
Math 150: Multivariable Calculus: MWF 9-9:50am: Spring 2023: Williams College

Professor Steven Miller (sjm1 AT williams.edu), Wachenheim 339

My Homepage:
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Course Homepage:
https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/

Slides:
https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/Math150Sp23LectureNotes.pdf

https://web.williams.edu/Mathematics/sjmiller/public_html/
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Lecture 1 Video: https://youtu.be/tEkxqje0_A8

https://youtu.be/tEkxqje0_A8






Plan for the day: Lecture 1: February 3, 2023: 

• Discuss motivation of calculus

• Motivate integration: passing to the limit of a sum

• Dangers of extrapolating and what happens when 
you ass|u|me.

• Review Calc I and II.
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6https://spaceplace.nasa.gov/other-solar-systems/en/

Newton’s Law of Gravity

https://spaceplace.nasa.gov/other-solar-systems/en/
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Symmetry Arguments: Without loss of generality….
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https://www.juliabloggers.com/computationally-visualizing-crystals/

https://www.juliabloggers.com/computationally-visualizing-crystals/
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Notice ranges:

x, y from 0 to range
z from –range to range.

Reason is the force is down.

The following four points have the 
same contribution:
• (x, y, z)
• (-x, y, z)
• (x, -y, z)
• (-x, -y, z)

Thus saves a factor of four if compute 
contribution of one of these and 
multiply by 4.

Note if x or y is zero would multiply 
by 2 (if both are zero multiply by 1).
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Comparing the gravitational force on an object at height h above the north pole of a 
unit sphere two ways: 

(1) all the mass is at the center,
(2) compute the force from points at (x/N, y/N, z/N) for x, y and z integers.

The left is the plot of both, the right is the difference between the two.
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http://hyperphysics.phy-astr.gsu.edu/hbase/Relativ/einvel.html

http://hyperphysics.phy-astr.gsu.edu/hbase/Relativ/einvel.html
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Plotting the difference between the Einstein correction and the classical prediction for adding two speeds.

We throw a projectile forward on a train (or rocket ship) traveling in the same direction at 10,000 mph. 

The x-axis is the speed of the thrown object, the y-axis is the difference between the relativistic correction and the classical
prediction. Note the order of the error for speeds up to 10,000 mph is on the same order as our integration approximation!

Note the Apollo 11’s fastest speed was about 25,000 miles per hour! Lightspeed is about 6.7 x 108 mph.





Math 150: Multivariable Calculus: Spring 2023: Lecture 02: 
Review of Calc I https://youtu.be/C73M7A-KN54

Plan for the day.

• Discuss how information is presented (theme of the class!).

• Discuss how one does calculations (another theme of the term!).

• Review Calculus I and II (if time permits).

Images from the National World War II Museum – New Orleans: 
https://www.nationalww2museum.org/

https://youtu.be/C73M7A-KN54
https://www.nationalww2museum.org/
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https://www.oracleofbacon.org/






Definition of the derivative: Standard, and what will generalize well….







Meaning of the derivative:









Math 150: Multivariable Calculus: Spring 2023: Lecture 03: 
Review of Calc I and II: https://youtu.be/ICj4EdLh4Ak

Plan for the day.

• Review Calculus I and II.

• Start discussing Calculus III (if time permits).

https://youtu.be/ICj4EdLh4Ak
























Math 150: Multivariable Calculus: Spring 2023: Lecture 04: 
Introduction to Sequences and Series: https://youtu.be/-FGp2M9tMO4

Plan for the day.

• Understanding finite and infinite sums.

• Conjecturing limiting values.

• Famous sequences.

https://youtu.be/-FGp2M9tMO4


1 =

1 + 3 =

1 + 3 + 5 = 

1 + 3 + 5 + 7 = 

1 + 3 + 5 + 7 + 9 = 

1 + 3 + 5 + 7 + 9 + 11 =

Do you notice a pattern? Can you make a conjecture?

