Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 1 Video: https://voutu.be/n4nlJ2Si8ho



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/n4nIJ2Si8ho

Introduction / Objectives

Lecture 1: 9-6-24: https://youtu.be/n4nlJ2Si8ho

@ Obviously learn problem solving.
@ Emphasize techniques / asking the right questions.
@ Learn to use computers to build intuition.

@ Use these problems as a springboard to see good
math.

@ Uphold honor of Williams in competitions.

@ Looking at equations and getting a sense: log —5

. pxpq
Method: 51 a+200"



https://youtu.be/n4nIJ2Si8ho

Grading / Administrative

@ Homework: 50%, Midterm 10%, Final 5%, Class
Participation: 20%, Project Euler: 15%. Late, messy
or unstapled HW will not be accepted.

@ Pre-regs: linear algebra (programming a plus).

Office hours
e TBD and when I'm in my office.



http://web.williams.edu/Mathematics/
similler/public_html/331Fa24/ : Numerous
handouts, additional comments each day (mix
of review and optional advanced material).
Opportunity to help with Pi Mu Epsilon Problem
Section.

Opportunity to help with Math riddles page:
http://mathriddles.williams.edu/.

Opportunity to help with Math Outreach.



http://web.williams.edu/Mathematics/
http://web.williams.edu/Mathematics/
http://mathriddles.williams.edu/

Being Prepared

Never know when an opportunity presents itself....

L T

S. J. Miller at the Sarnak 61°' Dinner
(copyright C. J. Mozzochi, Princeton N.J)




Being Prepared

@ Your Job:
< Be prepared for class: do reading, think about
material.
< Come to me / come to each other with
questions.

e My Job:
¢ Provide resources, guiding questions.
o Be available.



Other: Advice from Jeff Miller

@ Party less than the person next to you.
@ Take advantage of office hours / mentoring.
@ Learn to manage your time: no one else wants to.

Happy to do practice interviews, adjust deadlines....



LaTeX and Mathematica Tutorials and Templates

Templates for using LaTeX for papers, talks, posters, and a Mathematica tutorial (with video):
http://web.williams.edu/Mathematics/similler/public _html/math/handouts/latex.htm

Handout homepage:
http://web.williams.edu/Mathematics/similler/public html/handouts/handouts.htm

General advice:
https://web.williams.edu/Mathematics/similler/public html/advice.htm



http://web.williams.edu/Mathematics/sjmiller/public_html/math/handouts/latex.htm
http://web.williams.edu/Mathematics/sjmiller/public_html/handouts/handouts.htm
https://web.williams.edu/Mathematics/sjmiller/public_html/advice.htm

Steve Miller’s

Math Riddles

Home Blog Usingthis Site  Student/Teacher Comer  What's my card?  Riddles in Schools  Hall of Fame  About Us

Riddles

—Difficulty
) +Easy Sumto 1
+Medium

+Hard

+Very Challenging
+NEW RIDDLES

Mo comments

Use the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9 (each exactly once) to form 3 fractions such that
the 3 sum to 1. Each numerator must be 1 digit and each denominator 2 digits. Example:
1/23 + 4/56 + 7/89, (but of course this doesn’t work).

—Tlopic
2 +Geometry

+Combinatorics

+General
+Algebra
+Probability
+Games

- Read more

+Number Theory
+Logic
+Hat



https://mathriddles.williams.edu/?s=fractions
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 02: Induction: September 9, 2024: https://youtu.be/1KKfiTTGzys



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/1KKfjTTGzys

Code from fractions:

bob=Permutations[{1,2,3,4,5,6,7,8,9}I;
For[j=1,j<=9! j++,

{
permat=boDb][[j]];

For[i=1,i<=9,i++,dig[i]=permat][[i]]];
Numb=(dig[1]/(10*dig[2]+dig[3]))+(dig[4]/(10*dig[5]+dig[6])

)
+(dig[7]/(10"dig[8]+dig[9]));
IffAbs[1-Numb]<=.00001,{Print["We win",permat];j=10!;}];
IffMod[j,10000]==0,Print["We are at j =",j," out of ",9!]];

1
9 5 7

Answer: =~

34 68



python: from Angus Henderson

import as
from sympy.utilities.iterables import multiset_permutations

nums =[9, 8, 7, 6, 5, 4, 3, 2] # ordered in reverse as we know larger values more likely to be numerator

def fraction_value(nums):
frac1 = nums[0] / (10 + nums[1]) # uses our knowledge that 1 must be a ten's denominator
frac2 = nums[2] / (10 * nums[3] + nums[4])
frac3 = nums[5] / (10 * nums[6] + nums|[7])
return frac1 + frac2 + frac3

for ns in multiset_permutations(nums):
if fraction_value(ns) ==
print(np.array(ns))
break

# gives 9/12 + 5/34 + 7/68 = 1 as solution.



Code from Cameron White:
[[[[[[[[[orint(a,b,c,d,e,f,g,h,i) for a in range(1,10)

if len({a,b,c,d,e,f,g,h,i})==

if 1==(a/(10*b+c) + d/(10*e+f) + g/(10*h+i))]

en({b,c,d,e,f,g,h,i})=
en({c,d,e,f,g.h,i})=
en({d,e,f,g,h,i})=
en({e,f,g,h,i})=
=4]
for g in range(1,10) if len({g,h,i})==
for h in range(1,10) if len({h,i})=
]

for b in range(1,
for ¢ in range(1,10) if

,10) if
for e in range(1,10) if
for fin range(1,10) if len({f,g,h,i})=

for d in range(”

10) if

foriin range(1,10)

=2]

=5]

:8]
=7]
:6]



More on Fractions:
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Induction

One of the most important techniques we have for proving results.

Say we have some statement P(n). Perhaps P(n) is “the sum of
the first n integers is n(n+1)/2".

We can check this for various n; every time we check it is true but
that is NOT the same as a proof!



Induction

Say we have some statement P(n). Perhaps P(n) is “the sum of
the first n integers is n(n+1)/2".

Imagine we can show the following two statements are true.
1. P(1)is true, and
2. Whenever P(n) is true then P(n+1) is true.

If these are true then have P(n) is true for all n!
(Note: Sometimes we start at n=0 not n=1)



Induction

Say we have some statement P(n). Perhaps P(n) is “the sum of
the first n integers is n(n+1)/2".

Imagine we can show the following two statements are true.
1. Base case: P(1) is true, and

2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Why does this imply that it holds for all n?

21



Induction (Box, Dirichlet, Pigeonhole
Principle)

Imagine we can show the following two statements are true.

