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1 Some notation

Before we get started we record some notation that will be used in these
notes. This section is merely to serve as a convenient reference; the notions
are defined at the appropriate places in the notes.

• The sine ratios are:

S(x) =
sin πx

πx

SN(x) =
sin Nx/2

sin x/2
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• G(N) stands for one of the groups U(N), USp(2N), SO(2N), SO(2N+
1) and G by itself stands for one of the symmetry types U (unitary),
Sp (symplectic), O (orthogonal) even, O (orthogonal) odd

• The kernel functions are

KU(N)(x, y) = SN(y − x)

KSO(2N)(x, y) =
S2N−1(y − x) + S2N−1(y + x)

2

KUSp(2N)(x, y) =
S2N+1(y − x)− S2N+1(y + x)

2

KSO(2N+1)(x, y) =
S2N(y − x)− S2N(y + x)

2
.

• The scaled limit of these kernel functions are

KU(x, y) = S(y − x)

KSp(x, y) = S(y − x)− S(y + x)

KO,even(x, y) = S(y − x) + S(y + x)

KO,odd(x, y) = S(y − x)− S(y + x)

• For an interval J , the integral operator KJ,G(N) is defined by

(KJ,G(N)f)(x) =

∫

J

KG(N)(x, y)f(y) dy

for functions f integrable on J , and similarly the operator KJ,G is
defined by

(KJ,Gf)(x) =

∫

J

KG(x, y)f(y) dy

These operators have eigenvalues denoted by λj,G(N)(J) (j = 1, 2, . . . , N)
and λj,G(J), (j = 1, 2, 3, . . . ) respectively.
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• The Chebyshev polynomials are Tn(x), Un(x), and Vn(x) where

Tn(cos θ) = cos nθ

Un(cos θ) =
sin(n + 1)θ

sin θ
.

Vn(cos θ) = U2n

(
cos

θ

2

)
=

sin(n + 1
2
)θ

sin 1
2
θ

.

• We let µG(N),j(s) be the density function for the jth nearest neighbor
spacing for eigenangles of G(N) and µG,j(s) is the large–N–scaled–limit
of this density function. Similarly, νG(N),j(s) is the density of the jth
lowest eigenangle for G(N) and νG,j(s) is its scaled limit.

• We let EG(N)(J, n) be the measure of the set of matrices X ∈ G(N)
which have precisely n eigenangles in the set J .

2 Introduction

In 1972 the fortuitous introduction of Montgomery and Dyson served also as
an introduction of the worlds of analytic number theory and random matrix
theory. The symbiosis between these two subjects developed slowly for the
next 25 years with the principal developments being the numerical work of
Odlyzko and the calculations of the third and higher correlations of the Rie-
mann zeta-function (and other L-functions) by Hejhal, and Rudnick-Sarnak.

Around 1998, there were two very important developments that have
stimulated a great deal of subsequent work. One was the theory of sym-
metry types associated to families of L-functions by Katz and Sarnak. The
other was the relationship between moments of characteristic polynomials
and moments of the Riemann zeta-function and of families of L-functions
found by Keating and Snaith.

While we still do not understand why there is such a strong connnection
between random matrix theory and families of L-functions, we do realize
that random matrix theory provides models for a wide range of statistical
behavior of these families. Consequently, we can now confidently predict the
answer to any number of difficult questions about L-functions which 10 years
ago seemed hopelessly impossible.
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The purpose of these notes is to provide an introduction to the random
matrix aspects of the book [KaSa] by Katz and Sarnak on symmetry types
associated with families of L-functions. In particular, we will develop here
some of the basic tools needed to understand the beginnings of computing
statistics of eigenvalues of unitary, orthogonal, and symplectic groups of ma-
trices. The four statistics we are interested in computing are n-correlation,
n–level density, jth nearest neighbor, and jth lowest eigenvalue.

The main goals of these notes are (a) to show how to rewrite the basic
Weyl integration formula for each of our groups G(N) as a determinant of
a “kernel” function KG(N) (derived in sections 2 – 5, equations (9), (17),
(18), and (19)); (b) to use Gaudin’s lemma to compute level densities and
correlations (derived in sections 6 – 8, equations (28), (29), and (30)); (c)
to use the combinatorial identity (34) to deduce the mth nearest neighbor
statistic from the correlations (derived in section 9.1, equation (35)); and (d)
to use Gram’s identity to write the neighbor and lowest eigenvalue statistics
in terms of derivatives of infinite products of eigenvalues of simple operators
(derived in sections 9.2 – 9.5, equations (47) and (50)).

3 Definitions and Haar measures

3.1 Unitary

If X is an N × N matrix with complex entries X = (xjk), we let X∗ be its
conjugate transpose, i.e. X∗ = (x∗jk) where x∗jk = xkj. X is said to be unitary
if XX∗ = I. We let U(N) denote the group of all N ×N unitary matrices.
This is a compact Lie group and has a Haar measure which allows us to do
analysis.

All of the eigenvalues of X ∈ U(N) have absolute value 1; we write them
as

eiθ1 , eiθ2 , . . . , eiθN

with
0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θN < 2π. (1)

The eigenvalues of X∗ are e−iθ1 , . . . , e−iθN . Clearly, the determinant, det X =∏N
n=1 eiθn of a unitary matrix is a complex number with absolute value equal

to 1.
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For any sequence of N points on the unit circle there are matrices in
U(N) with these points as eigenvalues. The collection of all matrices with
the same set of eigenvalues constitutes a conjugacy class in U(N). Thus, the
set of conjugacy classes can be identified with the collection of sequences of
N points on the unit circle.

We are interested in computing various statistics about these eigenval-
ues. Consequently, we identify all matrices in U(N) that have the same set
of eigenvalues. Weyl’s integration formula gives a simple way to perform
averages over U(N) for functions f that are constant on conjugacy classes.
Such functions are called ‘class functions’. Note that f being constant on
conjugacy classes entails that f(θ1, . . . , θN) is necessarily symmetric in its N
variables. Weyl’s formula asserts that for such an f ,

∫

U(N)

f(X) dX =

∫

[0,2π]N
f(θ1, . . . , θN)

∏

1≤j<k≤N

∣∣eiθk − eiθj
∣∣2 dθ1 . . . dθN

N !(2π)N
.

Notice that we have used X to represent a variable element of U(N) and dX
to denote the Haar measure. If we want to emphasize the group U(N) we
will designate the Haar measure by dXU(N).

3.2 Orthogonal and Symplectic

A unitary matrix X is said to be orthogonal if XX t = I, where X t denotes
the transpose of X. Orthogonality for a unitary matrix implies that X t = X∗

or X = X. In other words any real unitary matrix is orthogonal. We let
SO(N) denote the subgroup of U(N) consisting of N×N orthogonal matrices
with determinant 1.

We want to distinguish these two cases. Thus, we consider SO(2N) (even
orthogonal) and SO(2N + 1) (odd orthogonal).

For any complex eigenvalue of an orthogonal matrix, its complex conju-
gate is also an eigenvalue. The eigenvalues of X ∈ SO(2N) can be written
as

e±iθ1 , . . . , e±iθN

with
0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θN ≤ π.

6



The Weyl integration formula for integrating a symmetric function f(X) =
f(θ1, . . . , θN) over SO(2N) is

∫

SO(2N)

f(X) dX =
2(N−1)2

πNN !

∫

[0,π]N
f(θ1, . . . , θN)

×
∏

1≤j<k≤N

(cos θk − cos θj)
2dθ1 . . . dθN .

The eigenvalues of X ∈ SO(2N + 1) can be written as

1, e±iθ1 , . . . , e±iθN

with
0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θN ≤ π.