Fun Sequences





Fun Sequences II

1 =

1 + 2 =

1 + 2 + 3 = 

1 + 2 + 3 + 4 = 

1 + 2 + 3 + 4 + 5 = 

1 + 2 + 3 + 4 + 5 + 6 =

Do you notice a pattern? Can you make a conjecture?



Our goal is to explore tilings.  

What is a tiling?

We have a collection of objects

and we want to place them down

to cover a space.

For example, imagine you want to

cover the floor and the floor is a

giant square, say 10 feet by 10

feet. What would be a good shape

to use to cover it? We want the

shape to be smaller that the floor,

and we want all the pieces to fit

together with no gaps. Answer: 1

foot by 1 foot squares!
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We just continue adding the smaller squares…..



Building on our success, as a fun problem see if you can tile larger and 

larger regions, with no gaps, with the following shapes.



Building on our success, as a fun problem see if you can tile larger and 

larger regions, with no gaps, with the following shapes.

Note each shape above has all sides of the same length. We saw we 

can do it with the square. What about the triangle? What about the 

pentagon?

GOOD LUCK!
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The I LOVE RECTANGLES Game

If we have an unlimited supply of 1 foot by 1 foot squares, we can 

cover larger and larger rectangles.

Let’s make it more interesting. Imagine now we have EXACTLY 

ONE of each size square. We have one 1 by 1 rectangle, one 2 by 2 

rectangle, one 3 by 3  rectangle, one 4 by 4 rectangle, and so on. 
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The I LOVE RECTANGLES Game

Let’s make it more interesting. Imagine now we have EXACTLY 

ONE of each size square. We have one 1 by 1 rectangle, one 2 by 2 

rectangle, one 3 by 3  rectangle, one 4 by 4 rectangle, and so on. 

Here’s the rule: we put these squares down ONE AT A TIME, and at 

EVERY MOMENT IN TIME our shape MUST be a rectangle. Can it 

be done? Note a square IS a rectangle.
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We have one 1 by 1 rectangle, one 2 by 2 rectangle, one 3 by 3  

rectangle, one 4 by 4 rectangle, and so on. 

Here’s the rule: we put these squares down ONE AT A TIME, and at 

EVERY MOMENT IN TIME our shape MUST be a rectangle. Can it 

be done? Note a square IS a rectangle.
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The I LOVE RECTANGLES Game

Imagine we put the 4 by 4 square down. That gives us a rectangle, 

so far so good. Can we put down anything else next to it and still 

have a rectangle?

We have placed a 

4 by 4 square. 

This is a 

rectangle!

These are the squares we have left. We have a 1 by 1, a 

2 by 2, a 3 by 3, a 5 by 5, a 6 by 6 (not drawn) and so on. 

Can we place anything next to the 4 by 4 and still have a 

rectangle?
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The I LOVE RECTANGLES Game

Imagine we put the 4 by 4 square down. That gives us a rectangle, 

so far so good. Can we put down anything else? Let’s try putting 

down the 3 by 3.

We have placed a 

4 by 4 square. 

This is a 

rectangle!

These are the squares we would have left if we try to use 

a 3 by 3. We would have a 1 by 1, a 2 by 2, a 5 by 5, a 6 

by 6 (not drawn) and so on. 

We see the 3 by 3 

will not fit next to 

the 4 by 4 and still 

give a rectangle!
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The I LOVE RECTANGLES Game

In fact, no matter WHAT square we put down first, we cannot put

any more down! If we put down a 5 by 5, to keep it a rectangle we

would need something that has a side of length 5, but we only have

ONE of each square!

We have to modify the game. We need to give at least ONE more

square. What is the smallest square we can give?
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The I LOVE RECTANGLES Game

In fact, no matter WHAT square we put down first, we cannot put

any more down! If we put down a 5 by 5, to keep it a rectangle we

would need something that has a side of length 5, but we only have

ONE of each square!