1.
2.

Base case: P(1) is true, and
Inductive Step: Whenever P(n) is true then P(n+1) is true.

Take n=1: thus the second becomes P(1) true implies P(2) true

P(’

) is true

P("
TH

) true implies P(2) true
EREFORE since P(1) is true we now know P(2) is true.

22



Induction (Box, Dirichlet, Pigeonhole
Principle)

Imagine we can show the following two statements are true.

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

We know P(1) and P(2) are true.

Take n=2: thus the second becomes P(2) true implies P(3) true
P(2) is true

P(2) true implies P(3) true

THEREFORE since P(2) is true we now know P(3) is true.

23



Induction (Box, Dirichlet, Pigeonhole
Principle)

Imagine we can show the following two statements are true.

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

We know P(1), P(2) and P(3) are true.

Take n=3: thus the second becomes P(3) true implies P(4) true

P(3) is true

P(3) true implies P(4) true

THEREFORE since P(3) is true we now know P(4) is true. AND SO ON!

24



Induction (Box, Dirichlet, Pigeonhole
Principle)

To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

This is often viewed
as a staircase. P(3)

P(2)
P(1)

25



Example: P(n):1+2+ ... + n=n(n+1)/2

(-
To prove P(n) is true for all n, must show e -
1. Base case: P(1) is true, and 7 ee
2. Inductive Step: Whenever P(n) is true then P(n+1) is true. C T
We will prove this by induction. There are two steps.

First we prove P(1) is true, then we show IF P(n) is true THEN
P(n+1) is true.

26



Example: P(n):1+2+ ... + n=n(n+1)/2
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 1: Base Case: We must show P(1) is true.
Thus we must show that when n=1, we have 1 = 1(1+1)/2.

This however follows immediately!

We are done with the base case.

27



Example: P(n):1+2+ ... + n=n(n+1)/2
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true,
and we must show that P(n+1) is true.

We are done with the base case. We could try to do n=2 or n=3 to
build up intuition, but it is not necessary.

28



Example: P(n):1+2+ ... + n=n(n+1)/2

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show
that P(n+1) is true.

Extra work: If n=2 let’'s check: Does 1+2 = 2(2+1)/2? YES!
Extra work: if n=3 let’'s check: Does 1+2+3 = 3(3+1)/2? YES!

These extra checks are not a substitute for a proof, but the more values of n that
work, the more confident we are that it is true.

29



Example: P(n): 1+ 2+ ... + n=n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must
show that P(n+1) is true.

OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.

What does this mean?

P(n) true means we assume 1+ 2 + ... + n = n(n+1)/2.

We want to prove that P(n+1): 1 +2+ ... + n+ (n+1) = (n+1)(n+1+1)/2 is true.

E(ov;/?should we proceed? When we look at P(n+1), do we see anything related to
n)

30



Example: P(n): 1+ 2+ ... + n=n(n+1)/2

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

_Sttep 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1)
is true.

OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.

What does this mean?

P(n) true means we assume 1+ 2 + ... + n = n(n+1)/2.

We want to prove that P(n+1): 1+ 2+ ... + n+ (n+1) = (n+1)(n+1+1)/2 is true.

How should we proceed? Notice that the sum for n+1 starts off exactly as the sum for n!
What are we assuming we know about 1 + 2 + ... + n? We are assuming it equals ....

31



Example: P(n):1+2+ ... + n=n(n+1)/2

To prove P(n) is true for all n, must show
1. Base case: P(1)is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.

What does this mean?

P(n) true means we assume 1 + 2 + ... + n =n(n+1)/2.

We want to prove that P(n+1): 1+ 2+ ... + n+ (n+1) = (n+1)(n+1+1)/2 is true.

How should we proceed? Notice that the sum for n+1 starts off exactly as the sum for n!
What are we assuming we know about 1 + 2 + ... + n? We are assuming it equals n(n+1)/2.
Thus let’'s substitute for1 +2 + ...+ nin1+2+ ... + n+ (n+1).

32



Example: P(n):1+2+ ... + n=n(n+1)/2

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.

What does this mean?

P(n) true means we assume 1 + 2 + ... + n =n(n+1)/2.

We want to prove that P(n+1): 1+ 2+ ... + n+ (n+1) = (n+1)(n+1+1)/2 is true.

Using the inductive assumption, we have
1+2+...+n+(n+1)=(1+2+ ... +n)+ (n+1) = n(n+1)/2 + (n+1).
Now we just need to show the far right equals our claim, (n+1)(n+1+1)/2. How do we add two fractions?

33



Example: P(n):1+2+ ... + n=n(n+1)/2

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.

What does this mean?

P(n) true means we assume 1 + 2 + ... + n =n(n+1)/2.

We want to prove that P(n+1): 1+ 2+ ... + n+ (n+1) = (n+1)(n+1+1)/2 is true.

Wehave1+2+ ... +n+ (n+t1)= n(n+1)/2 + (n+1).
n(n+1) n(n+1) + 2(n+1) _ n(n+1)+2(n+1) _ (n+1)(n+2)

But +(n+1)=

> > . which is what we
needed to show, completing the proof (as n+2 = n+1+1)!

34



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!

Step 1: The Base Case: n=1:Is

35



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!
Step 1: The Base Case: n=1:1s 12 = 1(1+1)(2*1 + 1)/6? YES!
We don’t need to, but we can check other values of n.

If n=2 does
If n=3 does

36



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!
Step 1: The Base Case: n=1:1s 12 = 1(1+1)(2*1 + 1)/6? YES!
We don’t need to, but we can check other values of n.

If n=2 does 12 + 22 = 2(2+1)(2*2+1)/6? YES!
If n=3 does 12 + 22 + 32 = 3(3+1)(2*3 + 1)/6? YES!

37



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?

38



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?
P(n) is true means 12+ 22+ ... + n2 = n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

39



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?
P(n) is true means 12+ 22+ ... + n2 = n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

P(n+1)is 12+ 22+ ... + n? + (n+1)? = (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is
(n+1)(n+2)(2n+3)/6.

What is in common with P(n) and P(n+1)?

40



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?
P(n) is true means 12+ 22+ ... + n2 = n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

P(n+1)is 12+ 22+ ... + n? + (n+1)? = (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is
(n+1)(n+2)(2n+3)/6.

What is in common with P(n) and P(n+1)? We can now substitute....

41



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.
Since we are assuming P(n) is true, what do we know?

