Then

Alwy,.an) = [ (e —ay). (3)
1<j<k<N
To prove this, one observes that both sides are homogeneous polynomials of
total degree N (NN —1)/2 which vanish whenever x; = xj. This fact identifies
the two sides up to a constant factor. That the coefficient of x%’lx%:f .. T
is 1 in both expressions completes the proof.

Observe that

[T 1% — e =A™ (4)
1<j<k<N
and
H (cos Oy — cos8;)* = A(cos by, ..., cosfy)>. (5)
1<j<k<N

Useful in our calculations will be the



Lemma 1 (Transposing Lemma) We have
N
det (¢j-1(x)) det (ja(zx)) = det (Z_; Gn1 (7)) Pn1(1)). (6)

This identity just follows by using the fact that the determinant of a matrix
and its transpose are the same, and matrix multiplication. Specifically,

det (61 (zx)) det (¥j1(ar)) = det (dn-1(25))jn dot (dn-1(z5))nk

= det (D dumi ) (20))

4.1 An alternate formula for the Haar measure on U(N)

In order to compute the statistics we desire, we require an alternate formula
for the Haar measure. The Transposing Lemma implies the identity

[T 1o — e = dot (Sv(0k—0) g
1<j<k<N ’
where in N0
sin -
Sn(0) = — 3 : ¥
sin 2

2
From this identity we have

do; ... doy det (SN(ek - 93’))' (9)

WXoy = "omvaT Sk

To prove this we apply the Transposing Lemma with ¢;(z;) = €%% and
Yi(x) = e % and use the fact that

N iN6 iN6/2 iN6/2 —iN6/2

, e —1 e e —e ,
E ez(n—l)@ ez(N—l)@/ZSN(e)
n=1

et — 1 cif/2  pif/2 _ o—if]2

from which

N
i(7—1)60 2 i(n—1)(6,—0
| det(e (G-1) )2 = det(Ze( )(6; k))j,k:

n=1

= det (eNO2G (0, — 6)))
= det (Sn(0; — 61));

9



the last line holds by factoring out €*V%/2 from the jth row and e=*V%/2 from
the kth column and observing that the product of all of these factors is 1.

For future reference we introduce the notation

S(z) = sin T (10)

™

4.2 Alternate formulas for orthogonal and symplectic
Haar measures

Now we give alternate formulas for our other measures. To accomplish this,
it is helpful to first recall the basic properties of the Tchebychev polynomials.
Let T, (z) be the (Chebyshev) polynomial of degree n for which

T, (cosB) = cosnf (11)
and U, (x) is the polynomial of degree n for which

sin(n + 1)6
sinf

Up(cosf) = (12)

Thus, To(z) = 1,Ti(z) = x, Th(x) = 222 — 1, Ty(z) = 42® — 3z and so
on and Uy(z) = 1, Uy(x) = 2z, Us(z) = 42® — 1, Us(z) = 82 — 4z, and
so on. From cos(n + 1)§ = cosnfcosf — sinnfsinf and sin(n + 1) =
sin n# cos  + cosnf sin f it is easy to see that

Tpia(z) = 2T, () — (1 — 23U, _1 ()

and

Up(z) = 2U,—1(z) + T, ().
Thus,

Tn+2(l’) = 2l

20T (x) — T ().

10



Similarly, U, 2(x) = 22U, 11(x) — U,(x). Notice that the leading coefficient
in T,,(z) is 2! and in U, (z) it is 2".

Finally, we let V,,(z) be the polynomial of degree n for which

0. sin(n+3)0
V.. (cosf) = Us, (cos =) = ———2—. 13
( ) 2 ( 2) sin %8 (13)
It can be shown that V,,(z) = 2"2" + ... has leading coefficient 2".
Now [, p<n(costy —cost;) = A(cosby,...,cos0y). Let z; = cost;
for convenience. Then, by elementary row operations, A(xq,...,zy)
1 1 o 1
I T2 Ce N
= det : : : :
le\/72 xéV’Q o x%”
:L'le_l :Lév_l - x%‘l
1 1 1
I i) N
1 .
= 2N—2 det :
T —2 :L‘év_2 ZL‘N_2
QN_QZL{V_:L 2N—2xéV—l 2N_2ZU]NV_1
1 1 1
T i) N
L | |
— 2N72 et :
T —2 Ty —2 ce x%‘Q
TN—l(xl) TN_l(ZL‘Q) Ce TN_l(ZEN)

by adding appropriate multiples of the first N — 1 rows to the last row. Now
we do the same thing to all of the rows, except the first which we leave alone,
working our way from the bottom to the top. In this way, we find that

A(cos by, ..., cosly) =2 NV-DWN=2)/2 ]\(;le;cv(ﬂ,l(cos Or)). (14)
X

For the Haar measure on SO(2N), we have

9(N-1)?
dXso@eNn) = WA(COS 01,...,cos0y)dO; ...dON
2N71 9
= N ]\cflxe]tv (Tj_l(COSQk)) do;...dOy.