We have to modify the game. We need to give at least ONE more

square. What is the smallest square we can give? Answer: a 1 by 1

square! Can we do it now?
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The I LOVE RECTANGLES Game

OK, we want to put the squares down one at a time so that we

always have a rectangle. We cannot put a square on top of a

square. Which should we put down first? Which should we put down

second?
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The I LOVE RECTANGLES Game

OK, we want to put the squares down one at a time so that we

always have a rectangle. We cannot put a square on top of a

square. Which should we put down first? Which should we put down

second?

Makes sense to start with the two 1 by 1 squares, as they fit! Here is

placing the first 1 by 1 square. Now we have one 1 by 1, one 2 by 2,

one 3 by 3, and so on.
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The I LOVE RECTANGLES Game

OK, we want to put the squares down one at a time so that we

always have a rectangle. We cannot put a square on top of a

square. Which should we put down first? Which should we put down

second?

Makes sense to start with the two 1 by 1 squares, as they fit! Here is

placing the second 1 by 1 next to the first 1 by 1.
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The I LOVE RECTANGLES Game

We have placed the two 1 by 1 squares, we have a 2 by 2, a 3 by 3,

a 4 by 4, a 5 by 5 and so on. What should we place next to the two 1

by 1 squares so that we still have a rectangle? Note the two 1 by 1

squares have formed a 1 by 2 rectangle…..
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The I LOVE RECTANGLES Game

We had a 1 by 2 rectangle, so we need a square that has a side of

length 1 or a side of length 2. Looking at our squares, we see we

can use the 2 by 2 square!

Building on this success, what should we put down next? Note we

now have a rectangle that is 2 by 3….
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The I LOVE RECTANGLES Game

We had a 2 by 3 rectangle, so we need a square that has a side of

length 2 or a side of length 3. Looking at our squares, we see we

can use the 3 by 3 square!

Building on this success, what should we put down next? Note we

now have a 3 by 5 rectangle.
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The I LOVE RECTANGLES Game

We had a 2 by 3 rectangle, so we need a square that has a side of

length 2 or a side of length 3. Looking at our squares, we see we

can use the 3 by 3 square!

Building on this success, what should we put down next? Note we

now have a 3 by 5 rectangle. Hint: the 4 by 4 square does not fit!
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The I LOVE RECTANGLES Game

We had a 3 by 5 rectangle. Looking at our squares, we see we can

use the 5 by 5 square!

Building on this success, what should we put down next? Note we

now have a 5 by 8 rectangle. The 4 by 4 is too small, we still have a

6 by 6, …..
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The I LOVE RECTANGLES Game

We had a 5 by 8 rectangle. We need to add something with a side of

length 5 or 8. Thus we won’t use the 4 by 4, the 6 by 6 or the 7 by 7,

but we will use the 8 by 8……
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The I LOVE RECTANGLES Game

We write down the squares used in the order used:

1 by 1, 1 by 1, 2 by 2, 3 by 3, 5 by 5, 8 by 8, …..
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The I LOVE RECTANGLES Game

Let’s just write down the side lengths of the squares in the order

used:

1, 1, 2, 3, 5, 8, …. DO YOU NOTICE A PATTERN?
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The I LOVE RECTANGLES Game

Let’s just write down the side lengths of the squares in the order

used (we’ll add a few more terms to the sequence):

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, …. DO YOU

NOTICE A PATTERN?
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The I LOVE RECTANGLES Game

Let’s just write down the side lengths of the squares in the order

used:

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ….

We start 1, 1, and then after that each term is the sum of the

previous two terms! 2 = 1 + 1, 3 = 2 + 1, 5 = 3 + 2, 8 = 5 + 3, and

so on. Can you continue the pattern?
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The Fibonacci Sequence

The numbers

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ….

are called the Fibonacci numbers, and have many wondrous

properties. See for example

https://www.youtube.com/watch?v=me6Dnl2DOtM .

https://www.youtube.com/watch?v=me6Dnl2DOtM
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Advanced: you can calculate area two ways. It is length times width, which here is 

21 by 34. It is also the sum of the areas of each square, which is 12 + 12 + 22 + 32 + 

52 + 82 + 132 + 212. These are equal! You can thus prove the sum of the squares of 

the first n Fibonacci numbers is the nth Fibonacci number times the (n+1)st

Fibonacci number!