The Weyl integration formula for integrating a symmetric function f(X) =
f(θ1, . . . , θN) over the space SO(2N + 1) is

∫

SO(2N+1)

f(X) dX =
2N2

πNN !

∫

[0,π]N
f(θ1, . . . , θN)

∏

1≤j<k≤N

(cos θk − cos θj)
2

×
N∏

h=1

sin2 θh

2
dθ1 . . . dθN .

A unitary matrix X is said to be symplectic if XZX t = Z where

Z =

(
0 IN

−IN 0

)
.

A symplectic matrix necessarily has determinant equal to 1. The symplec-
tic group USp(2N) is the subgroup of 2N × 2N symplectic matrices. The
eigenvalues of a symplectic matrix are

e±iθ1 , . . . , e±iθN

with
0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θN ≤ π.
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The Weyl integration formula for integrating a symmetric function f(X) =
f(θ1, . . . , θN) over USp(2N) is

∫

USp(2N)

f(X) dX =
2N2

πNN !

∫

[0,π]N
f(θ1, . . . , θN)

∏

1≤j<k≤N

(cos θk − cos θj)
2

N∏

h=1

sin2 θh dθ1 . . . dθN .

4 Vandermonde determinants and orthogo-

nal polynomials

We occasionally use the notation (f(j, k))j,k to denote the matrix whose j, k
entry is f(j, k).

We recall the basic fact about Vandermonde determinants. For any set
N -tuple of complex numbers (x1, . . . , xN) let

∆(x1, . . . , xN) = det
N×N

(
xj−1

k

)
jk

. (2)

Then
∆(x1, . . . , xN) =

∏

1≤j<k≤N

(xk − xj). (3)

To prove this, one observes that both sides are homogeneous polynomials of
total degree N(N − 1)/2 which vanish whenever xj = xk. This fact identifies
the two sides up to a constant factor. That the coefficient of xN−1

N xN−2
N−1 . . . x2

is 1 in both expressions completes the proof.

Observe that

∏

1≤j<k≤N

|eiθk − eiθj |2 = |∆(eiθ1 , . . . , eiθN )|2 (4)

and ∏

1≤j<k≤N

(cos θk − cos θj)
2 = ∆(cos θ1, . . . , cos θN)2. (5)

Useful in our calculations will be the
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Lemma 1 (Transposing Lemma) We have

det
N×N

(φj−1(xk)) det
N×N

(ψj−1(xk)) = det
N×N

( N∑
n=1

φn−1(xj)ψn−1(xk)
)
. (6)

This identity just follows by using the fact that the determinant of a matrix
and its transpose are the same, and matrix multiplication. Specifically,

det
N×N

(φj−1(xk)) det
N×N

(ψj−1(xk)) = det
N×N

(φn−1(xj))j,n det
N×N

(ψn−1(xk))n,k

= det
( N∑

n=1

φn−1(xj)ψn−1(xk)
)

j,k
.

4.1 An alternate formula for the Haar measure on U(N)

In order to compute the statistics we desire, we require an alternate formula
for the Haar measure. The Transposing Lemma implies the identity

∏

1≤j<k≤N

|eiθk − eiθj |2 = det
N×N

(
SN(θk − θj)

)
(7)

where

SN(θ) =
sin Nθ

2

sin θ
2

. (8)

From this identity we have

dXUN
=

dθ1 . . . dθN

(2π)NN !
det

N×N

(
SN(θk − θj)

)
. (9)

To prove this we apply the Transposing Lemma with φj(xk) = eijθk and
ψj(xk) = e−ijθk and use the fact that

N∑
n=1

ei(n−1)θ =
eiNθ − 1

eiθ − 1
=

eiNθ/2

eiθ/2

eiNθ/2 − e−iNθ/2

eiθ/2 − e−iθ/2
= ei(N−1)θ/2SN(θ)

from which

| det(ei(j−1)θk)|2 = det
( N∑

n=1

ei(n−1)(θj−θk)
)

j,k

= det
(
eiN(θj−θk)/2SN(θj − θk)

)

= det
(
SN(θj − θk)

)
;
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the last line holds by factoring out eiNθj/2 from the jth row and e−iNθk/2 from
the kth column and observing that the product of all of these factors is 1.

For future reference we introduce the notation

S(x) =
sin πx

πx
. (10)

4.2 Alternate formulas for orthogonal and symplectic
Haar measures

Now we give alternate formulas for our other measures. To accomplish this,
it is helpful to first recall the basic properties of the Tchebychev polynomials.
Let Tn(x) be the (Chebyshev) polynomial of degree n for which

Tn(cos θ) = cos nθ (11)

and Un(x) is the polynomial of degree n for which

Un(cos θ) =
sin(n + 1)θ

sin θ
. (12)

Thus, T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1, T3(x) = 4x3 − 3x and so
on and U0(x) = 1, U1(x) = 2x, U2(x) = 4x2 − 1, U3(x) = 8x3 − 4x, and
so on. From cos(n + 1)θ = cos nθ cos θ − sin nθ sin θ and sin(n + 1)θ =
sin nθ cos θ + cos nθ sin θ it is easy to see that

Tn+1(x) = xTn(x)− (1− x2)Un−1(x)

and
Un(x) = xUn−1(x) + Tn(x).

Thus,

Tn+2(x) = xTn+1(x)− (1− x2)Un(x)

= xTn+1(x)− (1− x2)(xUn−1(x) + Tn(x))

= xTn+1(x)− (1− x2)Tn(x) + x(Tn+1(x)− xTn(x))

= 2xTn+1(x)− Tn(x).
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Similarly, Un+2(x) = 2xUn+1(x) − Un(x). Notice that the leading coefficient
in Tn(x) is 2n−1 and in Un(x) it is 2n.

Finally, we let Vn(x) be the polynomial of degree n for which

Vn(cos θ) = U2n

(
cos

θ

2

)
=

sin(n + 1
2
)θ

sin 1
2
θ

. (13)

It can be shown that Vn(x) = 2nxn + . . . has leading coefficient 2n.

Now
∏

1≤j<k≤N(cos θk − cos θj) = ∆(cos θ1, . . . , cos θN). Let xj = cos θj

for convenience. Then, by elementary row operations, ∆(x1, . . . , xN)

= det




1 1 . . . 1
x1 x2 . . . xN
...

...
...

...
xN−2

1 xN−2
2 . . . xN−2

N

xN−1
1 xN−1

2 . . . xN−1
N




=
1

2N−2
det




1 1 . . . 1
x1 x2 . . . xN
...

...
...

...
xN−2

1 xN−2
2 . . . xN−2

N

2N−2xN−1
1 2N−2xN−1

2 . . . 2N−2xN−1
N




=
1

2N−2
det




1 1 . . . 1
x1 x2 . . . xN
...

...
...

...
xN−2

1 xN−2
2 . . . xN−2

N

TN−1(x1) TN−1(x2) . . . TN−1(xN)




by adding appropriate multiples of the first N − 1 rows to the last row. Now
we do the same thing to all of the rows, except the first which we leave alone,
working our way from the bottom to the top. In this way, we find that

∆(cos θ1, . . . , cos θN) = 2−(N−1)(N−2)/2 det
N×N

(Tj−1(cos θk)). (14)

For the Haar measure on SO(2N), we have

dXSO(2N) =
2(N−1)2

πNN !
∆(cos θ1, . . . , cos θN)2dθ1 . . . dθN

=
2N−1

πNN !
det

N×N

(
Tj−1(cos θk)

)2
dθ1 . . . dθN .
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If we multiply each row except the first by
√

2 we find that

∆(cos θ1, . . . , cos θN) = 2−(N−1)2/2 det
N×N

(T ∗
j−1(cos θk))

where we let T ∗
j =

√
2Tj for j ≥ 1 and T ∗

0 = T0 = 1. Then,

dXSO(2N) =
1

πNN !
det

N×N

(
T ∗

j−1(cos θk)
)2

dθ1 . . . dθN . (15)

By the Transposing Lemma,

∆(cos θ1, . . . , cos θN)2 = 2−(N−1)2 det
N×N

(
1 + 2

N−1∑
n=1

cos nθj cos nθk

)
(16)

Recall that SN(θ) =
sin

Nθ
2

sin
θ
2

and S(x) = sin πx
πx

. Now

N∑
n=−N

cos nx = <
N∑

n=−N

einx = <ei(N+1)x − e−iNx

eix − 1

= <ei(N+1/2)x − e−i(N+1/2)x

eix/2 − e−ix/2
=

sin(N + 1/2)x

sin x/2
= S2N+1(x).

