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Problem Set 9

Suppose V and W are vector spaces. A linear map T : V. — W is called left-invertible iff there exists a
linear map L : W — V such that L oT = Iy, and is called right-invertible if and only if there exists a
linear map R : W — V such that T o R = Iyy. (Here Iy denotes the identity map on V', ie. Iy (¥) = ¢
for all ¥ € V.) Prove that a linear map T : V — W is invertible (according to our definition from class)
if and only if T is both left- and right-invertible.

If V is isomorphic to W, we write V ~ W. Prove that ~ is an equivalence relation.

Find an example of a finite-dimensional vector space V and a subset W C V such that W is a vector
space, but is not a subspace of V.

Given V is a finite-dimensional vector space.
(a) Suppose W is a subspace of V. Prove that W =V iff dim W = dim V. [Hint: Use problem 8.1]
(b) Suppose T': V' — V is a linear map. Prove that T is an isomorphism if and only if ker T' = {6}