A D V A N C E D   T O P I C!



What is 
100

9801
?

What is 
10100

970299
?

What is 
100

9899
?



What is 
100

9801
?

What is 
10100

970299
?

What is 
100

9899
?

0.010409162536496482012

0.01010203050813213455904636



The Geometric 
Series Formula

72
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The Geometric Series Formula

The Geometric Series Formula is one of the most important in 
mathematics. It is one of the few sums we can evaluate exactly.

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

This is often proved by first computing the finite sum, up to rn, and 
taking a limit. Note since |r| < 1 that each term rn gets small fast…..
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The Geometric Series Converges if |r| < 1

1 + 𝑟 + 𝑟2 + 𝑟3 + 𝑟4 +⋯ = 
1

1−𝑟
.

Why does this converge? Take r = ½. We then have 1 + ½ + ¼ + …. = 
1

1 −
1

2

=

2, and we can view this as we start at 0, and each step covers half the 
distance to 2. We thus never reach it in finitely many steps, but we cover half 
the ground each time.  
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is 
one of the few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1

What should we do now?
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is 
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Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is one 
of the few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is one of the 
few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1

Subtract: Sn – r Sn = 1 – rn+1, 

So (1-r) Sn = 1 – rn+1,  or Sn =  
1 −𝑟𝑛+1

1−𝑟
.

If we let n go to infinity, we see rn+1 goes to 0, so we get the infinite sum is  
1

1−𝑟
. 
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We will prove the Geometric Series Formula just by studying this basketball game!
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Advanced Geometric Series Comments
Always carefully look at what you did, and be explicit on what you proved.

The geometric series formula is: 

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

We proved this when r = (1-p)(1-q), where p and q are the probabilities of
making a basket for Bird and Magic. What are the ranges for p and q? We have
what range of p and q?
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Advanced Geometric Series Comments
Always carefully look at what you did, and be explicit on what you proved.

The geometric series formula is: 

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

We proved this when r = (1-p)(1-q), where p and q are the probabilities of
making a basket for Bird and Magic. What are the ranges for p and q? We have
0 ≤ p, q ≤ 1 BUT we cannot have p=q=0, or the game never ends. Thus we only
proved the Geometric Series Formula for what range of r?
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Advanced Geometric Series Comments
Always carefully look at what you did, and be explicit on what you proved.

The geometric series formula is: 

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

We proved this when r = (1-p)(1-q), where p and q are the probabilities of
making a basket for Bird and Magic. What are the ranges for p and q? We have
0 ≤ p, q ≤ 1 BUT we cannot have p=q=0, or the game never ends. Thus we only
proved the Geometric Series Formula for 0 ≤ r < 1. Is there a way to deduce the
formula for |r| < 1 and r negative from what we have already done? (YES)
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New Sum: The Harmonic Series
The Harmonic Series {Hn} is defined as the sequence where

𝐻𝑛 =
1

1
+
1

2
+

1

3
+⋯+

1

𝑛
.

Thus the first few terms are 

• 1, 

• 1 + 1/2 = 3/2 = 1.5, 

• 1 + 1/2 + 1/3 = 11/6 or about 1.83, 

• 1 + 1/2 + 1/3 + 1/4 = 25/12 or about 2.08

• H100 =                                                or about 5.18

• H10000 is about 9.78

• H1000000 is about 14.3927; the terms are growing but VERY slowly…..
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The Harmonic Series Diverges!
The Harmonic Series {Hn} is the sequence where 𝐻𝑛 =

1

1
+

1

2
+

1

3
+⋯+

1

𝑛
.

Let H be the limit as n goes to infinity of Hn, thus it is the sum of the reciprocals of integers. 
We claim H = ∞, 𝑠𝑜 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

Proof: Assume H is finite, let Heven be the sum of the reciprocals of even numbers, Hodd the
sum of the odd terms.

