HW #13
THREE SOLUTIONS GIVEN FOR EACH PROBLEM, USING
THE METHOD / NOTATION OF THE BOOK, USING THE
METHOD / NOTATION FROM CLASS, AND USING THE
‘FAST’ METHOD

Section 3.2 # 2,3 Determine the second-order Taylor formula for the given func-
tions about the given points (zg, yo).

2) f(x,y) ;

= W and Zo :0790 =0.
Following book’s method:
Note that g—g = 7(m2+_y22ﬂ1)2
of _ =2y
oy T (@P+y>+1)?
82fF _ 2(3z2—y-1)
ox2 (z2+y2+1)3
52f _ 2(3y*—=%-1)
dy? T (22+y7+1)%
2f 8yx
dxdy — (x2+y?+1)3
52 f 8y
dyoxr — (2?+y?+1)3
o — 2 2(3z2—y?2—1
So, J:(h)2 = f(h1,hs) = f(ffo,y0)+h1((mzwiﬁrl)z)+h2((zz+y22“ﬂrl)z )+%(h%(W)+
2(3y%—2?—1 x
h%(%) + 2h1h2((m25572+1)3)) + R2(0,h)
By substituting in and simplifying we get:
f(h) =17 —h3+ Rs(0,h)
Following method in class:
The second order Taylor expansion is given by
9% f 9% f
1 72(070) 920 (07 0) x
f(0,0) + (V£)(0,0) - (z,y) + 5 (2, 9) ( o8 i1 :
k) Y K f 6 f
2 350:(0,0)  5,2(0,0) Yy

We now evaluate the derivatives at the origin:
f(z,y) =1/(z* + y* + 1), so at the origin it is 1.
of —2¢ so at the origin it is 0.

bz — @y

% = %’ so at the origin it is 0.
227’; = %, so at the origin it is -2.
% = %, so at the origin it is -2.
561:25fy = Wf‘;%l)g, so at the origin it is 0.
56;5]; = @%, so at the origin it is 0.
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Thus the second order Taylor expansion is

1+(0,0)-(x,y)+;(x,y)< _02 32 ) ( Z; ) = 1+;(9L‘,y)( :Z ) = 1-a2—¢2

Following the fast method in class:

We know the geometric series expansion, which gives

= 14+r+r2+---.
1—r

If we take r = — (22 + 9?), then we have

1 1

2?2+y2+1 17

Expanding gives
1

s S G R

where we may ignore the next terms because they’re of degree 4 and higher.

3)f(z,y) =e*T¥ and 2 =0,y = 0

Note that
?Tf — ety
of

5y = et
ny

S°f _ Laty
oz — €

52f _ em+y
6y?

52 f — ety
dxdy

52f _ em—i—y
dydx

So, f(h) = f(h1,h2) = f(w0,y0)+h1(e"T)+ho(e"™)+ 5 (h3(e"T¥)+h3 (e )+
hiha(e®tY) + hohy(e"1Y)) + R2(0,h)
By substituting in and simplifying we get:

1
f(h)=1+hy +hy + i(hf + h3) + hihs + R2(0,h)

Following method in class:

The second order Taylor expansion is given by

2% f o f
£(0,0) + (V1)(0,0) () + 5 (z.1) ( AN e ) ( = ) |

m( ’ ) Oy? (O’O)
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We now evaluate the derivatives at the origin; a straightforward computation
shows that they are all equal to 1, which yields

1+(171).(x,y)+;(m y)( 1)(;)

1
1

= 1l+z+ +1(x Ty
Y 2 r+y

- 1+x+y+%(x(x+y)+y(w+y))

1
= 1+x+y+§(w2+2xy+y2)

2 2

z Y
= 1+x+y+7+my+?.

Following the fast method in class:

We have
22 y?
T __ - 7
e —1+x+2|+ e —l+y+2'+
Thus the fast method is to just multiply these together, and then only keep terms
of degree 0, 1 or 2 (ie, 1, x,y, 22, zy,y?, and not terms like 2%y). Thus

Tty = eTeY

2 2
= (1+x+2'+ )<1+y+2,+ )

22 Y
= 1+z+y+?+zy+?.