Consequently,
N∑

n=1

cos nx =
S2N+1(x)− 1

2

so that

1 + 2
N−1∑
n=1

cos nx cos ny = 1 +
N−1∑
n=1

(
cos n(x− y) + cos n(x + y)

)

=
S2N−1(x− y) + S2N−1(x + y)

2
.

Consequently, a basic identity is

2(N−1)2
∏

1≤j<k≤N

(cos θk − cos θj)
2 = det

N×N

(S2N−1(θk − θj) + S2N−1(θk + θj)

2

)
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from which we deduce by (15) that

dXSO(2N) =
1

πNN !
det

N×N

(S2N−1(θk − θj) + S2N−1(θk + θj)

2

)
dθ1 . . . dθN

=
1

πNN !
det

N×N

(
KSO(2N)(θj, θk)

)
dθ1 . . . dθN , (17)

where we define

KSO(2N)(x, y) =
S2N−1(y − x) + S2N−1(y + x)

2

and, for use in a moment,

KUSp(2N)(x, y) =
S2N+1(y − x)− S2N+1(y + x)

2

and

KSO(2N+1)(x, y) =
S2N(y − x)− S2N(y + x)

2
.

Now we do the same for the Haar measure of the symplectic group. Again, by
elementary row operations on the determinant ∆(x1, . . . , xN), we find that
(recall that the leading coefficient of the Chebyshev polynomial UN(x) is
(2x)N),

∆(x1, . . . , xN) = 2−N(N−1)/2 det
N×N

(Uj−1(xk)).

Then dXUSp(2N), the Haar measure on USp(2N), satisfies

dXUSp(2N) =
2N2

πNN !
∆(cos θ1, . . . , cos θN)2

N∏
n=1

sin2 θndθ1 . . . dθN

=
2N

πNN !
det

N×N

(
Uj−1(cos θk)

)2
N∏

n=1

sin2 θndθ1 . . . dθN .

Now, by the Transposing Lemma

∏

1≤j<k≤N

(cos θk − cos θj)
2

N∏
n=1

sin2 θn = 2−N(N−1) det
N×N

( N∑
n=1

sin nθj sin nθk

)

= 2−N(N−1) det
N×N

(
S2N+1(θk − θj)− S2N+1(θk + θj)

2

)
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since

2
N∑

n=1

sin nx sin ny =
N∑

n=1

(
cos n(x− y)− cos n(x + y)

)

=
S2N+1(x− y)− S2N+1(x + y)

2
.

Therefore,

dXUSp(2N) =
1

πNN !
det

N×N

(S2N+1(θk − θj)− S2N+1(θk + θj)

2

)
dθ1 . . . dθN

=
1

πNN !
det

N×N

(
KUSp(2N)(θk, θj)

)
dθ1 . . . dθN . (18)

Finally, dXSO(2N+1), the Haar measure on SO(2N + 1), satisfies

dXSO(2N+1) =
2N2

πNN !
∆(cos θ1, . . . , cos θN)2

N∏
n=1

sin2 θn

2
dθ1 . . . dθN

=
2N

πNN !
det

N×N

(
Vj−1(cos θk)

)2
N∏

n=1

sin2 θn

2
dθ1 . . . dθN .

By the Transposing Lemma,

dXSO(2N+1) =
2N

πNN !
det

N×N

( N∑
n=1

sin(n− 1
2
)θj sin(n− 1

2
)θk

)
dθ1 . . . dθN

=
1

πNN !
det

N×N

(S2N(θk − θj)− S2N(θk + θj)

2
θk

)
dθ1 . . . dθN .

Therefore,

dXSO(2N+1) =
1

πNN !
det

N×N

(
KSO(2N+1)(θk, θj)

)
dθ1 . . . dθN . (19)

5 Andréief’s identity

As a consistency check, we now deduce that our measures have total mass
one. To do this we use a formula of Andréief:
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Lemma 2 (Andréief’s identity) For any interval J and integrable func-
tions φj and ψj:

1

N !

∫

JN

det
N×N

(φj(θk)) det
N×N

(ψj(θk)) dθ1 . . . dθN = det
N×N

( ∫

J

φj(θ)ψk(θ) dθ
)
. (20)

5.1 Proof of Andréief’s identity

We use the definition of determinant for a matrix X = (xjk):

det X =
∑
σ∈πN

sgn(σ)
N∏

j=1

xj,σj

15



where πN denotes the collection of the N ! permutations of [1, N ] := {1, 2, . . . , N}.
Thus,

∫

JN

det
N×N

(
φj(θk)

)
det

N×N

(
ψj(θk)

)
dθ1 . . . dθN

=

∫

JN

∑
σ

sgn(σ)
N∏

j=1

φj(θσj)
∑

τ

sgn(τ)
N∏

k=1

ψk(θτk)
N∏

i=1

dθi

=

τ → στ

∫

JN

∑
σ,τ

sgn(τ)
N∏

j=1

φj(θσj)
N∏

k=1

ψk(θστk)
N∏

i=1

dθi

=

k → τ−1k

∫

JN

∑
σ,τ

sgn(τ)
N∏

j=1

φj(θσj)
N∏

k=1

ψτ−1k(θσk)
N∏

i=1

dθi

=

∫

JN

∑
σ,τ

sgn(τ)
N∏

j=1

φj(θσj)ψτ−1j(θσj)
N∏

i=1

dθi

=

τ → τ−1

∫

JN

∑
σ,τ

sgn(τ)
N∏

j=1

φj(θσj)ψτj(θσj)
N∏

i=1

dθi

=
∑
σ,τ

sgn(τ)
N∏

j=1

∫

J

φj(θ)ψτj(θ) dθ

= N !
∑

τ

sgn(τ)
N∏

j=1

∫

J

φj(θ)ψτj(θ) dθ

= det
N×N

( ∫

J

φj(θ)ψk(θ) dθ
)
.

Note that virtually the same proof leads to the slightly more general result

1

N !

∫

JN

N∏
i=1

f(θi) det
N×N

(φj(θk)) det
N×N

(ψj(θk)) dθ1 . . . dθN

= det
N×N

( ∫

J

f(θ)φj(θ)ψk(θ) dθ
)
.
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5.2 Verification that the Haar measures have total mass
1

Using
φj(θ) = ei(j−1)θ

we see that
∫

[0,2π]N
dXU(N) =

∫

[0,2π]N
| det

N×N
(ei(j−1)θk)|2dθ1 . . . dθN

N !(2π)N

=
1

(2π)N
det

N×N

( ∫ 2π

0

ei(j−1)θe−i(k−1)θ dθ
)

=
1

(2π)N
det

N×N

(
2πI) = 1.

This shows that the total mass of the Haar measure of U(N) is 1.

