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Problem Set 5

5.1 Determine whether each of the following is an equivalence relation on G, the set of all plane isometries. If
it is, prove it. If not, show (by example) all the necessary properties it fails to satisfy.

(a) (Quentin) f ≈ g iff there exist nonzero integers m and n such that fm = gn.

(b) (Jay) f ≈ g iff there exists k ∈ R2 such that f = Tkg.

(c) (Eric) f ≈ g iff f and g fix the same number of points in R2.

Recall that in class we defined an equivalence relation by f ∼ g iff there exists φ ∈ G such that φ−1fφ = g.

5.2 Let ∼ denote the equivalence relation define above.

(a) Suppose f, g ∈ G are both rotations by the same angle α, but around different points. Prove that f ∼ g.

(b) Suppose f, g ∈ G are both reflections, but across different lines. Prove that f ∼ g.

(c) Prove that if f ∼ g, then f2 ∼ g2.

(d) Suppose Rα ∼ Rβ for some α, β ∈ (−π, π]. Prove that α = ±β.

5.3 Let ∼ denote the equivalence relation define above. Does it distinguish between translations and rotations?
In other words, does there exist a nontrivial translation f and a nontrivial rotation g such that f ∼ g? Either
give an example of such isometries (with proofs!), or else prove that no such isometries exist.

5.4 (Challenge question!) Does there exist an equivalence relation on G such that any two nontrivial rotations
are equivalent and any two nontrivial translations are equivalent, but no nontrivial rotation is equivalent to a
nontrivial translation?
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