P(n) is true means 12+ 22+ ... + n2 = n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

P(n+t1)is 12+ 22+ ...+ n? + (n+1)?= (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is
(n+1)(n+2)(2n+3)/6.

Sois12+22+ ... +n? +(nt1)?2=(12+ 22+ ... + n?) + (n+1)? = n(n+1)(2n+1)/6 + (n+1)?*

We have to combine the fractions — how do we do that?

42



Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.
Since we are assuming P(n) is true, what do we know?

P(n) is true means 12 + 22+ ... + n? = n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

P(n+1)is 12+ 22+ ... + n? + (n+1)?> = (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is
(n+1)(n+2)(2n+3)/6.

Sois 12+ 22+ ... +n2 + (n+1)2 = = n(n+1)(2n+1)/6 + (n+1)%
n(n+1)(2n+1) _ 6(n+1)2
6

We have = ?7?7? What is in common with the two fractions? Both have a ....
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Example: P(n): 12+ 22+ ... + n?2 = n(n+1)(2n+1)/6

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?

P(n) is true means 12+ 22+ ... + n2 = n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

P(n+1)is 12+ 22+ ... + n? + (n+1)? = (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is (n+1)(n+2)(2n+3)/6.

Sois 12+ 22+ ... +n? + (n+1)? = = n(n+1)(2n+1)/6 + (n+1)*
n(n+1)(2n+1) _ 6(n+1)2 _ (n+1)(n(2n+1)+ 6(n+1)) _ (n+1)(2n2+n+6n+6) _ (n+1)(2n2+7n+6)
6 6 6 6

Doing some algebra, we see 2n2 + 7n + 6 equals (n+2)(2n+3) by FOIL, completing the proof.

We have

44



| | | I 2
Example: P(n): 1+3+ ... +(2n-1) =n
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!
Step 1: The Base Case: n=1:1s 1 = 12? YES!

We don’t need to, but we can check other values of n.

If n=2 does
If n=3 does

Rest of the proof is similar to what we’ve done before....

45



Example: P(n): 1+ 3 + ... + (2n-1) = n?
To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!
Step 1: The Base Case: n=1:1s 1 = 12? YES!
We don’t need to, but we can check other values of n.

If n=2 does 1 + 3 = 22?7 YES!
If n=3 does 1 + 3 + 5 =32? YES!

Rest of the proof is similar to what we’ve done before....
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Example: P(n): 1+ 3 + ... + (2n-1) = n?

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Can prove in other ways than Induction....

00
© oo

000
000

©0O0
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Example: P(n): 133 divides 111 + 1220

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Let’s try to show P(1) is true: does 133 divide 111 + 122*1-17
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Example: P(n): 133 divides 111 + 1220

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Let’s try to show P(1) is true: does 133 divide 111 + 122*1-17

Yes, as 1111 + 12211 = 112412 =121 + 12 = 133, which is clearly a
multiple of 133.
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Example: P(n): 133 divides 111 + 1220

To prove P(n) is true for all n, must show

1. Base case: P(1) is true, and

2. Inductive Step: Whenever P(n) is true then P(n+1) is true.
Now assume P(n) is true, we must show P(n+1) is true.

Cazn assume 133 divides 111 + 122"-1 must show 133 divides 11"*1 +
1220 -1,

11(?1+1)+1 4+ 122(?1+1)—1 11-?1..+1—|—1 4 122?1_1+2

— 11 .- 11?1+1 + 122 . 122?1.—1
= 11- 11" + (133 + 11)12°"!
= 11 (11" 122771 +133.12°" 71 (AL6)

By the inductive assumption 133 divides 1171 + 1227—1: therefore, 133 divides
11D+ 4 192(n+1)=1 "completing the proof.
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Getting a feel for the answer....

Showed 1+2+ ... +n = n(n+1)/2 =n?%/2 + n/2. Is this reasonable?

How can we try to get an UPPER BOUND and a LOWER BOUND for the
sum?

DLl <7< (- = \4/71 < 0200

(/%Z—f«—-—f%>+(—gf( < - {-/I)
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Final thoughts on sums of powers....
Hardest part of the induction is knowing what to PROVE.

How can we find the formula?

Looking at the cases we’ve done it looks like it is always a polynomial of
degree one higher than the power, constant term is zero, leading term (if
sum of ki powers) is n**1/ (k+1).

Note 2 points determine a line, 3 points a quadratic (parabola), 4 a cubic,
and so on; we can evaluate the sum for a few points and then
INTERPOLATE and figure out the polynomial!

Challenge: Prove 13+ 23+ ... + n3 =n? (n+1)?/ 4.
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False proofs by Induction

The following is my favorite false proof by induction. Where is the
mistake?

P(n): In any group of n people, everyone has the same name! (Note
different groups of n people can have different names).

Let’s try to prove this by induction. We must show:

1. Base Case: In any group with 1 person, everyone has the same
name.

2. Inductive Step: If everyone in a group of size n has the same name,
then everyone in a group of size n+1 has the same name.
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False proofs by Induction

The following is my favorite false proof by induction. Where is the
mistake?

P(n): In any group of n people, everyone has the same name! (Note
different groups of n people can have different names).

Let’s try to prove this by induction. We must show:

1. Base Case: In any group with 1 person, everyone has the same
name.

PROOF OF BASE CASE: This follows immediately, as....
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False proofs by Induction

The following is my favorite false proof by induction. Where is the mistake?

P(n): In any group of n people, everyone has the same name! (Note different
groups of n people can have different names).

Let’s try to prove this by induction. We must show:
1. Base Case: In any group with 1 person, everyone has the same name.

PROOF OF BASE CASE: This follows immediately, as there is only one
person in the group, so clearly everyone in the group has the same name!
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False proofs by Induction

P(n): In any group of n people, everyone has the same name! (Note different
groups of n people can have different names).

Inductive Step: If everyone in a group of size n has the same name, then everyone
In a group of size n+1 has the same name.

“‘PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has
the same name, must show true for a group of size n+1. Consider a group of n+1
people. How can we use the inductive assumption (all groups of size n have all
with the same name)? Can you find some groups of size n”?

2o . 2
A Lo
n+l

4 5 6 7 8 o000 n




Ise Inductio
? In any up o n peoppyeveryone has he me name! (Note different groups of n
people can have different names).

Inductive Step: If everyone in a group of size n has the same name, then everyone in a
group of size n+1 has the same name.

‘PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same
name, must show true for a group of size n+1. Consider a group of n+1 people. How can
we use the inductive assumption (all groups of size n have all with the same name)? Can
you find some groups of size n? First n people all have the same name!