We observe further that (15) and Andréief’s identity together imply that

∫

[0,π]N
dXSO(2N) =

2N−1

πN
det

N×N

( ∫ π

0

Tj−1(cos θ)Tk−1(cos θ) dθ

)
= 1,

since
∫ π

0

Tj−1(cos θ)Tk−1(cos θ) dθ =

∫ π

0

cos(j − 1)θ cos(k − 1)θ dθ

=
1

2

∫ π

0

(
cos(j + k − 2)θ + cos(j − k)θ

)
dθ

=
π

2
δj,k(1 + δ1,j)

because the integral is 0 unless j = k in which case it is π if j > 1 and 2π if

j = 1. Also,

∫

USp(2N)

dX =
2N

πN
det

N×N

( ∫ π

0

sin2 θ Uj−1(cos θ) Uk−1(cos θ) dθ

)

=
2N

πN
det

N×N

( ∫ π

0

sin jθ sin kθ dθ

)

=
2N

πN
det

N×N

(
1

2

∫ π

0

(
cos(j − k)θ − cos(j + k)θ

)
dθ

)
.
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Since the integral is π when j = k and 0 otherwise, this confirms that the
total measure of USp(2N) is 1.

Similarly, we can calculate that the total mass of SO(2N + 1) is 1.

6 Gaudin’s Lemma

The following Lemma is the key to begin computing the statistics of interest.1

Lemma 3 (Gaudin’s Lemma) Suppose that we have a function f and a
measurable set J such that

∫

J

f(x, θ)f(θ, y) dθ = Cf(x, y) (21)

for all x and y where C = C(J, f) is a constant. Suppose also that

∫

J

f(x, x) dx = D, (22)

where D = D(J, f) is constant. Then

∫

J

det
M×M

(
f(θj, θk)

)
dθM = (D − (M − 1)C) det

M−1

(
f(θj, θk)

)
. (23)

This Lemma allows us to “integrate out” variables not under consid-
eration when computing some statistic. We apply Gaudin’s Lemma with
f(θ) = SN(θ) and J = [0, 2π], so that D = SN(0) = N . Reëxpressing SN as
a geometric series and integrating term-by-term, we find that

∫ 2π

0

SN(θj − θ)SN(θ − θk) dθ = 2πSN(θk − θj),

so that C = 2π. Thus, for example,
∫

[0,2π]

det
N×N

(
SN(θk − θj)

)
dθN = 2π det

(N−1)×(N−1)

(
SN(θk − θj)

)
.

1Editors’ comment: This lemma is also applied in the lectures of Y.V. Fyodorov, page
?? Section 4.
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Applying the Lemma repeatedly gives

∫

[0,2π]N−n

det
N×N

(
SN(θk − θj)

)
dθn+1 . . . dθN

= (N − n)!(2π)N−n det
n×n

(
SN(θk − θj)

)
.

In particular,

∫

U(N)

∑
J⊂{1,...,N}

J={j1,...,jn}

f(θj1 , . . . , θjn)dXU(N)

=
1

(2π)nn!

∫

[0,2π]n
f(θ1, . . . , θn) det

n×n
SN(θk − θj) dθ1 . . . dθn. (24)

Proof of Gaudin’s Lemma. Let πM be the symmetric group on {1, . . . , M}.
Then,

det
M×M

(
f(θj, θk)

)
=

∑
σ∈πM

sgn(σ)
M∏

j=1

f(θj, θσj).

If σM 6= M , then

∫

J

M∏
j=1

f(θj, θσj)dθM =
M−1∏
j=1

σj 6=M

f(θj, θσj)

∫

J

f(θσ−1M , θM)f(θM , θσM) dθM

= f(θσ−1M , θσM)
M−1∏
j=1

σj 6=M

f(θj, θσj). (25)

For a permutation σ ∈ πM with σM 6= M define a permutation σ′ ∈ πM−1

by

σ′j =

{
σj if σj 6= M

σM if σj = M
.

Then (25) may be reëxpressed as

∫

J

M∏
j=1

f(θj, θσj)dθM = C

M−1∏
j=1

f(θj, θσ′j).
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Clearly, each permutation σ′ arises from (M − 1) different σ. Note also that
sgn(σ′) = −sgn(σ). Thus, we have

∫

J

∑
σ∈πM
σM 6=M

sgn(σ)
M∏

j=1

f(θj, θσj)dθM = −(M − 1)C
∑

σ′∈πM−1

sgn(σ′)
M−1∏
j=1

f(θj, θσ′j)

= −(M − 1)C det
M−1

(
f(θj, θk)

)
.

Now consider the σ for which σM = M ; now let σ′ be defined by σ′j = σj
for j ≤ M − 1. Then, for these σ, we have

∫

J

M∏
j=1

f(θj, θσj)dθM =
M−1∏
j=1

f(θj, θσj)

∫

J

f(θm, θM) dθM

= D

M−1∏
j=1

f(θj, θσ′j).

These σ′ have the same sign as the σ they came from. Therefore,

∫

J

∑
σ∈πM
σM=M

sgn(σ)
M∏

j=1

f(θj, θσj)dθM = D
∑

σ′∈πM−1

sgn(σ′)
M−1∏
j=1

f(θj, θσ′j)

= D det
M−1

(
f(θk, θj)

)
.

Combining the two cases we obtain the Lemma.

6.1 Calculation for orthogonal and symplectic cases

Recall that

KSO(2N)(x, y) =
S2N−1(x− y) + S2N−1(x + y)

2
= 1 + 2

N−1∑
n=1

cos nx cos ny

and

KUSp(2N)(x, y) =
S2N+1(x− y)− S2N+1(x + y)

2
= 2

N∑
n=1

sin nx sin ny.
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Then, Gaudin’s Lemma for these groups is expressed as∫

[0,π]N−n

det
N×N

(
KG(N)(θj, θk)

)
dθn+1 . . . dθN = (N−n)!πN−n det

n×n

(
KG(N)(θj, θk)

)

where G(N) can stand for USp(2N), SO(2N), or SO(2N + 1). This allows
us to “integrate out” variables in the orthogonal and symplectic settings.

Note, for future reference, that

lim
N→∞

1

2N
S2N+1(πx/N) =

sin (N+1/2)πx
N

2N sin πx
2N

=
sin πx

πx
= S(x)

so that

KG(x, y) := lim
N→∞

KG(N)(πx/N, πy/N)

2N
= S(y − x)± S(y + x).

To prove Gaudin’s Lemma in this situation, it again suffices to prove the
n = N − 1 case, since the general case follows by a repeated application of
this case:∫

[0,π]

det
N×N

(
KG(N)(θj, θk)

)
dθN = π det

(N−1)×(N−1)

(
KG(N)(θj, θk)

)
.

The key formulae are∫ π

0

KG(N)(θj, θ)KG(N)(θ, θk) dθ = πKG(N)(θj, θk).

Knowing this, the rest of the proof is the same; so we now verify these
formulae. We calculate∫ π

0

KUSp(2N)(x, θ)KUSp(2N)(θ, y) dθ

=

∫ π

0

N∑
m=1

2 sin mx sin mθ

N∑
n=1

2 sin nθ sin ny dθ

= 4
N∑

m,n=1

sin mx sin ny

∫ π

0

sin mθ sin nθ dθ

= 2
N∑

m,n=1

sin mx sin ny

∫ π

0

(cos(m− n)θ − cos(m + n)θ) dθ

= 2π
N∑

n=1

sin nx sin ny = πKUSp(2N)(x, y).
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Similarly,
∫ π

0

KSO(2N)(x, θ)KSO(2N)(θ, y) dθ

=

∫ π

0

(1 + 2
N−1∑
m=1

cos mx cos mθ)(1 + 2
N−1∑
n=1

cos nθ cos ny) dθ

= π + 4
N−1∑

m,n=1

cos mx cos ny

∫ π

0

cos mθ cos nθ dθ

= π + 2
N−1∑

m,n=1

cos mx cos ny

∫ π

0

(cos(m− n)θ + cos(m + n)θ) dθ

= π(1 + 2
N−1∑
n=1

cos nx cos ny) = πKSO(2N)(x, y).