11



If we multiply each row except the first by v/2 we find that

A(cosby, ... cosly) =2 N-1%/2 j\cfis}:v(@*_l(cos 01))

where we let TF = /2T for j > 1 and Ty = Ty = 1. Then,

det (T (cos Gk))2d01 ..dOy. (15)

dXso(n) 7V N! NxN

By the Transposing Lemma,

N—1
Alcosby, ... cosly)? =2 (N-1 ]Sle;cv (1+2 Z cos nb; cos nby) (16)
X
n=1

. NO .
Recall that Sy () = =2 and S(z) = 272 Now

sin 5
2

ei(N—f—l)a: — e~ Nz

N N
E cosnt = R E e =R .
e —1
n=—N n=—N

ENHI/De iV sin(N 4 1/2)a

= pErYEp——F Sn )2 = San1(2).
Consequently,
N
Z . 52N+1(I) —1
cosny = ———————
2
n=1
so that
N-1 N-1
1+ QZ cosnrcosny = 1+ Z (cosn(z —y) + cosn(z + y))
n=1 n=
_ SQN,1($ - y) + SQN,1(5C + y)
5 :

Consequently, a basic identity is

—1)2 Son—1(0x — 0;) + Son—_1(0x + 0;)
o(N=1) H (cos Oy, — cosb;)* = det ( ] 5 )

NxN
1<j<k<N

12



from which we deduce by (15) that

1 Son-1(0k — 0;) + Son—1(0r + 0;
dXSO(QN) = ﬂ_NN' ]\(;IX;CV( 2N 1( k J) 2 2N 1( k ])) dgl
1
- 7'('NN' det (KSO 2N)<9379k)) deld&]v,

where we define

S2N71<y — %’) -+ Sngl(y + 513')
2

Kso@en(r,y) =
and, for use in a moment,

Sont1(y — ) — Sani1(y + )
2

KUSp(2N) (ZL‘, y) =

and

Son(y — ) — Son(y + )
. .

Ksopnin(z,y) =

Now we do the same for the Haar measure of the symplectic group. Again, by
elementary row operations on the determinant A(zy,...,zx), we find that
(recall that the leading coefficient of the Chebyshev polynomial Uy(z) is

(22)™),
A({L‘l, N ,l’N) = 2_N(N_1)/2 ]\Cfie;cV(Uj_l(xk)).

Then dXygp@en), the Haar measure on USp(2N), satisfies

2N2 N
dXuspien) = 7TNN'A(COS 01,...,cos0y)? H sin?6,,db, ...d0y
’ n=1
2N
= NN ]\(;St ( i1 ( COSQ;C Hsm 0,d0, ...d0N

Now, by the Transposing Lemma

N N
H (cos Oy, — cos6;)? H sin®g, = 2~ NIN=-1) ]\(fixe]tv ( Zl sin nb; sin n9k>

1<j<k<N n=1

=N(N-1) ot (52N+1(9k —0;) —

NxN 2

13

Son+1(0k + 0]’))



since

N N
2 Zsinnx sinny = Z (cosn(z —y) — cosn(z + y))
n=1 n=1
_ Soni1(z —y) — Sana(r +y)
5 .
Therefore,
1 S. O, —0;) — S O + 0,
dXuspon) = — ngjtv ( on 10k — 0;) — - on 11 (O, )) &b, dox
1
= WNN' ]\df.et (KUSP(QN)(Qk, Qj>) d@l N dQN (18)

Finally, dXgo(@2n+1), the Haar measure on SO(2N + 1), satisfies

N N0
dXSO(2N+1) = ﬂ-NN' A(COS 91, ...,COS 0]\7)2 H Sin2 ?ndel RN deN
2N
= J\(;xe}v (Vi—1(cosby)) H sin? —d@l dfn

By the Transposing Lemma,

dXso@en+l) = 7rNN| A(fisyv Z sin(n 9 sin(n — )Gk)dﬁl ...dON
o SQN(ek —0;) — San (04 + 0,)
v e 5 Or) by - .. A
Therefore,
dXso@eN+1) = NN det (Ksoen+1)(0k,0;)) dby ...dOy. (19)

5 Andréief’s identity

As a consistency check, we now deduce that our measures have total mass
one. To do this we use a formula of Andréief:

14



Lemma 2 (Andréief’s identity) For any interval J and integrable func-
tions ¢; and ;:

7 L et (65000) et (6,00) aor..av = det ([ 63(000000) av). 20)
J XN NXN 7

N! J;n NxN

5.1 Proof of Andréief’s identity

We use the definition of determinant for a matrix X = (z;;):

N
det X = Z sgn(o) H:Bjm-
j=1

oETN

15



where 7y denotes the collection of the N! permutations of [1, N| := {1,2,...

Thus,

/J det (65(60)) det (v,(6,))d61 ... dbx

N NxXN

T—T" /JNZSgn H¢J 03)¥rj(0) Hd@
Y]] | 60050 as
= MY s ] /J 6,(6)05(6) db

— det ( /, 6,(0)4(0) db).

NV

Note that virtually the same proof leads to the slightly more general result

N
% /JN I1r@) det (6;(0x)) det (v;(0k)) dby ... dby

~ det ( /J 7(0)0,(6)(6) db).

