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(1) Suppose f and g are injective functions satisfying the following:

x| 1] 2 ]3[4
F@ 2] 3 |14
fi(xz) | -1|—-10| 4
ff(x)| -2 3 | 6
glz) | 3] 2 | 4|1
g(z) | 0 -1
g'"(x) | -4 8 | 0O

(a) (5 points) Determine (g o f)~!(2). (You must show your work to receive credit.)

First observe that (go f)™' = f~tog™!,s0(go f)7'(2) = f! (g_1(2)). Since
g is injective and ¢(2) = 2, we see that g~'(2) = 2. Because f is injective and
f(1) =2, wehave f1(2) = 1. It follows that f*1<g*1(2)> =f12)=1.

(b) (5 points) If % <@)

credit.)

= 10, what is ¢’(2)? (You must show your work to receive

=2

We have

d (g2)) _ g@)z—glx)
dr \ =z ’
Plugging in = = 2 yields

29'(2) —9(2) _ 29'(2) -2

4 4

whence ¢'(2) = 21.

(c) (10 points) Prove that f o g has a local maximum at 1. (You must show your work to
receive credit.)

We will accomplish this by showing that (f o ¢)'(1) = 0 and (f o g)"(1) < 0.
By chain rule, we have

(fo9)'(@) = F'(9(a))g'(a). )
Plugging in a = 1 gives (f o ¢)'(1) = f'(3)¢’(1) = 0 as claimed.

It now remains only to show that the second derivative is negative at 1. Dif-
ferentiating (*) by chain rule and product rule, we find

(fo9)'(@) = f"(9(@))g'(@)? + f'(9(a)) 9" ()

It follows that (f o ¢)"(1) = f"(3)¢'(1)* + f'(3)¢"(1) = —16. Since this is
negative, we conclude that f o g has a local maximum at 1.

continued on page 3
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(2) (15 points) Suppose f and g are functions defined on all of R, and suppose there is a num-
ber a € R such that f(a) = 0, f is differentiable at a, and g is continuous at a. Prove that
(f-9)(a) = (f"-g)(a). [Warning: g might not be differentiable at a, so the product rule does not

apply!]
By definition of derivative, we have

(F o)) — tim L0 Moa - h) — (@)oo

h—0 h
= }1}1{)1(1) flat h)hg(a + ) since f(a) =0
= (2 - (imata + )
- <}1ng}) flat h})L — f(a)> - g(a) since g is continuous at a
= ['(a)g(a)
= (" 9)(a).

continued on page 5
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(3) (15 points) Suppose f is a function which is differentiable at a, and set g(z) = f(z)?. With-
out using the chain rule or product rule, prove that ¢'(a) = 2f(a) f'(a).

By definition of the derivative, we have
gla+h)—gla)

g'(a) = lim h
o fat P = fay
h—0 h
 (fa+n) = f@) (Fla+n) + f(@))
= lim
h—0 h
= 1@ Jimy o+ )+ iy (o))
= f'(a) - 2f(a) since f is differentiable at a, and hence is continuous there
=2f(a)f'(a).

continued on page 6
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(4) (15 points) Suppose f is defined and differentiable for all = > 0, and li_)m f'(z) = 0. Set
g(x) = f(z+ 1) — f(z). Prove that lim g(z) = 0.

By the Mean Value Theorem, for all = > 0 there exists ¢, € (z,z + 1) such that

oy St = flx)
Given ¢ > 0, we know there exists z, such that |f'(z)| < € for every = > zy. It
follows that |f'(c,)| < € for all x > =z, since ¢, > x for all z (and is therefore
also larger than z;). Combining this with equation (}) shows that |g(z)| < € for all
x > xo. Thus, we have proved that lim g(z) = 0 as claimed.

continued on page 7
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(5) (15 points) Suppose f : R — R satisfies |f(z) — f(y)| < |z — y|? for all z,y € R. Prove that f
is constant.

For any a € R and any % # 0, our hypothesis implies

. ‘f(a+h) @]
h
It follows from the squeeze theorem that
i [Tt = @] _
h—0 h
which in turn implies that
i flet ) = fla) _ o

h—0 h

We thus conclude that for any « € R, f is differentiable at @ and f’(a) = 0. There-
fore, f is constant.

continued on page 8
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(6) Let f(z) = 22 + sin .
(a) (7 points) Prove that f has no local maxima or minima in the interval (3, c0).

For any = > 1/2, we have
—2x < —1<cosz.

In particular, f'(z) = 2z +cosz > 0 for all = > 1/2. It follows that f'(a) # 0 at
any a > 1/2,so f cannot have a local maximum or minimum at any a > 1/2.

(b) (8 points) How many local maxima does f have on all of R? How many local minima
does it have? Justify your answers. [Hint: consider f”.]

From part (a), we know f’(z) = 2z+cos z. Since f’ is continuous everywhere
and f'(—1) < 0 < f(1), the Intermediate Value Theorem implies that f’ has
at least one root in the interval (—1,1).

On the other hand, consider f”(x) = 2 — sinz. Since sinz < 1 for all z, we
see that f”(x) > 0 for all z. This implies that f/(x) is always increasing, and
can therefore have at most one root. Combining this with the conclusion of
the previous paragraph, we see that f’ has precisely one root, and that this
root occurs somewhere in the interval (—1, 1). Call this unique root, a (i.e. a
is the only input such that f'(a) = 0).

Since f”(a) > 0, we see that f has a local minimum at a. There can be no
other local minima or maxima, since f'(z) # 0 whenever = # a. We conclude
that f has precisely one local minimum, and no local maxima. (Incidentally,
this also shows that f has a minimum at a, not just a local minimum.)

continued on page 9
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