False proofs by Induction

P(n): In any group of n people, everyone has the same name! (Note different groups of n
people can have different names).

Inductive Step: If everyone in a group of size n has the same name, then everyone in a
group of size n+1 has the same name.

‘PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same
name, must show true for a group of size n+1. Consider a group of n+1 people. How can
we use the inductive assumption (all groups of size n have all with the same name)? Can
you find some groups of size n? Last n people all have the same name!
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False proofs by Induction

P(n): In any group of n people, everyone has the same name! (Note different groups of n
people can have different names).

Inductive Step: If everyone in a group of size n has the same name, then everyone in a
group of size n+1 has the same name.

‘PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same
name, must show true for a group of size n+1. Consider a group of n+1 people. How can
we use the inductive assumption (all groups of size n have all with the same name)? Can
you find some groups of size n? Note people 2, 3, ..., n are in both groups!
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False proofs by Induction

P_%n): In any group of n people, everyone has the same name! (Note different groups of n people can have
different names).

Inductive Step: If everyone in a group of size n has the same name, then everyone in a group of size n+1 has
the same name.

“‘PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same name, must show
true for a group of size n+1. Consider a group of n+1 people. How can we use the inductive assumption (all
groups of size n have all with the same name)? Can you find some groups of size n? Note people 2, 3, ..., n
are in both groups! Thus everyone in the first n has the same name, everyone in the last n has the same
name, and since people 2, 3, ..., n are in both that means those two names are the same and our proof is
done! If your name is not Steve Miller, you should be skeptical. Mistake?

]

n+1




False proofs by Induction

P(n): In any group of n people, everyone has the same name! (Note different
groups of n people can have different names).

Inductive Step: If everyone in a group of size n has the same name, then
everyone in a group of size n+1 has the same name.

‘PROOF” OF INDUCTIVE STEP: The mistake is we drew this for a “large” n.
Remember we must show for ANY n that if P(n) is true then P(n+1) is true. If
n is 2 or more then there is a person in both groups, but if n=1 there is not!

When n=1 we
see there Is —
n=1/ln+1=2) no overlap! -5

P(3)




Product Rule and Induction
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 03: Recurrences, Inequalities: September 11, 2024
https://youtu.be/fDaNheZa33k



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/fDaNheZa33k

Binet’s Formula, Growth Rates and Tilings
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 04: Coding Efficiency, Recurrences: September 13, 2024
https://youtu.be/F6ZQFIzfEQ



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/F6ZQFjIzfEQ

Triangle Numbers

T(n ] :=n(n+1)/2

naive[max_ ] :=
For[n = 1, n < max, n++,
If[IntegerQ[Sqrt[T[n]]] = True,

Print["n =

]

Timing[naive [106000000] ]

n - 1 leads to a square: 1

n - 8 leads to a square: 36

n = 49 leads to a square: 1225

n - 288 leads to a square: 41616

n = 1681 leads to a square: 1413721
n = 9860 leads to a square: 48024960

n = 57121 leads to a square: 1631432881
n = 332928 leads to a square: 55428693656
n - 1946449 leads to a square: 1882672131025

{130.875, Null}

, N, " leads to a square:

"> T[n]]]

S & =N

& o ~ =

To= (+2Z¢-- £
7 c1+7)

&z?f

Ta< (£24- t1

—_

(a = A<t+@n < €|
ZXa T (<)« 7 Mw)
T~A = Ala+) /=

=



fast[max ] :=

For[n = 1, n < Sgrt[max], n=n + 1,

{

}

m= (2n - 1) *2;

If[IntegerQ[Sqrt[(m+1) /2]] == True, Print["n
If[IntegerQ[Sqrt[(m-1) /2]] == True, Print["n
]

Timing[fast [10000000] ]

n = 1 leads to a square: 1

n

n

n

n

n

@ leads to a square: @

8 leads to a square: 36

49 leads to a square: 1225

288 leads to a square: 41616

1681 leads to a square: 1413721

9800 leads to a square: 48024960

57121 leads to a square: 1631432881

332928 leads to a square: 55426693856
1948449 leads to a square: 1882672131025
11369768 leads to a square: 63955431761796

(0.646875, Null)

, my " leads to a square: ", T[m]]];
, m-1, " leads to a square: ", T[m-1]11;

05_25
Se=-
8,77 Z%Y, (8]..




f?13“?THE ON-LINE ENCYCLOPEDIA
% » OF INTEGER SEQUENCES ®

10221121

founded in 1964 by N. J. A. Sloane

| | Search | it
(Greetings from The On-Line Encyclopedia of Integer Sequences!)

A001108 a(n)-th triangular number is a square: a(n+1) = 6*a(n) - a(n-1) + 2, with a(0) =0, a(1) = 1.
(Formerly M4536 N1924)

@, 1, 8, 49, 288, 1681, 9800, 57121, 332928, 1940449, 11309768, 65918161, 384199200, 2239277041,
13051463048, 76069501249, 443365544448, 2584123765441, 15061377048200, 87784138523761,

511643454094368, 2982076586042449, 17380816062160328, 101302819786919521 (list: praph: refs; listen: history; text:

internal format)
OFFSET 2,3
COMMENTS b(0)=0, c(8)=1, b(i+1)=b(i)+c(i), c(i+1)=b(i+1)+b(i); then a(i) (the number in the

sequence) is 2b(1)"2 if 1 is even, c¢(i)"2 if i is odd and b(n)=AB08125(n) and
c(n)=AR01333(n). - Darin Stephenson (stephenson(AT)cs.hope.edu) and Alan Koch

For n > 1 gives solutions to A@07913(2x) = AR@7913(x+1). - Benoit Cloitre, Apr @7
2002

If (X,X+1,Z) is a Pythagorean triple, then Z-X-1 and Z+X are in the sequence.

For n »>= 2, a(n) gives exactly the positive integers m such that 1,2,...,m has a
perfect median. The sequence of associated perfect medians is AGB11689. Let
al,...,ambe an (ordered) sequence of real numbers, then a term a_k is a
perfect median if Sum_{j=1..k-1} a_j = Sum_{j=k+1..m} a_j. See Puzzle 1 in MSRI
Emissary, Fall 2005. - Asher Auel, Jan 12 2006

This is the r=8 member of the r-family of sequences S_r(n) defined in A892184 where
more information can be found.