16



5.2 Verification that the Haar measures have total mass
1

Using N
6,(9) = 071"
we see that

s do, ... db
dX = det (eiG—Doxy 2L~ YN
4,27@1\’ v /[0,27@1\’ ’NSN(Q ) N!(2m)N

2
_ (21)]\[ ]\cfle]tv(/ (=D =ik=10 )
v X 0

1
= oy A D =1

This shows that the total mass of the Haar measure of U(N) is 1.
We observe further that (15) and Andréief’s identity together imply that

2N—1 T
/[(WN dXso@n) = N ]\C}S}V (/0 T5_1(cos 0)T;_1(cos0) d@) =1,

since

/ Tj_1(cos0)Ty_1(cosh) df = / cos(j — 1)f cos(k —1)0 do
0 0

1 [ . .
= 5/0 (cos(j +k —2)8 + cos(j — k)) db

m
= 0kl +01y)

because the integral is 0 unless j = k in which case it is 7 if 7 > 1 and 27 if
j =1. Also,

2N T
dX = = det in?6 U;_ 0) Uy_ 0) do

2N s

= —y det </ sin j0 sin k6 d9>
T NXN 0
2N L [" . .

= — det 3 (cos(j — k)8 — cos(j + k)0) db ).

0

17



Since the integral is m when j = k and 0 otherwise, this confirms that the
total measure of USp(2N) is 1.

Similarly, we can calculate that the total mass of SO(2N + 1) is 1.

6 Gaudin’s Lemma

The following Lemma is the key to begin computing the statistics of interest.*

Lemma 3 (Gaudin’s Lemma) Suppose that we have a function f and a
measurable set J such that

/J F(2.0)F(8.) db = Cf(z.y) (21)

for all x and y where C = C(J, f) is a constant. Suppose also that

/f($,x) dx =D, (22)
J

where D = D(J, f) is constant. Then
| det, (500,.00) dbas = (D= (M 1)) et (760,.00). (23

This Lemma allows us to “integrate out” variables not under consid-
eration when computing some statistic. We apply Gaudin’s Lemma with
f(0) = Sy(0) and J = [0, 27], so that D = Sy(0) = N. Reéxpressing Sy as

a geometric series and integrating term-by-term, we find that
2m
/ SN(QJ—Q)SN(Q—Qk) d@ZQWSN(Qk—Qj),
0
so that C' = 2. Thus, for example,

/ det (SN(Hk — 9])> d@N =27 det (SN<0k — 9]))
[

0,27 VXN (N-1)x(N-1)

'Editors’ comment: This lemma is also applied in the lectures of Y.V. Fyodorov, page
7?7 Section 4.

18



Applying the Lemma repeatedly gives

/ det (SN(Gk — 9])> d9n+1 ce d(gN
[0

,27‘(]an NXN

= (N —n)! (27T)N " det (SN(Qk — 0, ))

nxn

In particular,

/ Z f( Jir e ]n)dXU(N)

Jc{l,...,
J={j1,s jn}

[0,27]

(27)"n! nxn

Proof of Gaudin’s Lemma. Let 7y, be the symmetric group on {1,..., M}.
Then,

]\?S;GV[ (f(eja ek)) = Z sgn(U) 1_[1f<937 801)-

If oM # M, then

M-
/Hf 0'] deM - ]:[ Uj)[]f(eUlMaeM)f(eM7eaM) dQM
Y

M-1

= [(Oatb50) [ £(6).05). (25)

Jj=1
oj#M

For a permutation o € m; with oM # M define a permutation o’ € my;_1

by
o oj ifoj #M
J oM ifoj =M
Then (25) may be reéxpressed as

/Hf UJdQM—OHf

19



Clearly, each permutation o’ arises from (M — 1) different 0. Note also that
sgn(o’) = —sgn(c). Thus, we have

M—1
/ S sen(o Hf it = —(O=1)C 3" sgn(@) [T £63.6001)

o M#M
= (M= 1)C det (/(6;.60).
Now consider the o for which oM = M; now let ¢’ be defined by ¢’j = o
for j < M — 1. Then, for these o, we have

M-1

/Hf UJ )dby = O /f O Oar) dOny

Jj=
M-1

= D fejﬂeo'j

J=1

These ¢’ have the same sign as the o they came from. Therefore,

/ngn Hf 05)d0y = D Y sgn(o’ Hf

ocET N o'em
oM=M M-l

- DAC}[(itl (f(ekvej))

Combining the two cases we obtain the Lemma.

6.1 Calculation for orthogonal and symplectic cases

Recall that

N-1
Son_1(x — Son—

KSO(QN)<$>Z/): N-1( y)—;— an-1(T +y) :1+2Zcosnxcosny

n=1
and
Sovaa(® —y) = Sonn(E+y) o

KUSp(QN)(x7y>: 2 Y 5 ZARE i ZQZSinnxsinny.

n=1

20



Then, Gaudin’s Lemma for these groups is expressed as

/ det (Kg(N) ((9j, Hk)) d9n+1 Ce d@N = (N—n)!ﬂ'Nin det (Kg(N) (Hj, ek))
[0

mN-n NxN nxn

where G(N) can stand for USp(2N), SO(2N), or SO(2N + 1). This allows
us to “integrate out” variables in the orthogonal and symplectic settings.