Similarly for KSO(2N+1).

7 n-level density

7.1 Unitary

We can use Gaudin’s Lemma to compute an integral of the sort

∫

U(N)

N∑
j=1

f(θj)dX,

or ∫

U(N)

∑

1≤j<k≤N

f(θj, θk)dX,

or ∫

U(N)

∑
1≤j1<···<jn≤N

f(θj1 , . . . , θjn)dX.

With an obvious notation, we write the last integral as
∫

U(N)

∑
B⊂[1,N ]
|B|=n

fB(θ)dX
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These are precisely the definitions of the 1-, 2-, and n-level densities. By
Gaudin’s Lemma, these integrals are, respectively,

1

2π

∫ 2π

0

f(θ) dθ,

1

2!(2π)2

∫

[0,2π]2
f(θ1, θ2) det

2×2
SN(θk − θj) dθ1 dθ2,

and 2

1

n!(2π)n

∫

[0,2π]n
f(θ1, . . . , θn) det

n×n
SN(θk − θj) dθ1 . . . dθn. (26)

7.2 Normalized eigenangles and large N limits

For a matrix X ∈ U(N) with eigenvalues

eiθ1 , . . . , eiθN

we let

θ̃j = θ
N

2π
(27)

be the normalized eigenangles. They satisfy

0 ≤ θ̃1 ≤ · · · ≤ θ̃N < N.

The sequence of θ̃ have mean spacing 1 and so give a way to compare statistics
for different N . Thus, for the n-level density, we have (for a rapidly decaying
smooth f)

lim
N→∞

∫

U(N)

∑
B⊂[1,N ]
|B|=n

fB(θ̃)dX

= lim
N→∞

1

n!(2π)n

∫

[0,2π]n
f(θ̃1, . . . , θ̃n) det

n×n
SN(θk − θj) dθ1 . . . dθn

= lim
N→∞

1

n!

∫

[0,N ]n
f(x1, . . . , xn) det

n×n

1

N
SN

(2π(xk − xj)

N

)
dx1 . . . dxn

=
1

n!

∫

Rn
+

f(x1, . . . , xn) det
n×n

S(xk − xj) dx1 . . . dxn. (28)

2Editors’ comment: Up to a constant factor f(θ1, . . . , θn) is being integrated against
the quantity defined in the lectures of Y.V. Fyodorov, page ??, Section 3, as the n-point
correlation function.
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We say that detn S(xk − xj) is the n-level density function for U .

7.3 Orthogonal and symplectic

We can use Gaudin’s Lemma to compute

∫

SO(2N)

∑
B⊂[1,N ]
|B|=n

fB(θ)dX

and ∫

USp(2N)

∑
B⊂[1,N ]
|B|=n

fB(θ)dX.

By Weyl’s integration formula and Gaudin’s Lemma, these integrals are

1

n!πn

∫

[0,π]n
f(θ1, . . . , θn) det

n×n

(
KSO(2N)(θk, θj)

)
dθ1 . . . dθn

and
1

n!πn

∫

[0,π]n
f(θ1, . . . , θn) det

n×n

(
KUSp(2N)(θk, θj)) dθ1 . . . dθn

respectively.

For eigenangles of matrices in SO(2N) and USp(2N) we let

θ̃j = θ
N

π

be the normalized eigenangles. Thus, for the n-level density, we have (for a
rapidly decaying smooth f)

lim
N→∞

∫

SO(2N)

∑
1≤j1<···<jn≤N

f(θ̃j1 , . . . , θ̃jn)dX

= lim
N→∞

1

n!πn

∫

[0,π]n
f(θ̃1, . . . , θ̃n) det

n×n

(
KSO(2N)(θk, θj)

)
dθ1 . . . dθn

=
1

n!

∫

Rn
+

f(θ1, . . . , θn) det
n×n

(
KSO(θk, θj)

)
dθ1 . . . dθn (29)
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for the n-level density for SO even and

lim
N→∞

∫

USp(2N)

∑
1≤j1<···<jn≤N

f(θ̃j1 , . . . , θ̃jn)dX

= lim
N→∞

1

n!πn

∫

[0,π]n
f(θ̃1, . . . , θ̃n) det

n×n

(
KUSp(2N)(θk, θj)

)
dθ1 . . . dθn

=
1

n!

∫

Rn
+

f(θ1, . . . , θn) det
n×n

(
KUSp(θk, θj)

)
dθ1 . . . dθn (30)

for the n-level density for USp. The n-level density for SO(2N +1) is slightly
complicated by the fact that the matrices in this ensemble always have an
eigenangle equal to 0. This fact leads to the presence of a δ-function in the
formulation of the n-level density function.

8 Correlations

8.1 Pair correlation for U(N)

Let f be a suitable test function and consider

QN(f) :=

∫

U(N)

∑

j<k

f(θ̃j − θ̃k)dX.

Applying Gaudin’s Lemma we find that

QN(f) =

∫

[0,2π]2
f(θ̃1 − θ̃2) det

(
N SN(θ1 − θ2)

SN(θ1 − θ2) N

)
dθ1 dθ2

2(2π)2
.

After a change of variables, this is

=
1

2

∫

[0,N ]2
f(θ1 − θ2) det

2×2

1

N
SN

(2π(θk − θj)

N

)
dθ1 dθ2.

After expanding the determinant and performing another change of variables,
we have

QN(f) =
1

2

∫

[−N,N ]

f(v)

(
1−

(
SN(2πv/N)

N

)2 )
(N − |v|) dv.
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Now

lim
N→∞

1

N
SN

(2πv

N

)
= lim

N→∞
1

N

sin πv

sin πv
N

=
sin πv

πv
= S(v).

Now it follows, with a little bit of analysis, that

lim
N→∞

1

N
QN(f) =

1

2

∫ ∞

−∞
f(v)

(
1− (sin πv

πv

)2
)

dv.

This is the same as the pair correlation for zeros of ζ(s) found by Mont-
gomery3. (Note that the factor 1

2
in front of our formula is because we defined

out correlation sum to be over j < k rather than j 6= k.) This important fact
was fortuitously discovered at tea at the Institute for Advanced Study one
afternoon in 1971 when Chowla introduced Hugh Montgomery and Freeman
Dyson to each other.

8.2 n-correlation for U(N)

Let f(θ1, . . . , θn) be a test-function which is translation invariant i.e.f(θ1 +
t, . . . , θn+t) = f(θ1, . . . , θn). Let’s suppose, for convenience, that f(0, θ2, . . . , θn)
is compactly supported, say on [0, A]. We seek to evaluate

QN(f) =

∫

U(N)

∑
1≤j1<j2<···<jn≤N

f(θ̃j1 , . . . , θ̃jn)dX.

By Gaudin’s Lemma and a change of variables, this is

=
1

n!

∫

[0,N ]n
f(θ1, . . . , θn) det

n×n

1

N
SN(2π(θj − θk)/N)dθ1 . . . dθn

=

∫

0≤θ1≤···≤θn≤N

f(θ1, . . . , θn) det
n×n

1

N
SN(2π(θj − θk)/N)dθ1 . . . dθn.