𝐻𝑜𝑑𝑑 =
1

1
+

1

3
+

1

5
+

1

7
+⋯ 𝐻𝑒𝑣𝑒𝑛 =

1

2
+

1

4
+

1

6
+

1

8
+⋯

As 1/1 > 1/2, 1/3 > 1/4, what can you say about the size of Hodd versus the size of Heven?
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The Harmonic Series Diverges!
The Harmonic Series {Hn} is the sequence where 𝐻𝑛 =

1

1
+

1

2
+

1

3
+ …+

1

𝑛
.

Let H be the limit as n goes to infinity of Hn, thus it is the sum of the reciprocals of integers. We claim H = 
∞, 𝑠𝑜 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

Proof: Assume H is finite, let Heven be the sum of the reciprocals of even numbers, Hodd the sum of the odd
terms. As 1/1 > 1/2, 1/3 > 1/4, and so on we see the sum of the odd terms is larger than the sum of the
evens.

Thus H = Heven + Hodd > Heven + Heven = 2Heven.

Note however that Heven = 1/2 + 1/4 + 1/6 + 1/8 + … =
1

2
(1 + 1/2 + 1/3 + 1/4 +…) =

1

2
H.

Why is this true?
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The Harmonic Series Diverges!
The Harmonic Series {Hn} is the sequence where 𝐻𝑛 =

1

1
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1

2
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1

3
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1

𝑛
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Let H be the limit as n goes to infinity of Hn, thus it is the sum of the reciprocals of integers. We claim H = 
∞, 𝑠𝑜 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

Proof: Assume H is finite, let Heven be the sum of the reciprocals of even numbers, Hodd the sum of the odd
terms. As 1/1 > 1/2, 1/3 > 1/4, and so on we see the sum of the odd terms is larger than the sum of the
evens.

Thus H = Heven + Hodd > Heven + Heven = 2Heven.

Note however that Heven = 1/2 + 1/4 + 1/6 + 1/8 + … =
1

2
(1 + 1/2 + 1/3 + 1/4 +…) =

1

2
H.

So H > 2 Heven = 2 *
1

2
H = H; why is this a contradiction?
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The Harmonic Series Diverges!
The Harmonic Series {Hn} is the sequence where 𝐻𝑛 =

1

1
+

1

2
+

1

3
+ …+

1

𝑛
.

Let H be the limit as n goes to infinity of Hn, thus it is the sum of the reciprocals of integers. We claim H = 
∞, 𝑠𝑜 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑑𝑖𝑣𝑒𝑟𝑔𝑒𝑠

Proof: Assume H is finite, let Heven be the sum of the reciprocals of even numbers, Hodd the sum of the odd terms.
As 1/1 > 1/2, 1/3 > 1/4, and so on we see the sum of the odd terms is larger than the sum of the evens.

Thus H = Heven + Hodd > Heven + Heven = 2Heven.

Note however that Heven = 1/2 + 1/4 + 1/6 + 1/8 + … =
1

2
(1 + 1/2 + 1/3 + 1/4 +…) =

1

2
H.

So H > 2 Heven = 2 *
1

2
H = H; but H cannot be larger than H, contradiction, thus our assumption that H converges is

false!
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The Harmonic Series Diverges!
The Harmonic Series {Hn} is the sequence where 𝐻𝑛 =

1

1
+

1

2
+

1

3
+ …+

1

𝑛
.

The divergence of this sum is so important we give another proof.

1

1
+

1

2
+

1

3
+

1

4
+

1

5
+

1

6
+

1

7
+

1

8
+

1

9
+

1

10
+

1

11
+

1

12
+

1

13
+

1

14
+

1

15
+

1

16
+⋯

If we group terms together, we can get infinitely many sums that are more than 1/2, so it 
diverges.

What should we group with 1/3 to get terms that sum to more than 1/2?

107



The Harmonic Series Diverges!

The Harmonic Series {Hn} is the sequence where 𝐻𝑛 =
1

1
+

1

2
+

1

3
+ …+

1

𝑛
.

The divergence of this sum is so important we give another proof.

If we group terms together, we can get infinitely many sums that are more than 1/2, so 
it diverges.