Note, for future reference, that

i 1 s ( /N>_sin% _ sinmz _ S(2)
Nl—r>no<>2N 2NHITE - 2Nsin§7f] - ax v

so that

K N N
Kg(z,y) := lim G(N)(Wx/ , Yy /N)

Jim_ SN =Sy—x)£Sy+x).

To prove Gaudin’s Lemma in this situation, it again suffices to prove the
n = N — 1 case, since the general case follows by a repeated application of
this case:

/ det (Kg(N)(Qj,Qk)) doy =7 det (Kg(N)(Qj,ek)).

0] NXN (N=1)x(N—1)

The key formulae are

/ Kavy(05,0) Ky (0,0k) do = mKany (05, 0).
0

Knowing this, the rest of the proof is the same; so we now verify these
formulae. We calculate

/ Kuspen)(z,0)Kyspen)(0,y) do
0

s N N
:/ ZQsinm:csinm@ZQSinnﬁsinnyd9
0

m=1 n=1

N w
=4 Z sin ma sin ny/ sin m# sinnf df
m,n=1 0
N w
=2 Z sin ma sin ny/ (cos(m — n)# — cos(m + n)6) do
m,n=1 0

N
=27 Z sinne sinny = 7 Kygpen (T, y).

n=1
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Similarly,

/ Kso@en(r,0)Kso@en(0,y) df
0

N-1 N-1

= / (1+2 Z cosmx cosmb)(1 + 2 Z cosnf cosny) db
0 m=1 n=1
N—1 .
=m+4 Z Cosma:cosny/ cos mb cosnf db
m,n=1 0
N—1 .
=742 Z COS MT COS ny/ (cos(m — n)6 + cos(m + n)f) db
m,n=1 0
N-1
=m(l+2 Z cos nw cosny) = 1K soen) (%, y).
n=1

Slmllarly for K50(2N+1).

7 n-level density

7.1 Unitary

We can use Gaudin’s Lemma to compute an integral of the sort

N
6,)dX,
L 3210
or

/U(N) > f0,,0)dX,

1<j<k<N

/U(N) Z f0j5...,0;,)dX.

1< <+ <jn<N

or

With an obvious notation, we write the last integral as

5(0)dX
/U(N)me

BC[1,N]
|B|=n
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These are precisely the definitions of the 1-, 2-, and n-level densities. By
Gaudin’s Lemma, these integrals are, respectively,

1 21
o J, f(9) db,
1
21(2m)2 /[0,27r]2 1(61,6) (215123 Sn (0 — 0;) dby dbs,
and 2 )
n|(2ﬂ-)n /[0,27r]n f(ela R 7911) SS}L SN(Ok — 9]) d91 R den (26)

7.2 Normalized eigenangles and large N limits

For a matrix X € U(NN) with eigenvalues

eiel, ' ’eiON
we let N
0. =0— 27
J 27T ( )

be the normalized eigenangles. They satisfy
Oﬁélﬁ"-SéN<N.

The sequence of § have mean spacing 1 and so give a way to compare statistics
for different N. Thus, for the n-level density, we have (for a rapidly decaying
smooth f)

1 ~
= lim —)n/ f(@l,,Gn) detSN(Hk—HJ) d91 dQn
[0,27]™

N—oco n!(27 nxn
1 1 21 (zg — ;)
= lim — det — Sy (——22) duxy ...
Nliréo n! /[ON}" f<x1’ 71:”) nSn N N< N ) = den
1
= — f(x1, ... z,) det S(zy — x;) day ... dxy,. (28)
n' R” nxn
+
2Editors’ comment: Up to a constant factor f(6s,...,0,) is being integrated against

the quantity defined in the lectures of Y.V. Fyodorov, page 7?7, Section 3, as the n-point
correlation function.
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We say that det,, S(zy — ;) is the n-level density function for U.

7.3 Orthogonal and symplectic

We can use Gaudin’s Lemma to compute

[ S g
SO(2N) pcp, N

|Bl=n

[ Y falonix.
USp(2N) gcp,N

|B|=n

and

By Weyl’s integration formula and Gaudin’s Lemma, these integrals are

1
I f(91, Ce ,Hn) dst (Kso(QN)(ek, GJ)) d@l . d@n
n:mw [0,x]" nxn
and )
’n,!ﬂ'” o f(@l, ce 7971) gs:ﬁz (KUSP(QN)<9k, (9])) d91 Ce d@n
respectively.

