QUIZ: Due Wednesday, May 05, 2010

Apologies for the multitude of === lines – I can’t override MSWord, and have too much to do now to try!

(1) Give an example of a series that converges and a series that diverges.  

SOLN: a_n = 1 / 2^n leads to a convergent series, b_n = 2^n leads to a divergent series.

(2) Compute the integral over the unit disk (x^2 + y^2 <= 1) of the function cos(x^2+y^2) any way you wish.

SOLN: In polar coordinates, we have

Int_{theta = 0 to 2pi} Int_{r = 0 to 1} cos(r^2) r dr dtheta

= Int_{theta = 0 to 2pi} [sin(r^2)/2|_0^1] dtheta

= Int_{theta = 0 to 2pi} sin(1)/2  dtheta

= pi sin(1).

Doing the integral in Mathematica in polar coordinates, we have (fixing x and doing the y-integral first):

Integrate[Cos[x^2+y^2], {y,-Sqrt[1-x^2],Sqrt[1-x^2]}]
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Doing both integrals gives:

Integrate[Integrate[Cos[x^2+y^2], {y,-Sqrt[1-x^2],Sqrt[1-x^2]}],{x,-1,1}]
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If you have Mathematica do the integral numerically, which is

NIntegrate[Integrate[Cos[x^2+y^2], {y,-Sqrt[1-x^2],Sqrt[1-x^2]}],{x,-1,1}]

Pi 1.0 Sin[1.]

you end up with 2.64356, which **IS** pi sin(1). 

The importance of this problem is that Mathematica, a **VERY** powerful package, CANNOT recognize how to do the Cartesian integration. This is why you need to know how to change variables to ‘help’ it.
Last Problem:

(3) If f(x,y) = (x^2 y, cos(xy), x-y) find (Df)(0,0).

SOLN: There was a typo, and I wrote cos(xz) by mistake. You can either add a third variable and make it f(x,y,z) or change z to y.

We have

(Df)(x,y) = (2 x y,

x^2
     )


      (-y sin(xy),

-x sin(xy) )


      (1,


-1             )

and so evaluating at (0,0) gives

(Df)(0,0) = (0,

0)


       (0,

0)


       (1,

-1).