Also, 173 + 2”3 + 373 + ... + a(n)"3 = k(n)"4 where k(n) is A®81109. - Anton Vrba
(antonvrba(AT)yahoo.com), Nov 18 2006




Project Euler https://projecteuler.net/problem=1 a N

About m Recent News Register  Sign In

Multiples of 3 or 5
Problem 1

If we list all the natural numbers below 10 that are multiples of 3 or 5, we get 3, 5,6 and 9. The sum of these multiples is 23.

Find the sum of all the multiples of 3 or 5 below 1000.
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https://projecteuler.net/problem=1

Double Plus Ungood WEB

1K views = 11 years ago

pre— m E‘ Steven Miller
&

Pas b il % a 3 . .
i ﬁ‘d“"“;';":;.: e Double Plus Ungood: From the Fibonacci numbers to roulette
g -

Fe Ga £ — .
3 chapters Introduction | Double Plus Strategy | Outro

eccentric Rich Uncle he's Ecentric he
won't give us the money directly but he

https://youtu.be/Esa2TYwDmwA



https://youtu.be/Esa2TYwDmwA
https://youtu.be/Esa2TYwDmwA
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public_html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 05: Recurrences, Inequalities: September 16, 2024

https://youtu.be/3LzFI3cfIY]
(video didn’t record, only audio — need to advance slides with audio playing)



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/3LzFI3cfJYI

Read Appendix A: The Average Gap Distribution for Generalized Zeckendorf Decompositions (with Olivia Beckwith,
Amanda Bower, Louis Gaudet, Rachel Insoft, Shiyu Li and Philip Tosteson), the Fibonacci Quarterly (51 (2013), 13--27). pdf

Theorem A.1 (Generalized Binet's Formula). Consider the linear recurrence

Gu+1 — ClGn + CEGH—I +---+ ELGH—H—L {A-l)
with the c; 's non-negative integers and cy,cp, > 0. Let Ay, ..., A be the roots of the character-
tstic polynomial

flz) := rt — (clrL_l +ext 4 ez + r:_;_,] = 0, (A.2)

ordered so that |Ay| = |Ag| = --- = [ALl. Then Ay > |Ag] = --- = |ALl, Ay > 1 is the unique
positive root, and there erist constants such that

Gn = a1\ +0 (n"72)3). (A.3)
More precisely, if A1.,wa.....w, denote the distinct roots of the characteristic polynomial with
multiplicities 1, mo, ..., m,, then there are constants a; > 0,a; ; such that

My

)
Gn = al\] + ) ) aijn’ W (A.4)

i=2 j=1


http://www.fq.math.ca/
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/KangarooGaps_BBGILMT_90.pdf

Lecture given to young scholars:

* What do you MEAN? https://youtu.be/iBKZaCxpgSE (word file here, pdf here) (3/19/2020): Comfort with Algebra
sufficient: 40 minutes

Lectures from Math 349 (Operations of Order):

* Lecture 34: 11/29/23: What do you mean? https://youtu.be/6fal8vRN-Ew
* Lecture 36: 12/04/23: What do you mean, II? https://youtu.be/azABrUnQklg

Handouts:

* Notes from Miller: https://web.williams.edu/Mathematics/symiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
* Paper (Ben-Ari and Conrad): Maclaurin’s Inequality and a Generalized Bernoulli Inequality
* Video from 2018 iteration of our class: AM-GM inequality, Triangle Game: https://youtu.be/k1XF420-8QY

Important Competition Inequalities:

* https://artofproblemsolving.com/articles/files/Mildorflnequalities.pdf

* https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat _BasicsOlympiadlnequalities.pdf
 https://esp.mit.edu/download/8aSf8efe-5915-407d-9252-607ace7aal190/M 11250 Intro%20t0%2001%20ineq%20hssp.pdf
* https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf

* https://artofproblemsolving.com/wiki/index.php/Inequality



https://youtu.be/jBKZaCxpgSE
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/WhatDoYouMean.docx
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/WhatDoYouMean.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/349Fa23/
https://youtu.be/6fal8vRN-Ew
https://youtu.be/azABrUnQklg
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
https://kconrad.math.uconn.edu/articles/maclaurin.pdf
https://youtu.be/k1XF420-8QY
https://artofproblemsolving.com/articles/files/MildorfInequalities.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat_BasicsOlympiadInequalities.pdf
https://esp.mit.edu/download/8a5f8efe-59f5-407d-9252-607ace7aa190/M11250_Intro%20to%20ol%20ineq%20hssp.pdf
https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf
https://artofproblemsolving.com/wiki/index.php/Inequality
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 06: Inequalities |I: September 18, 2024: https://youtu.be/0fTiXEQua7Q



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/0fTiXEQua7Q

Lecture given to young scholars:

* What do you MEAN? https://youtu.be/iBKZaCxpgSE (word file here, pdf here) (3/19/2020): Comfort with Algebra
sufficient: 40 minutes

Lectures from Math 349 (Operations of Order):

* Lecture 34: 11/29/23: What do you mean? https://youtu.be/6fal8vRN-Ew
* Lecture 36: 12/04/23: What do you mean, II? https://youtu.be/azABrUnQklg

Handouts:

* Notes from Miller: https://web.williams.edu/Mathematics/symiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
* Paper (Ben-Ari and Conrad): Maclaurin’s Inequality and a Generalized Bernoulli Inequality
* Video from 2018 iteration of our class: AM-GM inequality, Triangle Game: https://youtu.be/k1XF420-8QY

Important Competition Inequalities:

* https://artofproblemsolving.com/articles/files/Mildorflnequalities.pdf

* https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat _BasicsOlympiadlnequalities.pdf
 https://esp.mit.edu/download/8aSf8efe-5915-407d-9252-607ace7aal190/M 11250 Intro%20t0%2001%20ineq%20hssp.pdf
* https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf

* https://artofproblemsolving.com/wiki/index.php/Inequality



https://youtu.be/jBKZaCxpgSE
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/WhatDoYouMean.docx
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/WhatDoYouMean.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/349Fa23/
https://youtu.be/6fal8vRN-Ew
https://youtu.be/azABrUnQklg
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
https://kconrad.math.uconn.edu/articles/maclaurin.pdf
https://youtu.be/k1XF420-8QY
https://artofproblemsolving.com/articles/files/MildorfInequalities.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat_BasicsOlympiadInequalities.pdf
https://esp.mit.edu/download/8a5f8efe-59f5-407d-9252-607ace7aa190/M11250_Intro%20to%20ol%20ineq%20hssp.pdf
https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf
https://artofproblemsolving.com/wiki/index.php/Inequality
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 07: Inequalities lIl: September 20, 2024: https://youtu.be/p yx7p8UOoc