Note 1/3 and 1/4 are each at least 1/4, so their sum is at least 2 * 1/2 = 1/2.

Note 1/5, …, 1/8 are each at least 1/8, so their sum is at least 4 * 1/8 = 1/2.

Note 1/9, …, 1/16 are each at least 1/16, so their sum is at least 8 * 1/16 = 1/2.
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Math 150: Multivariable Calculus: Spring 2023: 
Lecture 05: Sequences and Series: https://youtu.be/gtLVCKB32B8

Plan for the day.

• Understanding finite and infinite sums.

• Limit Laws.

• Convergence / Divergence Tests.

Note: all quoted text 
taken from the textbook 
for the class:

https://youtu.be/gtLVCKB32B8
































Math 150: Multivariable Calculus: Spring 2023: 
Lecture 06: Sequences and Series: https://youtu.be/kOIOjyHQtNc

Plan for the day.

• Absolute and Conditional Convergence.

• Alternating Series.

• Convergence / Divergence Tests.

Note: all quoted text 
taken from the textbook 
for the class:

https://youtu.be/kOIOjyHQtNc














Math 150: Multivariable Calculus: Spring 2023: 
Lecture 07: Taylor Series: https://youtu.be/pLqCQFS9KMM

Plan for the day.

• Taylor Series.

• Errors in Taylor Expansions.

• Famous Taylor Series and Applications.

Note: all quoted text 
taken from the textbook 
for the class:

https://youtu.be/pLqCQFS9KMM












https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/handouts/MVT_TaylorSeries.pdf

For a proof of a weaker error bound, using the MVT and the IVT (with proofs of each), see 

https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/handouts/MVT_TaylorSeries.pdf




https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/mathematicaprograms/ComparingTaylorSeries.nb

https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/mathematicaprograms/ComparingTaylorSeries.nb






























Math 150: Multivariable Calculus: Spring 2023: 
Lecture 08: Taylor Series II: https://youtu.be/KevnjvST4Kg

Plan for the day.

• Taylor Series Computations.

• Taylor Series and Trigonometric Identities.

• Multivariable Taylor Series.

Note: all quoted text 
taken from the textbook 
for the class:

https://youtu.be/KevnjvST4Kg


What is the Taylor Series of f(x) = cos(x) sin(x)?

















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 09: Introduction to Vectors: https://youtu.be/K0J6WHQwLQQ

Plan for the day.

• Definition of Vectors.

• Vector Algebra and Properties, unit vectors, i, j, k….

• Distance Formula.

• Equations of Lines.

Note: all quoted text 
taken from the textbook 
for the class:

https://youtu.be/K0J6WHQwLQQ






























Math 150: Multivariable Calculus: Spring 2023: 
Lecture 10: Vectors: https://youtu.be/0keO_ByxMEE

Plan for the day.

• Equations of Lines.

• Equations of Planes.

• Dot Product.

Note: all quoted text taken 
from the textbook 
for the class.

https://youtu.be/0keO_ByxMEE


























Math 150: Multivariable Calculus: Spring 2023: 
Lecture 11: Cross Product: https://youtu.be/KpJmKkFqJe0

Plan for the day.

• Cross Product.

• Coordinate Systems.

Note: all quoted text taken 
from the textbook 
for the class.

https://youtu.be/KpJmKkFqJe0


https://simple.wikipedia.org/wiki/Cross_product#:~:text=The%20cross%20product%20is%20a%20mathematical%20operation%20which,to%20both%20of%20the%20vectors%20which%20were%20%22crossed%22. 

https://simple.wikipedia.org/wiki/Cross_product#:~:text=The cross product is a mathematical operation which,to both of the vectors which were "crossed"


















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 12: Level Sets, Special Coordinates: https://youtu.be/6QEQIMQf7g8

Plan for the day.

• Level Sets

• Coordinate Systems.