We make the change of variable x1 = θ1, x2 = θ2 − θ1, ... xn = θn − θ1 and
the integral becomes

∫ N

0

∫

0≤x2≤···≤xn≤N−x1

g(x1, x2 + x1, . . . , xn + x1)dx2 . . . dxn dx1

3Editors’ comment: See lectures by D.A. Goldston, page ??, equation 6.7.
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where g(x1, . . . , xn) = f(x1, . . . , xn) det(
SN (2π(xk−xj)/N)

N
). Since g is trans-

lation invariant and g(0, x2, . . . , xn) is compactly supported, for sufficiently
large N this is

=

∫ N

0

∫

0≤x2≤···≤xn≤N−x1

g(0, x2, . . . , xn)dx2 . . . dxn dx1

=

∫

0≤x2≤···≤xn≤A

g(0, x2, . . . , xn)

∫ N−A

0

dx1 dx2 . . . dxn.

Thus

lim
N→∞

QN(f)

N
= (31)

1

(n− 1)!

∫

Rn−1
+

f(x1, x2, . . . , xn) det
n×n

S(xj − xk)
∣∣
x1=0

dx2 . . . dxn.

8.3 n-correlation for orthogonal and symplectic

Let f(θ1, . . . , θn) be a test-function as in the last section. We seek to evaluate

QN(f) =

∫

USp(N)

∑
1≤j1<j2<···<jn≤N

f(θ̃j1 , . . . , θ̃jn)dX.

By Gaudin’s Lemma and a change of variables, this is

=
1

n!

∫

[0,N ]n
f(θ1, . . . , θn) det

n×n

1

2N

(
S2N−1(π(θk − θj)/N)

+S2N−1(π(θk + θj)/N)

)
dθ1 . . . dθn

=

∫

0≤θ1≤···≤θn≤N

f(θ1, . . . , θn) det
n×n

1

2N

(
S2N−1(π(θk − θj)/N)

+S2N−1(π(θk + θj)/N)

)
dθ1 . . . dθn.

We make the change of variable x1 = θ1, x2 = θ2 − θ1, ... xn = θn − θ1
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and the integral becomes, for sufficiently large N ,
∫

0≤x2≤···≤xn≤A

f(0, x2, . . . , xn)

∫ N−xn

0

det
n×n

1

2N

(
S2N−1(π(xk − xj)/N)

∣∣
x1=0

+S2N−1(π(x∗k + x∗j + 2x1)/N)

)
dx1 dx2 . . . dxn

where x∗j = xj if j 6= 1 whereas x∗1 = 0. Now we claim that

lim
N→∞

1

N

∫ N−xn

0

det
n×n

1

2N

(
S2N−1(π(xk − xj)/N)

∣∣
x1=0

+S2N−1(π(x∗k + x∗j + 2x1)/N)
)
dx1

= det
n×n

S(xk − xj)
∣∣
x1=0

.

To see this claim, note that in the expansion of the determinant there are
n! terms each of which is a product of n factors 1

2N
S2N−1(π(xk − xj))|x1=0 +

1
2N

S2N−1(π(x∗k +x∗j +2x1)). If we multiply out each term, there are 2n terms,
all but one of which will contain at least one factor with 1

2N
S2N−1(π(xk +

xj + 2x1)). Any of the terms with at least one factor like this will tend to 0
after integrating with respect to x1 and dividing by N ; for letting

c(a, b, N)(x) =
sin(ax + b)

N sin(ax/N + b/N)
,

it is not difficult to see that c(a, b, N)(x) ≤ 2
π

sin(ax+b)
ax+b

provided that ax + b <
πN
2

, and |c(a, b, N)(x)| ≤ 1 for all x and integer N . Therefore, using the fact

that
∫ B

0

(
sin x

x

)j
dx is uniformly bounded in B for each fixed j, we see that

1

N

∫ N−B

0

J∏
j=1

c(aj, bj, N)(x) dx → 0

as N →∞ through integers. This leaves only the term with all 1
2N

S2N−1(π(xk−
xj)) factors which tend to S(xk − xj) as N →∞.

Thus, just as in the case of U(N), we find that

lim
N→∞

QN(f)

N
=

1

(n− 1)!

∫

Rn−1
+

f(x1, x2, . . . , xn) det
n×n

S(xj − xk)
∣∣
x1=0

dx2 . . . dxn.
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In particular, the scaled limit of the n-correlation functions are the same
for all of unitary, orthogonal, and symplectic groups.

9 Neighbor spacings

9.1 Nearest neighbor for U(N)

We derive the combinatorial relation between nearest neighbor spacings and
n-correlations (see [KS], Lemma 2.3.8). For a sequence Y : θ1 ≤ · · · ≤ θN let

Sn(s, Y ) := #{j : θj+n − θj ≤ s},
and

Cm(s, Y ) := #{B ⊂ {1, . . . , N} : |B| = m, max
j,k∈B

|θj − θk| ≤ s}.

These are related to the Sep and Clump functions used in Katz-Sarnak.

Lemma 4 (Combinatorial Lemma) For any Y ,

Cm+2(s, Y ) =
∑
n≥m

(
n

m

)
Sn+1(s, Y ). (32)

Proof. Take an m + 2-tuple of indices i0 < i1 < · · · < im+1 whose endpoints
satisfy θim+1 − θi0 ≤ s. Let n = im+1 − i0 so that the pair of endpoints
is counted in Sn(s, Y ). Then there are

(
n−1
m

)
sets of points of size m be-

tween these endpoints, which, taken with the endpoints can be counted in
Cm+2(s, Y ). Therefore, Cm+2 =

∑ (
n−1
m

)Sn. Adjusting the index n by one
gives the result.

In general, the relation am =
∑

n≥m

(
n
m

)
bn can be inverted to give

bm =
∑
n≥m

(−1)n−m

(
n

m

)
an.

This follows from the identity for binomial coefficients
n∑

`=m

(−1)`

(
`

m

)(
n

`

)
=

{
(−1)m if m = n

0 if m 6= n
.

Thus, with am = Cm+2 and bn = Sn+1 we have
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Corollary 1

Sm+1(s, Y ) =
∑
n≥m

(−1)n−m

(
n

m

)
Cn+2(s, Y ) (33)

or, after adjusting the indices,

Sm(s, Y ) =
∑
n≥m

(−1)n−m−1

(
n− 2

m− 1

)
Cn(s, Y ). (34)

Let ỸX be the sequence of normalized eigenangles of X. We want to
compute

∫ s

0

µ1(x) dx : = Prob {Neighboring eigenangles are < s apart}

= lim
N→∞

1

N

∫

U(N)

S1(s, ỸX)dX

and more generally

∫ s

0

µm(x) dx : = Prob {mth neighboring eigenangles are < s apart}

= lim
N→∞

1

N

∫

U(N)

Sm(s, ỸX)dX.

Applying the n-correlation calculation with the translation invariant func-
tion

f(θ1, . . . , θn) =
∏

1≤j<k≤n

χ[0,s](|θj − θk|)

gives,

lim
N→∞

1

N

∫

U(N)

Cn(s, ỸX)dX = lim
N→∞

1

N

∫

U(N)

∑
B⊂{1,...,N}
|B|=n

f(θB)dX

=
1

(n− 1)!

∫

[0,s]n−1

det
n×n

S(xj − xk)
∣∣
x1=0

dx2 . . . dxn.
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Thus, by (33)

∫ s

0

µm(x) dx =
∞∑

n=m+1

(−1)n−m−1

(n− 1)!

(
n− 2

m− 1

)

×
∫

[0,s]n−1

det
n×n

S(xj − xk)
∣∣
x1=0

dx2 . . . dxn.

In particular, for the nearest neighbor spacing, we have

µ1(s) =
d

ds

∞∑
n=2

(−1)n

(n− 1)!

