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Problem Set 2

2.1 Prove that n? — 1 is prime for exactly one value of n.

2.2 In lecture we discussed Euclid’s proof that there are infinitely many primes. The purpose of this problem
is to give a different proof, which was apparently discovered only a few years ago by F. Saidak.

(a) Let n > 1 be an integer. Show that n and n + 1 are relatively prime (i.e. have no common factor larger
than 1).
(b) Show that n(n + 1) + 1 is relatively prime to both n and n + 1.

¢) Construct a number which is relatively prime to n, n 4+ 1, and n(n + 1) + 1.

(
(d) Use the above to prove that there are infinitely many prime numbers.

)
)
)
(e) Recall that from the Euclidean proof we were able to deduce that 7(z) > loglogz. What’s the best lower
bound you can deduce from Saidak’s proof?

2.3 In this problem, you will prove the infinitude of primes in yet another way. Consider the sets
Ay ={1+k(n!):1<k<n},

where the parameter k is assumed to be an integer.

(a) Show that any two elements of A,, are relatively prime.
(b) Use this to give another proof that there are infinitely many primes.

(¢) What’s the best lower bound on 7 (x) you can derive from this proof?

k
2.4 Fix k > 1. Prove that (lcygTz) — 0 as x — co. [Hint: there is a very short proof!|

"t T (Recall that f(x) ~ g(z) means lim f@) =1.)

2.5 Prove that —~
5 logt logx z—00 g(z)

2.6 In this exercise, we fill in some gaps from proofs given in class.

(a) Prove that logz/log2+1 < 2logx for all sufficiently large . What does ‘sufficiently large’ mean? Be as
specific as possible (i.e. give a value z( such that for all 2 > z, the inquality above holds; this requires
proof!).

(b) Prove that logz/log3+1 < logx for all z large enough. What does ‘sufficiently large’ mean? As above,
be as specific as possible.

(¢) Prove that for all sufficiently large n,

(1+log2)n < 2n
logZ  ~ logn’

What does sufficiently large mean? As above, be as specific as possible.



(d) Prove that for all sufficiently large n,

2n log 2 log 2 2n

log(2n + 1) = 2 log2n

What does sufficiently large mean? As above, be as specific as possible.

1
2.7 Let I, = / 2" (1 — )" dz, as in our proof of Chebyshev’s lower bound. Prove that 0 < I,, < f for all
0

n € N.