Note: all quoted text taken 
from the textbook 
for the class.

https://youtu.be/6QEQIMQf7g8




















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 13: Mathematica: https://youtu.be/izUcZ0hwYeY

Plan for the day.
• Learning how to use Mathematica

Math 150: Multivariable Calculus: Spring 2023: 
Lecture 14: Method of Least Squares: https://youtu.be/I2Z47ypMtBI
Slides: https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/MethodOfLeastSquaresLecture.pdf

Notes: https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/MethodLeastSquares.pdf

Math 150: Multivariable Calculus: Spring 2023: 
Lecture 15: Chaos, Fractals, Newton’s Method: https://youtu.be/sRVXHXuMnJ4
Slides: https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CToShiningC_HampshireCollege2022.pdf

Math 150: Multivariable Calculus: Spring 2023:
Lecture 16: In class exam.
Lecture 17: Review

https://youtu.be/izUcZ0hwYeY
https://youtu.be/I2Z47ypMtBI
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/MethodOfLeastSquaresLecture.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/MethodLeastSquares.pdf
https://youtu.be/sRVXHXuMnJ4
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CToShiningC_HampshireCollege2022.pdf


Math 150: Multivariable Calculus: Spring 2023: 
Lecture 18: Introduction to Differentiation

Plan for the day.
• Review writing up problems well.
• Review derivative in one-dimension.
• Discuss partial derivatives.
• Discuss tangent plane / hyperplanes.
• Discuss big theorems on differentiability.





























https://youtu.be/ceTXDndMUfg

https://youtu.be/ceTXDndMUfg




















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 19: Level Sets, Limits, Partial Differentiation: https://youtu.be/CF1y6yZDvao

Plan for the day: 14.1 – 14.3
• Review Level Sets, Domain and Range
• Review Limits
• Review Partial Derivatives

Homework due at the start of class 20:

https://youtu.be/CF1y6yZDvao






Contour Example: f(x,y) = cos(x^2 + y^2)









Continuous if the limit equals the value of the function at the point.

Methods to find limits:

• Direct substitution.

• Polar transformation.











Math 150: Multivariable Calculus: Spring 2023: 
Lecture 20: Tangent Planes, Approximation, Directional Derivatives:  
https://youtu.be/sndIgR0iTxI

Plan for the day: 14.4 – 14.5
• Tangent Planes and Differentiability
• Approximation
• Directional Derivatives
Homework due at the start of class 22 (not 21 – class 21 is on applications):

https://youtu.be/sndIgR0iTxI






Let f(x,y) = sqrt(x^2 + 3y). Approximate f(4.1, 2.9).











Math 150: Multivariable Calculus: Spring 2023: 
Lecture 21: Application (Trafalgar), Review: https://youtu.be/gxCZOZZx9KQ

Plan for the day: 14.4 – 14.5
• Application: Battle of Trafalgar
• Review: Differentiation Rules

Homework due at the start of class 22:

https://youtu.be/gxCZOZZx9KQ
































Math 150: Multivariable Calculus: Spring 2023: 
Lecture 22: Chain Rule, Optimization / 2nd Derivative Test: 
https://youtu.be/kNqwNfczw74

Plan for the day: 14.6 – 14.7
• Chain Rule
• Optimization / Second Derivative Test
Homework due at the start of class 23: Extra credit if you do 14.6.31 – we will not do 
implicit differentiation in the class (we will do more applications instead).

https://youtu.be/kNqwNfczw74






















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 23: Lagrange Multipliers: https://youtu.be/omW5MRL_zVw

Plan for the day: 14.8
• Lagrange Multipliers
Homework due at the start of class 24:

https://youtu.be/omW5MRL_zVw
















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 24: Lagrange Multipliers II, Derivatives: https://youtu.be/-QEyiSaZQZo

Plan for the day:
• Lagrange Multipliers
• Rules for Derivatives

Monday: Class 25: Sabermetrics lecture, prospectives visiting.

