MATH 105: EXTRA CREDIT: SLOPES OF PERPENDICULAR LINES

INSTRUCTOR: STEVEN MILLER (SIM1@WILLIAMS.EDU)

Provethat the product of the slopes of two perpendicular linesin the planethat arenot paral-
lel to the coordinate axesis-1. What isthe generalization of thisto linesin three-dimensional
space? What isthe analogue of the product of the slopes of the line equaling -1?

Let’s first consider the case when the two lines intersedhatorigin, (0,0). We need to find
a second point on each line. Without loss of generality, wghtnas well take our second points
to be one unit from the origin. Thus we can write the pointgaas 6, sin ¢) for the first line and
(cos ¢, sin ¢) for the second, wherand¢ denote the angle of our line with the positiveaxis. As
the two lines are perpendicular,= 0 + 7 /2.
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Thus the first line goes throudlf, 0) and (cos 6, sin#). The slope is thereforgin 6/ cosf =
tand. The second line goes throudh, 0) and (cos(f + 7/2),sin(6 + 7/2)), and the slope is
therefore

sin(0 +7/2) sin 0 cos § + cos fsin _cosf 1
cos(§ +7/2)  cosfcosZ —sinfsinZ  —sinf  tanf’

Thus the product of the slopes is

tanf
as claimed. We leave it to the reader to handle the more deresa (i.e., when the two lines do

not intersect at the origin — you should be able to argue tlmatimg the intersection to the origin
does not change the slopes).

tané -

How is this related to the three-dimensional generalin&idwo lines are perpendicular if the
angle between them is 90 degreesr@? radians. This means the dot product of their directions
vanish. Again, let's assume the two lines intersect at tigirgrwhich is now(0, 0, 0) and that the
first line is in the directiony and the second in the directiad. Then@ - @ = 0, or v,w; +
VW9 + V3W3 = 0.

How is this related to the product of the slope of two perpemldr lines in the plane being -17?
Recall that we may regard a line with slopein the plane to have direction vector, m). We
saw this by arguing as follows: for every step of 1 unit we takdhe x-direction, we moven unit
steps in they-direction. Thus, in the plane our two lines have directiectors(1,m) and(1,n),
say. As they are perpendicular, the dot product of the twection vectors vanish, and hence
1-14+m-n=0,0rmn = —1, which means the product of the slopes is -1!

| like this problem for several reasons. The first is that ghtights the different ways we have
of looking at lines. The second is that it suggests that wet toeigery careful whenever we have
certain combinations, such as — oo, 0 - 0o or co/oo. For example, what i8 - co? It depends
on the problem. If we look dim,_,,z - 1 we get 1, whilelim,_, z—5 is co andlim,_,q x% is 0.
Note that the limit of a product is the product of the limitdyowhen both limits are finite. We may
interpret our slope problem as saying that, in this casex is -1. The reason is that the product
of the slopes of two perpendicular lines not aligned with ¢berdinate axes is O; in the limit as
the two lines approach the coordinate axes, since the praglatways -1 it is not unreasonable to
define it to be -1 in the limit as well; however, the slope of thaxis is 0 and the slope of theaxis
is infinity.