For eigenangles of matrices in SO(2N) and USp(2N) we let

éjzeﬂ

™

be the normalized eigenangles. Thus, for the n-level density, we have (for a
rapidly decaying smooth f)

N
TJSORN) 1< < <ju<N

)dX

n

= dm o f SO ) det (Ksoem (6, 67)) by db,
1
= E (917"'7971) det (Kgo((gk,ej)) d91d9n (29)
. R’:L» nxn
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for the n-level density for SO even and

lim DD (RN

YdX
N—=oo Jusp@n)

n

1<j1<<jn<N

— ]\}1_120 - /[Om]n f((91, - ,Hn) S,SE (KUSP(QN)(ek, (9])) d@l - dGn
1

= —' f(@l, e 7971) det (KUSp(gka 0])> d@l e d@n (30)
n: R” nxn

+

for the n-level density for USp. The n-level density for SO(2N +1) is slightly
complicated by the fact that the matrices in this ensemble always have an
eigenangle equal to 0. This fact leads to the presence of a J-function in the
formulation of the n-level density function.

8 Correlations

8.1 Pair correlation for U(N)

Let f be a suitable test function and consider
An(f) = / f(é' - ék)dX'
U(N) ; ’
Applying Gaudin’s Lemma we find that
_ n 0 N SN(Hl — 92) d@l d(92
Onlf) = /W f(6r =) det< Sn (61 — 6,) N 2(2m)2

After a change of variables, this is

_ 1 1 27 (0 — 0;)
-1 /[O 00 e S (T oy

After expanding the determinant and performing another change of variables,
we have

=3 [ 1= (2 Yo
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Now . 9 1 & )
A}im —SN(LU) ~ lim Asinmv sin7v S,

N N—oco [N sin 7;\]—” T

Now it follows, with a little bit of analysis, that

lim —On(f) = %/w f(v)(l - (Smm’)z) dv.

N—oo N . ™

This is the same as the pair correlation for zeros of ((s) found by Mont-
gomery®. (Note that the factor % in front of our formula is because we defined
out correlation sum to be over j < k rather than j # k.) This important fact
was fortuitously discovered at tea at the Institute for Advanced Study one
afternoon in 1971 when Chowla introduced Hugh Montgomery and Freeman
Dyson to each other.

8.2 n-correlation for U(N)

Let f(0y,...,60,) be a test-function which is translation invariant i.e.f (6, +
t,...,0n+t) = f(64,...,0,). Let’s suppose, for convenience, that f(0,60s,...,0,)
is compactly supported, say on [0, A]. We seek to evaluate

an- | D R (AT

1< <jo <+ <jn<N

By Gaudin’s Lemma and a change of variables, this is

1 1
- o f(by,... ,QH)SS?t1 NSN(27T<(9]' — 0x)/N)db; ...do,
1
_ / F(01,...-,6,) det —Sx(2m(8; — 6,)/N)dby ... do).
0<601 < <0, <N
We make the change of variable x1 = 0y, x5 =05 — 64, ... , =60, — 0, and

the integral becomes

N
/ / g(x1,x0+ 21, ..,y + x1)d2s . . . dT, day
0 0<zo<-<xn<N-11

3Editors’ comment: See lectures by D.A. Goldston, page ??, equation 6.7.
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where g(z1,...,2,) = f(z1,...,7,) det(w). Since g is trans-

lation invariant and ¢(0, zs, ..., x,) is compactly supported, for sufficiently
large N this is

N
= / / 9(0,xa, ..., x,)dxs ... dx, dr;
0 0<zo<-<zpn<N-—z1

N-A
= / g(O,xQ,...,xn)/ dxy dzs . . . dx,.
0<z2<-<zp<A 0

Thus

1
/ f(z1, 22, . .., 2,) det S(z; —$k){$1,0d$2~~d$n-
! n—1 -

nxn

8.3 n-correlation for orthogonal and symplectic

Let f(01,...,60,) be a test-function as in the last section. We seek to evaluate

Qn(f) =/U > f0;,,....0;)dX.

SPN) 1<j1<jo<+<jn <N
By Gaudin’s Lemma and a change of variables, this is

_ 1 F(Or, - 0,) det — (52N1(7r(ek —9,)/N)

a m [O,N]n nxn 2N

+SQN_1(7T(9k + tgj)/N)) d@l .. d@n

1
- / f(ehven) det (S2N—1(7T(0k; —0])/N)
0<01<-<0, <N nxn 2N

+SQN_1(7T(9k + @)/N)) db, ...do,.

We make the change of variable xy = 0y, xo = 0 — 01, ... x, =60, — 6
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and the integral becomes, for sufficiently large N,

N—xz, 1
. — _ —x:)/N
/0§332S"'Sa:n§A f(o’x% 7-7371) /0 SS}L 2N <82N 1(7r($k :E])/ )‘xlzo
+Son_1(m(z), + x;+ 2x1)/N)> dxy dzy . .. dx,

where 27 = x; if j # 1 whereas 2] = 0. Now we claim that

' 1 N—zp 1
g [ et g (vt = )

+Son-1(m(x) + & + 221) /N)) day
= det S(zy — ;)]

nxn

x1=0

r1=0"

To see this claim, note that in the expansion of the determinant there are
nl' terms each of which is a product of n factors 55 Son—1(m(z) — ;) |2y —0 +
sy Sen—1(m(z; + 25 +21)). If we multiply out each term, there are 2" terms,
all but one of which will contain at least one factor with ﬁSgN_l(W(:Bk +
x; + 2x1)). Any of the terms with at least one factor like this will tend to 0
after integrating with respect to x; and dividing by N; for letting

sin(ax + b)

c(a, b, N)(z) = N sin(az/N 4+ b/N)’

it is not difficult to see that c(a,b, N)(z) < %% provided that ax +b <
X and |c(a,b, N)(z)| < 1 for all z and integer N. Therefore, using the fact

that fOB (S“;x)j dx is uniformly bounded in B for each fixed j, we see that

1 N-B J
N/ Hc(aj,bj,N)(x) dr — 0

as N — oo through integers. This leaves only the term with all #Sg No1(m(ze—
x;)) factors which tend to S(x, — x;) as N — oo.