∫

[0,s]n−1

det
n×n

S(xj − xk)
∣∣
x1=0

dx2 . . . dxn.

Now, for any symmetric, even, translation invariant function g,

d

ds

∫

[0,s]m
g(x1, . . . , xm)dx1 . . . dxm = m

∫

[0,s]m−1

g(s, x2, . . . , xm)dx2 . . . dxm.

Therefore,

µ1(s) =
d2

ds2

∞∑
n=2

(−1)n

n!

∫

[0,s]n
det
n×n

S(xj − xk) dx1dx2 . . . dxn

=
d2

ds2

∞∑
n=0

(−1)n

n!

∫

[0,s]n
det
n×n

S(xj − xk) dx1dx2 . . . dxn.

Also, temporarily letting

F (z) =
∞∑

n=0

zn

n!

∫

[0,s]n
det
n×n

S(xj − xk) dx1dx2 . . . dxn,

we have

µm(s) =
d2

ds2

dm−1

dzm−1

(
F (z)− 1− z

∫ s

0
det1×1 S dθ

z2

)∣∣∣∣
z=−1

=
d2

ds2

dm−1

dzm−1

F (z)

z2

∣∣∣∣
z=−1

. (35)

In the next few sections we will work toward relating the right side of this
formula to another simple function.
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9.2 Gram’s identity

An identity of Gram is helpful for our further considerations.

Lemma 5 (Gram’s Identity) For an interval J and integrable functions
φj and ψj,

det
N×N

(I+z

∫

J

φj(x)ψk(x) dx) =
N∑

n=0

zn

n!

∫

Jn

(
det
n×n

N∑

h=1

φh(xj)ψh(xk)
)

dx1 . . . dxn.

(36)

Proof . The left-hand-side of (36) is

det
N×N

(I + z

∫

J

φj(x)ψk(x) dx)

=
∑
σ∈πN

sgn(σ)
N∏

j=1

(
δj,σj + z

∫

J

φj(x)ψσj(x) dx
)

=
∑
σ∈πN

sgn(σ)
∑
A⊂N

∏

j /∈U

δj,σj

∏
j∈U

z

∫

J

φj(x)ψσj(x) dx

=
∑
A⊂N

z|A|
∑
σ∈πA

sgn(σ)
∏
j∈A

∫

J

φj(x)ψσj(x) dx

=
N∑

n=0

zn
∑
A⊂N
|A|=n

det
A

∫

J

φj(x)ψk(x) dx
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and the right-hand-side is

=
N∑

n=0

zn

n!

∫

Jn

∑
σ∈πn

sgn(σ)
n∏

j=1

N∑

h=1

φh(xj)ψh(xσj) dx1 . . . dxN

=
N∑

n=0

zn

n!

∫

Jn

∑
σ∈πn

sgn(σ)
∑

λ:[1,n]→[1,N ]

n∏
j=1

φλj(xj)ψλj(xσj) dx1 . . . dxN

=
N∑

n=0

zn

n!

∑
σ∈πn

sgn(σ)
∑

λ:[1,n]→[1,N ]

n∏
j=1

∫

J

φλj(x)ψλσ−1j(x) dx

=
N∑

n=0

zn

n!

∑

λ:[1,n]→[1,N ]

∑
σ∈πn

sgn(σ)
n∏

j=1

∫

J

φλj(x)ψλσ−1j(x) dx

=
N∑

n=0

zn

n!

∑

λ:[1,n]→[1,N ]

det
( ∫

J

φλj(x)ψλk(x) dx
)
.

If λ is not one-to-one, then the inner determinant is 0. If λ is one-to-one, call
the image A. Each such set A appears n! times and we get the left-hand-side.

Remark. This proof is reminiscent of the proof that that the determinant
of a product is the product of the determinants. Thus,

det
N×N

(AB) = det(ajh)(bhk) = det(
N∑

h=1

ajhbhk)

=
∑
σ∈πN

sgn(σ)
N∏

j=1

N∑

h=1

ajhbh,σj

=
∑
σ∈πN

sgn(σ)
∑

λ:[1,N ]→[1,N ]

N∏
j=1

aj,λjbλj,σj

where the sum over λ is over all of the NN functions from [1, N ] to itself.
Now, we claim that for each fixed λ the sum

∑
σ∈πN

sgn(σ)
N∏

j=1

aj,λjbλj,σj
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is 0 unless λ is actually a permutation. For suppose that λu = λv for some
u 6= v ∈ [1, N ]. Then, for each σ let σ′ be the permutation defined by σ′j = σj
if j 6= u, v whereas

σ′j =

{
σu if j = v

σv if j = u
.

In this way πN splits up into pairs (σ, σ′) of permutations. Note that sgn(σ) =
−sgn(σ′). Then

N∏
j=1

aj,λjbλj,σj = au,λubλu,σuav,λvbλv,σv

∏

j 6=u,v

aj,λjbλj,σj

= au,λubλv,σ′vav,λvbλu,σ′u

∏

j 6=u,v

aj,λjbλj,σ′j

.

Thus, the contribution from σ cancels that from σ′ in the case that λu = λv.
Therefore,

det(AB) =
∑

σ,τ∈πN

sgn(σ)
N∏

j=1

aj,τjbτj,σj

=
∑

σ,τ∈πN

sgn(σ)
N∏

j=1

aj,τj

N∏

k=1

bτk,σk

=
σ→στ

∑
σ,τ∈πN

sgn(στ)
N∏

j=1

aj,τj

N∏

k=1

bτk,στk

=
k→τ−1k

∑
σ,τ∈πN

sgn(σ)sgn(τ)
N∏

j=1

aj,τj

N∏

k=1

bk,σk

= det A det B.

9.3 Intervals with precisely n eigenvalues

Let EG(N)(n, J) be the measure of the set of matrices A ∈ G(N) which have
precisely n eigenvalues in the interval J . Here G(N) can be U(N), SO(2N),
SO(2N + 1), or USp(2N); we denote the Haar measure by dX. Then we
have a series of identities related to EG(N)(n, J) which will provide a basis
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for obtaining tractable expressions for our functions µm, and later for νj (to
be introduced in the near future). Let χJ be the characteristic function of
the interval J . First of all,

N∑
n=0

(1 + z)nEG(N)(n, J) =

∫

G(N)

N∏
j=1

(1 + zχJ(θj))dX (37)

since for any X ∈ G(N) which has precisely n eigenvalues in J , the integrand
is (1 + z)n. Expanding out the product on the right side gives

∫

G(N)

N∏
j=1

(1 + zχJ(θj))dX =
N∑

n=0

zn

(
N

n

) ∫

G(N)

n∏
j=1

χJ(θj)dX. (38)

Next by Gaudin’s Lemma, (24)

(
N

n

) ∫

G(N)

n∏
j=1

χJ(θj)dX =
zn

n!

∫

Jn

det
n×n

KG(N)(θj, θk) dθ1 . . . dθn

where KG(N)(x, y) is the appropriate kernel for the group G(N). Thus,

N∑
n=0

zn

(
N

n

) ∫

G(N)

n∏
j=1

χJ(θj)dX =
N∑

n=0

zn

n!

∫

Jn

det
n×n

KG(N)(θj, θk) dθ1 . . . dθn.

(39)
Now, for each G(N) we can express

KG(N)(x, y) =
N∑

h=1

φh,G(x)ψh,G(y) (40)

for appropriate φ and ψ. Therefore, by Gram’s identity

N∑
n=0

zn

n!

∫

Jn

det
n×n

KG(N)(θj, θk) dθ1 . . . dθn (41)

= det
N×N

(
I + z

∫

J

φj,G(θ)ψk,G(θ) dθ

)
.