Midterm II: Class 26: Wednesday (can show up at 8am if wish)















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 25: Sabermetrics; Lecture 26: Midterm II
Lecture 27: Fundamental Theorem of Calculus: https://youtu.be/IQj0lHPx3-4

Plan for the day:
• Need inputs (IVT, MVT)
• Proof of Fundamental Theorem of Calculus in 1 Variable

Monday: Class 25: Sabermetrics lecture, prospectives visiting.
Slides: 
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/PythagWLT
alk_DeveloperCloud85_2017.pdf
Video: https://youtu.be/reUdQ0NPbPY
Paper: 
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/MillerEt
Al_Pythagoras.pdf

Midterm II: Class 26: Wednesday (can show up at 8am if wish)

https://youtu.be/IQj0lHPx3-4
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/PythagWLTalk_DeveloperCloud85_2017.pdf
https://youtu.be/reUdQ0NPbPY
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/MillerEtAl_Pythagoras.pdf






















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 28: Integration in Several Variables: https://youtu.be/gLEfgNRcKmA

Plan for the day:
• Integration in Several Variables
• Switching orders of integration (generalizing fxy = fyx).

https://youtu.be/gLEfgNRcKmA


















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 29: Monte Carlo Integration: https://youtu.be/QHgSQDNQQTU

Plan for the day:
• Erf Function
• Central Limit Theorem
• Monte Carlo Integration

https://youtu.be/QHgSQDNQQTU
















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 30: Integration over Simple Regions: https://youtu.be/qOZZxLiFIP0

Plan for the day:
• Integration over Simple Regions:

https://youtu.be/qOZZxLiFIP0






















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 31: Triple Integrals: https://youtu.be/hD3qal6H1gg

Plan for the day:
• Triple Integrals
• Start of Polar Integration
• Gaussian Integral (if time permits)

https://youtu.be/hD3qal6H1gg






















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 32: Polar, Cylindrical, Spherical Integrals, and the Gamma Function: 
https://youtu.be/Pjp19j-R4dw

Plan for the day:
• Review Polar
• Cylindrical Integrals
• Spherical Integrals

https://youtu.be/Pjp19j-R4dw


https://mathinsight.org/media/image/image/spherical_coor

dinates_cartesian.png
https://mathworld.wolfram.com/CylindricalCo

ordinates.html

https://mathworld.wolfram.com/PolarCoordinates.html

https://mathinsight.org/media/image/image/spherical_coordinates_cartesian.png
https://mathworld.wolfram.com/CylindricalCoordinates.html
https://mathworld.wolfram.com/PolarCoordinates.html
























Math 150: Multivariable Calculus: Spring 2023: 
Lecture 33: Hypersphere Integrals, Ellipse Area: https://youtu.be/z7wfwZ9Lr0s

Plan for the day:
• Gamma Function
• Generalized Spherical Coordinates?
• Volume of the n-sphere

https://youtu.be/z7wfwZ9Lr0s


















Math 150: Multivariable Calculus: Spring 2023: 
Lecture 34: Change of Variables, Newton’s Law of Gravity: 
https://youtu.be/ZEQJc6BtHrU

Plan for the day:
• Change of Variables
• Newton’s Law of Gravity
• Dropped a term in class today: For the correct calculation see: 

https://www.youtube.com/watch?v=3Pt4E1BeUTw&t=104s

https://youtu.be/ZEQJc6BtHrU
https://www.youtube.com/watch?v=3Pt4E1BeUTw&t=104s














WHOOPS – we forgot a key factor in the analysis!

We calculated the net force – we want just the component down!

We need to multiply by the cosine of the angle between r and s in the triangle!

Thus the calculation on the next few pages is off…. 

For the correct calculation see: https://www.youtube.com/watch?v=3Pt4E1BeUTw&t=104s

https://www.youtube.com/watch?v=3Pt4E1BeUTw&t=104s






Math 150: Multivariable Calculus: Spring 2023: 
Bonus Lecture: Watch Green’s Theorem in a Day: 
https://www.youtube.com/watch?v=aQbPrQ82K-Y

Lecture 35: Review Class: https://youtu.be/TL1xHE819-I

Plan for the day:
• Review

https://www.youtube.com/watch?v=aQbPrQ82K-Y
https://youtu.be/TL1xHE819-I