Thus, just as in the case of U(N), we find that

Jim S
1

/ flxy, 20, .. 2p) detS(xj—kax _odm2. . dr,.
R"! -

nxn



In particular, the scaled limit of the n-correlation functions are the same
for all of unitary, orthogonal, and symplectic groups.

9 Neighbor spacings

9.1 Nearest neighbor for U(N)

We derive the combinatorial relation between nearest neighbor spacings and
n-correlations (see [KS], Lemma 2.3.8). For a sequence Y : 0; < --- <y let

Sn(S7Y> = #{j : 0]+7L - 0] S 5}7
and

Cn(s,Y) =#{BC{l,...,N}:|B] =m, max |6, — 0| < s}.
jike
These are related to the Sep and Clump functions used in Katz-Sarnak.

Lemma 4 (Combinatorial Lemma) For any Y,

Coals. ) = 3 (1) Sl ). (32)

n>m

Proof. Take an m + 2-tuple of indices iy < 7; < -+ < 7,41 Whose endpoints
satisfy 0;, , — 0;, < s. Let n = 4,41 — 7y so that the pair of endpoints
is counted in S,(s,Y). Then there are (" ') sets of points of size m be-
tween these endpoints, which, taken with the endpoints can be counted in
Crmi2(s,Y). Therefore, Cpio = > ("ﬂfbl)Sn. Adjusting the index n by one
gives the result.

In general, the relation a,, =) - (Z)bn can be inverted to give

n>m

This follows from the identity for binomial coefficients

S () () ={ s

l=m

Thus, with a,, = C;,10 and b, = S,,41 we have
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Corollary 1

O D DIl G RERS (33)

n>m

or, after adjusting the indices,

S5, Y) = Z(—1)”—m—1(:1:21)cn(s,Y). (34)

n>m

Let Yy be the sequence of normalized eigenangles of X. We want to
compute

/ pi(x) de . = Prob {Neighboring eigenangles are < s apart}
0

and more generally

/ tm(x) dx . = Prob {mth neighboring eigenangles are < s apart}
0
1 .
= lim — Sm(s, Yx)dX.

N=oo N Jyw)

Applying the n-correlation calculation with the translation invariant func-

tion
FOr,.0.) = T xws(16; = 6k])
1<j<k<n
gives,
1
lim —/ (5,Yx)dX = lim —/ f(0p)dX
dmw N o 2
|B|=n
1
= — det dzsy . ..dx,.
(n—1)! /[O sjn—1 nSnS( )‘331:0 T2 t
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Thus, by (33)

s B > (=1)vm=t -2

/Oﬂm(xwx_ 2. (n—1)! \m—1
></ det S(x; —:L’k)’x _odr2. . dx,.

[0,s]" 1 mXn 1=

In particular, for the nearest neighbor spacing, we have

p(s) = di Z (72__1)1”)! / det S(z; — xk)‘x1:0d$2 coodxy,.

[0,5)n =1 X7

Now, for any symmetric, even, translation invariant function g,
d

P g(x1, ..., xp)dzy .. .de, = m g(s, o, ..., xp)dey . .. dey,.
S [O,S}m [0,5]""71

Therefore,

d2 o —1)"
pi(s) = @Z( ) / det S(z; — xy) dadz, . . . dx,

n!

n=2 [0,s] X
P K (=)
N @Z nl /[O]ngggS(xj—xk) dzydxy . . . dz,.
n=0 ,S

Also, temporarily letting

o Zn
F(Z) = Z m/{os}n SS;UL S(x] — Zlfk) dxidzs . .. dz,,

n=0
we have
&2 dmt (F(z) —1—2z [ detix S df
um(s) = ﬁ ml( {o 1x1 )
s?dz z 1
d?> d™ 1 F(2)

(35)

ds? dzm=1 22

z=—1

In the next few sections we will work toward relating the right side of this
formula to another simple function.

31



9.2 Gram’s identity

An identity of Gram is helpful for our further considerations.

