MATH 105 SOLUTION KEYS

MURAT KOLOGLU

HOMEWORK 12
Section 2.6.

Exercise (23). The electrostatic potential V' due to two infinite parallel fil-
aments with linear charge densities A\ and —\ is V. = (\/2meg)In(ry/11),
where 1} = (x—x0)*+y? and r3 = (v+x0)? +y> We think of the filaments

as being in the z direction, passing through the xy plane at (—x¢,0) and
(20,0). Find VV (x,y).

Solution: The gradient of the function is given by VV' (z,y) = (0V/0x, 0V /0y).
Differentiating with respect to x we have

8_V_ A 1 8(7"2/7“1)
Or  2megry/ry  Ox

Using the quotient rule to differentiate the last term we get
oV X 1 (0ry/0x)ry — 1ry(0r1/0x)

O 2meg T (r1)?
A (Ore/0x)ry — ray(0ry/0x)
27T€0 r17ro

N ((9r)0x)  (9ri)0x)
( )

2meg T 1

Now, 1y = £+/(x — 29)% + y2 and ro = £/ (x + 20)? + y2. Then (note
that by dividing the partials of r; and 7, by themselves, we get rid of the 4
signs):

(Ory/0x)  (x+ x0)

T2 (z + 20)? + y?
(0r1/0z) _ (x — x9)
Ll (. —x0)* +y?

Thus
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av A (( (x+m)  (z—wx) )

ox 2eg \ (v +20)? + 9> (z—x0)% + 2

A (a4 x0)(r1)? — (x — x0)(r2)?
( )

2me (r179)?

Similarly,

1% A ((87"2 /8y) (am/ay))

a_y 2meg 9 B T1

_ A ( y B Y )
2eo \ (v +20)? + 9> (v —x0)% + 2

- ey (o) o

27760 (T’l 9 ) 2

Combining these we have that

A 1
V pr—
V 271'60 (7”17'2)2

<($ + xO)(ﬁ)Q —(z - $0)(T2)2a y((ﬁ)2 - (7"2)2)> :

Chapter 2 Review Exercises.

Exercise (47). The ideal gas law PV = nRT involves a constant R, the
number n of moles of the gas, the volume V', the Kelvin temperature T', and
the pressure P.

(a) Show that each of n,P, T,V is a function of the remaining variables,
and determine explicitly the defining equations.
Solution: Since each of n,P, T,V are variables, one can rearrange the ideal
gas law as a function for any one of them. The explicit relations are:

PV

PV,T) = —~

(P = 2
nRT

Pn,V.T) = ——
(n7 ) ) V

PV

T(n,V,P) = %
(n, V. P) nR

RT

V(n, P,T) = —”P

(b) Calculate 0V/OT, 0T /0P, 0P/0V and show that their product equals
—1.
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Solution: Taking the required partials from the relations we found in (a):

av - nR
ar P
or Vv
P — nR
oP  —nRT
oV V2

The product of these three partials is then

oV oT oP nR V —nRT

OT OPOV ~ P nR V2
—nRT

PV

—PV )
= By since nRT = PV
= —1.

Section 3.1. In Exercises I to 6, compute the second partial derivatives
02 f0x?, 0*f/0x0y, O*f |OyOx, O f|Dy? for each of the following func-

tions. Verify Theroem I in each case.

Exercise (1). f(z,y) = 2xy/(x*+y*)?, on the region where (z,y) # (0,0).
Solution: Taking the first partials we have

of _ 2y(@® +y?)* — 2ay(2(2* + y*)(27))
ox (x2 +y?)4
_ 2y ((@® +y°) — 4a?)
(fl?2 + y2)3
2y (y*—32?)
(1'2 + y2)3 )
of _ 2ax(a’+y°)" — 2xy(2(2* + y°)(2y))
dy (2% +y?)*
_ 20((@® +y?) — 47
(I2 + y2)3
_ 2x(2® =3y
(x2 + y2>3 :

Taking the second partials;



of

Ox?

0*f

Oyox
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o (a0
oz (x%gy?)?;g_ L o
2y(—6x(93 +y°) ((12—1_?;2)2(3)( +42)2(2 ))
2y (—65133 —6(.7551542 _I__yg;f + 18z )

o (1202 1207
yxr ($2 i y2)4

2 (_6y(x2 +y°)? — (® = 3y*)(3) (a” + y2)2(2y))

(.1'2 + y2>6
o (6" = Gy® — 6ya? + 18y°
(x2 + y2)4

oy (1242 — 1207
yr (I’2 + y2)4
24zy(y — z)(z +y)
(x2 + y2)4

Y

oy \| (22 +92)3
(65 — 62) (2 +°)° — 2y(y” — 32°)(3)(2” + v*)*(2y)
(12 + y2)6
6yt — 621 — 12y* + 36222
(@2 +y2)*
—6y* — 62" + 3627y
(x2 + y2)4

—6(2* — 62%y° +y*)
@2 + y2)4

Y
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02 f ) <2m (22 — 3y2)>

0xdy or \ (22 +y?)3
_ (622 = 6y*)(2? + y°)° — 2z(2? — 3y*)(3)(2® + y*)*(22)
(22 + 12)
62t — 6y* — 122* + 363222
- (22 + y2)
—62* — 6y* + 36122
- (22 + y2)
_ —6(z* — 6z + o)
(22 + y2)
o*f
" Oyox

With the last two we can see that §°f/0xdy = 0?f/0yOx, and thus
Theorem 1 is verified for f.

Exercise (8). Find all the second partial derivatives of
(a) z = sin(z? — 3xy)
Solution: The first partial derivatives are

0
8_925 = cos(z® — 3zy) (22 — 3y)
g—; = cos(z® — 3xy)(—37)
Thus the second partial derivatives are
& = 2cos(x? — 3xy) — sin(z® — 3zy) (22 — 3y)?
Ox? 7
2
g—yi = —(3z)*sin(z® — 3xy),
2
0 = 9 (cos.(:zc2 — 3zy)(—3x))

0x0dy ox
= —sin(2® — 3zy)(2z — 3y)(—3z) — 3cos(z? — 3zy)
3x(2z — 3y) sin(z?® — 3xy) — 3cos(x® — 3wy).
By Theorem 1, 8%z /0x0y = 0*2/0ydz, thus we are done.
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Exercise (11). Use Theorem 1 to show that if f(x,y, z) is of class C?, then
03 f 3 f
0x0y0z B Oydz0x
Solution: By Theorem 1 we know that for any C? function u
0*u 0*u
0x 0y - Oyox
Since fis C3, 0 f /02 mustbe C?. Then we can write (letting u = 9f /0z;

0? g B 0? g
0xoy \ 0z )  Oyox \ 0z
We can rewrite this as
Pf 9 (&
0xOydz Oy \ 0x0z

But, again by Theorem 1, 8% f /0xdz = 0* f /0z0x. Substituting this into

the equation we get;
Bf B 2 0*f
0xdydz Oy \ 020z

>*f  0f

0xdydz  Oydz0x’

exactly the expression we wanted to show.