Let MJ,G(N) denote the N ×N matrix with entries

mj,k =

∫

J

φj,G(θ)ψk,G(θ) dθ. (42)
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Then

det
N×N

(
I + z

∫

J

φj,G(θ)ψk,G(θ) dθ

)
=

N∏
j=1

(
1 + zλj,G(N)(J)

)
(43)

where the λj,G(N)(J) are the eigenvalues of MJ,G(N).

We claim that if the kernel is symmetric (i.e. KG(N)(x, y) = KG(N)(y, x)),
then the eigenvalues of MJ,G(N) are also the eigenvalues of the integral oper-
ator KJ,G(N) defined by

(KJ,G(N)f)(θ) =

∫

J

KG(N)(θ, µ)f(µ) dµ (44)

acting on the N -dimensional space generated by {ψj(x) : 1 ≤ j ≤ N}.
Proof. Suppose that λ is an eigenvalue of MJ,G(N) corresponding to an

eigenvector ~v = (b1, . . . , bN)′ where the prime indicates transpose. Then, for
each j,

λbj =
N∑

k=1

mjkbk =
N∑

k=1

bk

∫

J

φj(θ)ψk(θ) dθ

for each j. Multiplying both sides by ψj(µ) and summing over j, we obtain

λ

N∑
j=1

bjψj(µ) =

∫

J

( N∑
j=1

φj(θ)ψj(µ)
)( N∑

k=1

bkψk(θ)
)

dθ

=

∫

J

KG(N)(θ, µ)
( N∑

k=0

bkψk(θ)
)

dθ

=

∫

J

KG(N)(µ, θ)
( N∑

k=1

bkψk(θ)
)

dθ = KJ,G(N)

N∑

k=1

bkψk(µ)

so that λ is an eigenvalue of KJ,G(N) corresponding to the eigenfunction

f(µ) =
∑N

k=1 bkψk(µ).

Recapitulating, we have found that

N∑
n=0

(1 + z)nEG(N)(n, J) =
N∑

n=0

zn

n!

∫

Jn

det
n×n

KG(N)(θj, θk) dθ1 . . . dθn

=
N∏

j=1

(
1 + zλj,G(N)(J)

)
(45)
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where the λj,G(N)(J) are the eigenvalues of the integral operator KJ,G(N)

defined by

(KJ,G(N)f)(θ) =

∫

J

KG(N)(θ, µ)f(µ) dµ.

It can be shown that this equation scales appropriately for each G so that
the large N limit can be taken. This results in (with an obvious notation
EG)

∞∑
n=0

(1 + z)nEG(n, J) =
∞∑

n=0

zn

n!

∫

Jn

det
n×n

KG(θj, θk) dθ1 . . . dθn (46)

=
∞∏

j=1

(
1 + zλj,G(J)

)

where the λj,G(J) are the eigenvalues of the integral operator KJ,G defined
by

(KJ,Gf)(θ) =

∫

J

KG(θ, µ)f(µ) dµ.

The function F (z) of (35) is equal to each of the above with G=U. Thus,
we find for µm(s) that

µm(s) =
d2

ds2

dm−1

dzm−1

(
z−2

∞∏
j=1

(1 + zλj,U([0, s]))

)∣∣∣∣
z=−1

. (47)

9.4 jth lowest eigenvalue

Let
νG(N)(j, s)

be the density function for the jth lowest eigenvalue so that

meas{A ∈ G(N) : the jth eigenvalue θj is smaller than s} (48)

=

∫ s

0

νG(N)(j, x) dx.
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Then the set of A ∈ G(N) with θj > s is the disjoint union of the set of A
with exactly n eigenangles in [0, s] for n = 0, 1, . . . , j − 1. Thus,

∫ ∞

s

νG(N)(j, x)dx =

j−1∑
n=0

EG(N)(n, [0, s]).

Therefore, by (45), we have

νG(N)(j, s) = − d

ds

j−1∑
n=0

dn

dzn

N∏
n=1

(1 + zλG(N),n([0, s]))
∣∣
z=−1

. (49)

In the large N limit, this becomes

νG(j, s) = − d

ds

j−1∑
n=0

dn

dzn

∞∏
n=1

(1 + zλG,n([0, s]))
∣∣
z=−1

. (50)

For example,

νG(1, s) = − d

ds

∞∏
n=1

(1− λG,n([0, s]). (51)

9.5 Relations between the eigenvalues

In this section, we develop a relationship between the eigenvalues λU and the
eigenvalues λO and λS. (42). In the case that J = [−s, s], note that if ψ(θ)
is an eigenfunction of M[−s,s],U(N) with eigenvalue λ then ψ(−θ) is also an
eigenfunction with eigenvalue λ, since

λψ(θ) =

∫ s

−s

SN(θ − µ)ψ(µ) dµ

implies that

λψ(−θ) =

∫ s

−s

SN(−θ − µ)ψ(µ) dµ

=

∫ s

−s

SN(θ + µ)ψ(µ) dµ

=

∫ s

−s

SN(θ − µ)ψ(−µ) dµ.
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Therefore, if ψ(θ) + ψ(−θ) 6= 0, then it is also an eigenfunction with eigen-
value λ. A similar comment holds for ψ(θ) − ψ(−θ). Consequently, each
eigenfunction can be taken to be even or odd. The even eigenfunctions are
also eigenfunctions of the integral equation with kernel

SN(µ− θ) + SN(µ + θ)

2

and the odd eigenfunctions are also eigenfunctions of the integral equation
with kernel

SN(µ− θ)− SN(µ + θ)

2
.

In general, if a matrix b is a “checkerboard” matrix, then the determinant
of b factors. Specifically, if bj,k = 0 whenever i + j is odd, then

det
N×N

(bj,k) = det
[(N+1)/2]

(b2i−1,2j−1) det
[N/2]×[N/2]

(b2i,2j)

where [x] is the greatest integer less than or equal to x.

We have such a factorization for det(I−M[−s,s],U(N)). Using the fact that
∑

h

(δjh − cos(jθ) cos(hθ))(δhk − sin(hθ) sin(kθ)) = δjk − cos(k − j)θ

we deduce from (42) (see also Mehta (10.2.6)) that

det(I −M[−s,s],U(N)) = det(I −M[−s,s],SO(2N)) det(I −M[−s,s],USp(2N)).

This gives a factorization

2N∏
n=1

(1− λn,U(2N)(s)) =
N∏

n=1

(1− λn,SO(2N)(s))(1− λn,USp(2N)(s)) (52)

into even and odd eigenvalues. In particular, in the limit we have

∞∏
n=1

(1− λn,U(s)) =
∞∏

n=1

(1− λn,Sp(s))(1− λn,SO,even(s)). (53)

Alternatively, we have

∞∏
n=1

(1− λn,Sp(s)) =
∞∏

n=1

(1− λ2n,U(s)) (54)
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and

∞∏
n=1

(1− λn,SO,even(s)) =
∞∏

n=1

(1− λ2n−1,U(s)) (55)

provided that the λn,U(s) are indexed so that an even index n corresponds to
an even eigenfunction and an odd index n is for an odd eigenfunction of the
integral operator (44) with kernel KU(x, y) = S(x− y). These formulae can
be used to give expressions for νG(j, s) in terms of the eigenvalues λn,U(s).

10 Conclusion

These notes have introduced four of the basic eigenvalue statistics for the
groups of particular interest to number theorists and have shown the prelim-
inary steps needed to make these statistics somewhat tractable. There are
many directions to go after this basic introduction. Topics such as Painlevé
equations, Toeplitz operators, the Szego limit theorems, and averages of char-
acteristic polynomials are among the many developments that are essential
for a more full introduction to random matrix theory. Many of these are
covered elsewhere in this volume.
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