Lemma 5 (Gram’s Identity) For an interval J and integrable functions
Qﬁj and wj;

]\(lixe}V(I+z/]¢j(x)wk(x) dr) = Z Z—T /n (QSEZ@(@)Q/J;L(:U;{)) dxy .. .dz,.
n=0 h=1 (36)

Proof . The left-hand-side of (36) is

det (142 [ oy(@yinta) do)

= Z sgn(o) H (5j,gj + Z[]¢](x)¢ﬂj(x) dm)

TETN j=

= Z sgn(o) Z H5j,aj HZ/]¢j(x)¢aj<x) dx

oETN ACN j¢U Jjeu

=YY @) ] /, 6:(2) o (z) do

ACN OETA JEA

IO | terina) as

ACN
[Al=n
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and the right-hand-side is

N n n N
— Z % / Z sgn(o) H Z On(z)n(xes) doy .. day
n=0  “*JI" sem, j=1 h=1
N n n
— Z % / Z sgn(o) Z H Orj () ni(244) dy ... dy
n=0 " " gem, A[1,n]—[1,N] j=1
N n
= Z%ngn(o) Z H/Q% Jro-15() d
n=0 " o€m, X:[1,n]—[1,N] j=1

= Z%T > D sen(o /J%j(il?)%alj(ff) dx

n=0 " X\:[l,n]—[1,N] o€mn

S Sy /J oy (@) ri(a) dir).

n:
n=0 A:[1,n]—[1,N]

If X is not one-to-one, then the inner determinant is 0. If A is one-to-one, call
the image A. Each such set A appears n! times and we get the left-hand-side.

Remark. This proof is reminiscent of the proof that that the determinant
of a product is the product of the determinants. Thus,

N

det (AB) = det(a;n)(bur) :det(; ajnbar)
N N
= 2 s ][> ambuo;
OETN j=1 h=1
N
= D osen(o) > [T ainibries
oETN A:[1,N]—[1,N] j=1

where the sum over \ is over all of the NV functions from [1, N] to itself.
Now, we claim that for each fixed A the sum

N
> sen(o) [ ajabae;
j=1

oETN

33



is 0 unless A is actually a permutation. For suppose that \u = Av for some
u # v € [1, N]. Then, for each o let ¢’ be the permutation defined by 0’j = o

if 7 # u,v whereas
. {Uu if j=w

o'j = :
J ovifj=u
In this way 7y splits up into pairs (o, 0’) of permutations. Note that sgn(o) =
—sgn(o’). Then
N
H aj,)\jb)\j,aj - au,AubAu,auaU,)\vb)\v,av H aj,Aijj,aj
=1 jFu

= au,AubAv,a’vav,Avb)\u,a’u H aj,/\jb)\j,a’j
j#u7v

Thus, the contribution from o cancels that from ¢’ in the case that Au = Av.
Therefore,

N
det(AB) = > sen(0) [ [ ajrsbrios
O, TETN j=1
N N
= E Sgn H Qj rj H ka ok
O, TETN j=1 k=1
N N
R g sgn(oT H @jrj H brk.ork
O, TETN 7=1 k=1
k—>;*1k E Sgn Sgn H Qj 7j H bk ok
O, TETN
= det Adet B.

9.3 Intervals with precisely n eigenvalues

Let Eq(ny(n,J) be the measure of the set of matrices A € G(N) which have
precisely n eigenvalues in the interval J. Here G(N) can be U(N), SO(2N),
SO(2N + 1), or USp(2N); we denote the Haar measure by dX. Then we
have a series of identities related to Eg(ny(n,.J) which will provide a basis
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for obtaining tractable expressions for our functions s, and later for v; (to
be introduced in the near future). Let x; be the characteristic function of
the interval J. First of all,

S+ ot = [ IO+ 2u)ix )

since for any X € G(N) which has precisely n eigenvalues in J, the integrand
is (1 + z)". Expanding out the product on the right side gives

N N
/G(NH1+ZXJ )X = ;)z (”)/N)JI_IIXJ (38)

Next by Gaudin’s Lemma, (24)

( )/ ij dX—n'/ det Kav) (0;,0) dby ... db,

where K¢(ny(,y) is the appropriate kernel for the group G(NN). Thus,

N

>z ( ) / HXJ )dX = Z / det Ky (65, 0x) by ... db,.
n=0
(39)
Now, for each G(IN) we can express
N
T,y) = Z On.c(2)nc(y) (40)
h=1
for appropriate ¢ and 1. Therefore, by Gram’s identity
Z - /  det Ke)(6;, 04) dbh ... do, (41)
= det. (I + Z/J@,G(Q)%,G(Q) d9>-
Let M vy denote the N x N matrix with entries
mis= [ 6160)0n(0) db. (42)
J
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Then
N
det <1+z/¢]g ). (0) d@) I 0+ 2X600 () (43)
7j=1

where the Aj o) (J) are the eigenvalues of M ().

We claim that if the kernel is symmetric (i.e. Kqny(z,v) = Ko (v, 2)),
then the eigenvalues of M ;g () are also the eigenvalues of the integral oper-
ator K ;) defined by

(Kram /KG (0, ) f (1) dp (44)

acting on the N-dimensional space generated by {¢;(z) : 1 < j < N}.