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/p_yx7p8UOoc
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Do dogs know calculus? https://www.youtube.com/watch?v=h96ZNc3Z17Q
https://www.csun.edu/~dgray/BE528/Pennigs2003Dogs Calculus.pdf

Do dogs know bifurcations?
https://www.tandfonline.com/doi/abs/10.1080/07468342.2007.11922260



https://www.youtube.com/watch?v=h96ZNc3Z17Q
https://www.csun.edu/%7Edgray/BE528/Pennigs2003Dogs_Calculus.pdf
https://www.tandfonline.com/doi/abs/10.1080/07468342.2007.11922260

Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 8: September 23, 2024: https://youtu.be/uS4ss-alhNc
https://web.williams.edu/Mathematics/similler/public _html/math/talks/Generalizin
gPythagorasExpanded.pdf



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/u54ss-alhNc
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GeneralizingPythagorasExpanded.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GeneralizingPythagorasExpanded.pdf

2.5. Integration III. GRE Practice #5: Solution by Steven Miller, Williams College
From a GRE Practice Exam: Let a, b be positive; determine

]m exp(ax) — exp(bx)
0 1 + exp(ax)) - (1 4 exp(bx))

}(% (c)a b (d) (a — %)lng? (e)“‘hlag(]
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 9: September 25, 2024: https://youtu.be/pGixuGkTuQM
Egg Drop Mathematics: it IS all it's cracked up to be!



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/pGixuGkTuQM

Egg Drop Mathematics:

Steven J Miller, Williams College (sjim1@williams.edu)

https [Ilweb.williams. edu/Mathematlcs/S|mlller/publlc html/



https://web.williams.edu/Mathematics/sjmiller/public_html/
https://cdn-media-1.freecodecamp.org/images/0*Uq3d3wn7B8yOPGIK.jpg

Building with N floors, have

Special eggs: some floor n such that if you drop
from below n no damage; can drop as many times
as wish.

If drop even once from floor n or higher
iImmediately break.

Find in as few drops as you can what n is (the
lowest floor where if you drop from there it
breaks). Doesn't matter if have any of the golden
eggs at the end - just want to know n.



http://techieme.in/wp-content/uploads/buildingeggs.png

Interpretation:

How do you interpret finding n in as
few drops as possible?




Interpretation:

How do you interpret finding n in as
few drops as possible?

* Minimize worse case.
* Minimize average case.




General Advice:

When given a hard problem:

» try to do an easier version first, and

 try to do specific values of
parameters.

What is an easier problem?




Simple Case: 1 Egg

What is the solution?

(0 | Z 2 e £/ Ceme K




Simple Case: 1 Egg
What is the solution?

Only possibility isgo 1, 2, 3, ... till
break.

Worse case is order N drops.




Next Case: 2 Eggs

Once one cracks, reduced to 1 egg
case.

What are possible strategies?




Next Case: 2 Eggs /2

Once one cracks, reduced to 1 egg casé€|
What are possible strategies?

Extreme cases:
* Drop every 2" floor.

* Drop at N/2.
* (more generally drop every x)
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Competing Influences

Drop every 2" floor.

* Once first breaks fast, but could take many drops.
 #Drops =N/2 + 1

Drop at N/2
 |f doesn’t crack eliminate a lot, when crack lot to

check.
¢ 11’DrOpS — 1 + (N/2 — 1)

Both basically on the order of N/2 drops....



Competing Influences: Balance
Drop every x floors.



Competing Influences: Balance
Reduced to choosing x to minimize
N

X

T X.



Competing Influences: Balance

Reduced to choosing x to minimize
N

X

- X.

Set two terms equal to each other to balance:

N
~ =X 50 N = x2%9r x = N1/2,

N
N1/2

+ N2 _1 orabout2 N1/2.

Gives #Drops =



Plot[100/ x + X, {X, 1, 100}]

100
ol

60 |

40 -




Write x =t N2 in #Drops = % +x — 1.

Gives #Drops = - L tNV2.1q,

N1/2 '

Plﬂ't[li’t + t, {t,0, 5}]

This is just N'2 (2 + 1), .. Ve +¥
t I Ma — =

so on the order of N1/*". z
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If know calculus: want to minimize f(x) = N/x + x:

* Endpoints: f(1) and f(N) are of order N.

« f(x) =-N/x?+ 1, critical point f(x) =0 or x =
N1/2_

« Easily see minimum, or note f’(x) = 2N/x3 > 0.

(Letay eny )

1
~



Balancing Application

Imagine have two algorithms:
* One always takes 1000 seconds.

* One takes 1 second except one in a million
inputs take 1,000,000,000 seconds.

Both take on average approximately 1000
seconds....



Balancing Application

Imagine have two algorithms:

* One always takes 1000 seconds.

* One takes 1 second except one in a million
inputs take 1,000,000,000 seconds.

Both take on average approximately 1000

seconds....
...but what if run algorithm 1 and if takes more

than 2 seconds on an input switch to first?
Average of about 1 second!



Improving Strategy with 2 Eggs
Consider triangular numbers and dynamic rescaling.

* Do not move in constant steps of x floors.
* Do x, then x-1 if doesn’t crack, then x-2....
* Advantage is always same number of drops!
» Basically if doesn't crack doing 2 egg problem
but now with N-x floors (after first drop).



Improving Strategy with 2 Eggs
Consider triangular numbers and dynamic rescaling.

* Do not move in constant steps of x floors.
* Do x, then x-1 if doesn't crack, then x-2....
* Advantage is always same number of drops!
» Basically if doesn’t crack doing 2 egg problem
but now with N-x floors (after first drop).
Example:N=105=14+13+ 12+ ... + 1:
(1+13)or(2+12)or (3 +11)....
All are 14 drops, better than 2 * 105"2 (about 20).



What if we have 3 Eggs”? Or k eggs?
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What if we have 3 Eggs”? Or k eggs?

For 3 eggs: once one cracks, 2 egg problem.
If do every x it would be, worse case:
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 10: September 27, 2024 https://youtu.be/eV1Kd0tOewl
Project Euler Problems



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/eV1Kd0t0ewI

Multiples of 3 or 5
Problem 1 KRN i |

If we list all the natural numbers below 10 that are multiples of 3 or 5, we get 3, 5,6 and 9. The sum of these multiples is 23.

Find the sum of all the multiples of 3 or 5 below 1000.

Even Fibonacci Numbers
Problem 2 ml

Each new term in the Fibonacci sequence is generated by adding the previous two terms. By starting with 1 and 2, the first 10
terms will be:

1,2,3,5,8,13,21,34,55,89, ...