Proof. Suppose that X\ is an eigenvalue of Mgy corresponding to an
eigenvector ¥ = (by,...,by)" where the prime indicates transpose. Then, for

each 7,
N N
= it = e [ 6,0)0n(0) as
k=1 k=1 J

for each j. Multiplying both sides by #;(x) and summing over j, we obtain

)\Zbﬂ/)j(ﬂ) = / Z¢J )¢5 Zbkw’“
— /KG(N)(H,M)(Zbk¢k(9)
J k=0
_ /J Ko (1, 0) (S by(0)) d6 = Ky S bitbe()
k=1 k=1

so that A is an eigenvalue of K ;g (y) corresponding to the eigenfunction
N
f(1) = 25— bith ().

Recapitulating, we have found that

N
S 1+ 2) " Egm(n,J) = Z /detKGN) 0;,0,) do; ...do,
n:() J nxn

= H 1 —f—Z)\J G(N) )) (45)

j=1

36



where the \;qv)(J) are the eigenvalues of the integral operator K ;e(n
defined by

(K0 f)(0) = /J K6, 1) f (1) d.

It can be shown that this equation scales appropriately for each G so that
the large N limit can be taken. This results in (with an obvious notation

Eg)

[e.e]

> (1+2)"Eg(n,J) = Zm / det K (6;,6;) dby ... d8,  (46)
n=0 "
= [] @+ 2)6(0)
j=1

where the \;(J) are the eigenvalues of the integral operator K ;¢ defined
by

(Ksaf)(@ /KG (0, 1) f () dp.

The function F'(z) of (35) is equal to each of the above with G=U. Thus,
we find for p,,(s) that

(47)

) = A (s [T+ X0,

j=1 z=—1

9.4 jth lowest eigenvalue

Let
vay (7, 8)

be the density function for the jth lowest eigenvalue so that

meas{A € G(N) : the jth eigenvalue 6; is smaller than s}  (48)
= / vaw)(j, z) de.
0
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Then the set of A € G(NNV) with §; > s is the disjoint union of the set of A
with exactly n eigenangles in [0, s] for n =0,1,...,5 — 1. Thus,

—1

/00 vaw)(J, v)de = Z Ecvy(n, [0, s]).

n=0
Therefore, by (45), we have
d 3=~ d" 15
vaw)(J,s) = = ZO d_n:1 (14 2 (0, 8))],__,- (49)
In the large N limit, this becomes
d;d:nﬁHZAGnos |- (50)
For example, .
5) =~ TI0 ~Aaall0,5)) 1)
n=1

9.5 Relations between the eigenvalues

In this section, we develop a relationship between the eigenvalues Ay and the
eigenvalues Ao and Ag. (42). In the case that J = [—s, s], note that if ¥(6)
is an eigenfunction of M, qu(v) with eigenvalue A then ¢(—0) is also an
eigenfunction with eigenvalue A, since

36(6) = [ Sl = n)otu) du
implies that

M(—6) = / S (=60 — u)ib(u) dp



Therefore, if 1(0) + 1(—6) # 0, then it is also an eigenfunction with eigen-
value A. A similar comment holds for ¢ () — ¢(—6). Consequently, each
eigenfunction can be taken to be even or odd. The even eigenfunctions are
also eigenfunctions of the integral equation with kernel

Sn(p—0) + Sn(p+0)
2

and the odd eigenfunctions are also eigenfunctions of the integral equation
with kernel

Sn(p—0) — Sn(p+0)
. .

In general, if a matrix b is a “checkerboard” matrix, then the determinant
of b factors. Specifically, if b;; = 0 whenever ¢ + j is odd, then

e o) = (08 gy rimrzim) et (Paics)

where [z] is the greatest integer less than or equal to .
We have such a factorization for det(I — M|_; g,u(ny). Using the fact that
> (85 — cos(j6) cos(hf)) (S, — sin(hb) sin(k#)) = d; — cos(k — j)6
h
we deduce from (42) (see also Mehta (10.2.6)) that

det(I — M q.uv)) = det(I — M q.s0¢n)) det(I — M|_; g uspn))-

This gives a factorization

2N N

[T = Xvem(s) = [T = Asoem) ()1 = Anvspen () (52)

n=1 n=1

into even and odd eigenvalues. In particular, in the limit we have

[1Q = 2u(s) =TT = Asp(5)(1 = Aso,even(s))- (53)

Alternatively, we have

T1 = Asp(s) = T = Asnr(9)) (54)
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and

H(l - )‘n,SO,even(S)) = H(l - )‘2n—1,U(S)) (55)

provided that the A, 7(s) are indexed so that an even index n corresponds to
an even eigenfunction and an odd index n is for an odd eigenfunction of the
integral operator (44) with kernel Ky (x,y) = S(x — y). These formulae can
be used to give expressions for v(J, s) in terms of the eigenvalues A, ;/(s).

10 Conclusion

These notes have introduced four of the basic eigenvalue statistics for the
groups of particular interest to number theorists and have shown the prelim-
inary steps needed to make these statistics somewhat tractable. There are
many directions to go after this basic introduction. Topics such as Painlevé
equations, Toeplitz operators, the Szego limit theorems, and averages of char-
acteristic polynomials are among the many developments that are essential
for a more full introduction to random matrix theory. Many of these are
covered elsewhere in this volume.
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