By considering the terms in the Fibonacci sequence whose values do not exceed four million, find the sum of the even-valued
terms.



Largest Prime Factor
Problem 3

The prime factors of 13195 are 5,7, 13 and 29.
What is the largest prime factor of the number 6008514751437

Largest Palindrome Product
Problem 4

A palindromic number reads the same both ways. The largest palindrome made from the product of two 2-digit numbers is
9009 = 91 x 99.

Find the largest palindrome made from the product of two 3-digit numbers.

Smallest Multiple
Problem 5

2520 is the smallest number that can be divided by each of the numbers from 1 to 10 without any remainder.

What is the smallest positive number that is evenly divisible by all of the numbers from 1 to 207

= B

= B



Sum Square Difference
Problem 6

The sum of the squares of the first ten natural numbers is,

12 4224 .. 4102 = 385.

The square of the sum of the first ten natural numbers is,

(1 + 2+...+10)* = 55% = 3025.

Hence the difference between the sum of the squares of the first ten natural numbers and the square of the sum is
3025 — 385 = 2640.

Find the difference between the sum of the squares of the first one hundred natural numbers and the square of the sum.

10001st Prime
Problem 7

i

By listing the first six prime numbers: 2,3, 5,7, 11, and 13, we can see that the 6th prime is 13.

What is the 10 001st prime number?



Largest Product in a Series
Problem 8

The four adjacent digits in the 1000-digit number that have the greatest product are 9 x 9 x 8 x 9 = 5832.

73167176531330624919225119674426574742355349194934
96983520312774506326239578318016984801869478851843
8586156087891125494954595017379583319528532088085511
125406987471585238630850715693290963295227443043557
66896648950445244523161731856403098711121722383113
62229893423380308135336276614282806444486645238749
30358907296290491560440772398713810515859307960866
70172427121883998797908792274921901699720888093776
657273330010853367881220235421809751254548594752243
52584907711670556013604839586446706324415722155397
53697817977846174864555149298862569321978468622482
83972241375657056857490261407972968652414535100474
821663704844031998950008855243450658541227588666881
16427171479924442928230863465674813919123162824586
17866458359124566529476545682848912883142607690042
242190226718556263211111093785442175069416585604088
871984083850962455444362981230987879927244284509188
84580156166089751913387545920852406368991256087176086
858861164671894050775410082256983155200855935729725
716362695618826704282524836088232575304207529563450

Find the thirteen adjacent digits in the 1000-digit number that have the greatest product. What is the value of this product?



Special Pythagorean Triplet

Problem 9

A Pythagorean triplet is a set of three natural numbers, a << b < ¢, for which,
a’ L+ b=
For example, 32 +42 = 9 + 16 = 25 = 52

There exists exactly one Pythagorean triplet for which a + b + ¢ = 1000.
Find the product abe.

Summation of Primes
Problem 106

The sum of the primes below 10is2+3 4+ 5+ 7 =17.

Find the sum of all the primes below two million.



Flf‘ol qéc. u/'\‘fe qu“zgcg, Qvdrcsron

/ ——
é?,é,( /oaé foderes g boC

= (220 — 4-4
47_ 442’ — (/000 — (G?*Q)
/05 — 2:/03(5(—F£> ~z22$

=z

— /ﬂg" 2‘(”3 61“4) 2% 42{1‘;;-/;1

Fiod @& =2 gk C =7 akc
Or - Koo zab= 2@ (344)~ 08 2 ot get b wc O
or

Ly 2alc = (Z*/UZ(WQ “/OOA)([U?_@“@

X< aef =2 AAsc (< 4/?«%44:-:4 LSFccpe.



| £ ac b £C  ad gbc Seonto come
= (@00 — @9

/?m;< e <« | —7 A" (
2
Dotte - Ams aZ4L% = ((200 —(=<D))

Zs (W G (fepe co= (— Coe Lo el

- 2
) 77 O



=z
e 0= - X e X xE X
z/ v = gr T T

Cocl )= |- 12t €%l — <l — ... &2

sep)= 12301~ 5@ D 4G
<z






Fre x©¢s? < X+/.7 Fox ares? et
7 T ™ b+ 74
= 2 ¢ T 77 2R (;Z—‘SZ+‘LZ/>§+{ZL
N v <z Nz 4s
X—3 S=9 <=5 é‘—‘z()(’—'? S=y e~ (F b=
(15— vg) =+ (26 +29° gs —29)" + (s +¥5)3
z2®f SE° | /6% « ¢38F
—Yz1< | —¥zzs5



6(4, L)<+ @é“%”)&: (“Zf?l)(”‘a_eézj

<= Y =3 =12 6=5S

Gg/ 1{)2‘~(— éd —&—3@2

- g3t SE%

G

—

I’;L'\/( émﬂ//t;{’ 5‘ s+t 5( :_4Z-eg(: Xlﬁfz
al Pury #o ad S s « sqeme



11

Hint Euclid's parameterization of the Pythagorean triples (Elements, Book X, Proposition XXTX)

is:
a = k(m® - n?), b = 2kmn, ¢ = k(m? + n%),
where m > n > 0 and m, n coprime and not both odd.

Substituting in our condition gives

1000 = a + b + ¢ = 2km(m + n),

and clearing the constant leaves

500 = km(m+n). (<)

Now, notice that (1) 500 = 2°5° has only two distinct prime factors, and (2) since m and n are

coprime, so are m and m + n.

Reveal spoiler )

Share Cite Follow edited Jun 4, 2020 at 11:38 answered Oct 2, 2019 at 19:45
‘:- -‘f -nat}-\ ove o T'-E'»"is I'l'h'r'li”Se

Awwa 146k ®9 W 120 A 297 104k @13 W 131 A 264



>>> ck = [0]*5000;
>>> for i in range(l, 100):
for j in range (i + 1, 100):
if i*%2 + j**2 < 5000:
ck[i**2+j**2] = ck[i**2 + j**Q] + 1;

>>> for i in range(l, 5000):
if ckl[i] > 1:
print(i);




numbsumtwosquares[max_, power , printfirst ]| := Module[{},
For[n=0,n <=2 max”"2 + 1, nt++,
{
listreps[n] = {}; numreps[n] = 0;
71;
For[y =1, y <= max, y++,
For[x=1,x <= vy, x++,
{
sum = X2 + y"2;
numreps[sum] = numreps[sum]+1; listreps[sum] = AppendTo[listreps[sum], {X,y}];
i1;
I;
notfound = 0; k =1;
While[notfound == 0 && k <2 max”"2 + 1,
{
[f[numreps[k”power] > 1,
{
Print["Number is ", k”power, " and have " ,numreps[k”power], " reps."];
Print["Reps are ", listreps[k*power]];
[f[printfirst == 1, notfound = 1];
i1;
k=k+1;
7 1;
]



https://proofwiki.org/wiki/Sum of 2 Squares in 2 Distinct Ways

Sequence

The sequence of positive integers which can be expressed as the sum of two square numbers in two or more different ways begins:

50 =

72 +1°
82 412
92 4 22
11% + 22
11% + 32
122 + 12

132 + 12

= 5% 4+ 52
=72 42
=7 +6°
=10% + 57
=9+ 7
= 9% + §

=11+ 7

numbsumtwosquares[100, 2, 0]

Number is 625 and have 2 reps.

Reps are {{15, 20}, {7, 24}

Number is 2500 and have 2 reps.

Reps are {{30, 40}, {14, 48} }

Number is 4225 and have 4 reps.

Reps are {{39, 52}, {33, 56}, {25, 68}, {16, 63}
Number is 5625 and have 2 reps.

Reps are {{45, 60}, {21, 72} }

Number is 7225 and have 4 reps.

Reps are {{51, 68}, {48, 75}, {36, 77}, {13, 84} }
Number is 16006 and have 2 reps.

Reps are {{60©, 88}, {28, 96}


https://proofwiki.org/wiki/Sum_of_2_Squares_in_2_Distinct_Ways

Jacobi's two-square theorem [edi)

Jacobi's two-square theorem states

The number of representations of n as a sum of two squares is four times the difference between the number
of divisors of n congruent to 1 modulo 4 and the number of divisors of n congruent to 3 modulo 4.

proved by Gauss using quadratic forms and Jacobi using elliptic functions.[*] Hirschhorn gives a short proof derived
from the Jacobi triple product.l®l https://en.wikipedia.org/wiki/Sum_of two_squares_theorem

The number of ways to represent » as the sum of four squares is eight times the sum of the divisors of n if n is odd
and 24 times the sum of the odd divisors of » if n7 is even (see divisor function), i.e.

(8) 'm  ifnisodd,
m|n

r4(n) =

24 Z m if n is even.

m|m
\ e odd

Equivalently, it is eight times the sum of all its divisors which are not divisible by 4, i.e.

ra(n) =8 Zm- https://en.wikipedia.org/wiki/Jacobi%27s four-square theorem

mn,

At



https://en.wikipedia.org/wiki/Sum_of_two_squares_theorem
https://en.wikipedia.org/wiki/Jacobi's_four-square_theorem

Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 11: September 30, 2024 https://youtu.be/vC]XRTuFbFQ
Sums of Squares



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/vCjXRTuFbFQ
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sumsquareoptions[modulus , printme_]1 := Module[{},
(# variables: modulus 1s the modulus studying; if printme = 1 we print results, else just compute =)
list = {}; (» stores the squares of @ to modulus modulo the modulus =)
For[n = 8, n < modulus / 2, n++,
{
temp = Mod[n”~2, modulus];
If [MemberQ[list, temp] == False, list = AppendTo[list, temp]]; (+ only add to list if new =)
115
list = Sort[list]; (+ sort to make easier to read =+)
sumlist = {}; (* store the sum of pairs of squares here x)
For[i = 1, 1 < Length[list], i++,
For[j =1, j = 1, j++,
{
sum = Mod[list[i] + list[Jj], modulus];
If [MemberQ[sumlist, sum] == False, sumlist = AppendTo[sumlist, sum]];
31515
percent = 100.0 Length[sumlist] / modulus;
(+ calculates percent of numbers from 1 to modulus that are a sum of two squares mod the modulus =)
If[printme = 1 || percent < 50, (x+ prints if printme < 1 OR under 50% x)
{
Print["Modulus = ", modulus, "."];
Print["Distinct squares are ", list];
Print[sumlist]; Print[percent, "%."];
s
Return[percent]; (+ outputs/returns the percent =)
] (» end of function «)



modtester [min_ , max , printvalue ] := Modulus[{},
percentlist = {}; (+ stores modulus and percent here x)
underfifty = {}; (x stores both here as well if percent < 58% x)
For[m = min, m < max, m++,

{

temppercent sumsquareoptions[m, printvalue];

percentlist AppendTo [percentlist, {m, temppercent}];

(« 1f percent < 50 saves in underfifty and also factors the modulus =x)
If [temppercent < 50, underfifty = AppendTo[underfifty, {m, temppercent, FactorInteger[m]}]];

}
15

(# listplot and includes a solid line at 50% so can easily see when below =x)
Print [Show[ListPlot [percentlist], Plot[50.0, {x, min, max}, PlotStyle -» {Red}]]];
Print [underfifty];

(«Print [percentlist]; «)



Pugesatide. o= Bax Prinuple COIr b

——

/| bcyeg N4l Plgeons,
fé e P's &= < “‘755‘/\(&/ Q}(qc,f/7 oye },d)(/ Qk/@:’f"m—g

é“’?‘ Mg wf /eegf 2z pPYyceas.

(= net, MNe. each  bix Ao:; s mest— ) pPlscog 2als a4 Cram
2 alb oot 7 Plo<vas



CL/°0§< Qozm, /Moy{u/US /)7
/oﬁl: = cems ot Sycees oA 7 @sScoe Scor L X

?QCV &0 e Ao A1 =S 4(/0_(—- o TES/AMes

‘ 1of
):l/'/( A (/jc’?/) ﬁoﬂ(c//c/s g,/lw/e_ s o fob—o= O ™S

)/(U)ﬂé S ﬂ‘% /ﬁ«/ﬂ PE gs ’lLb Sare ﬂ(y--

U//v éwﬂ/; QQ'J?, L we so afmest X s



powertwomodtester[l, 10, 0]

{ 2, 100.0000}
1004 { 4, 75.0000)
| { 8, 62.5000}
0r { 16, 56.2500}
| { 32, 53.1250}
o0 -
| { 64, 51.5625}
o {128, 50.7813}
| { 256, 50.3906}
60| {512, 50.1953}
. {1024, 50.0977}
1| e e —————,
. EIIJD T zuzlm T EEEI]D T Bl;}[.‘l T I1DI[}D



fibonaccimodtester[3, 16, 0]
Modulus = 144.
Distinct squares are (@, 1, 4, 9, 16, 25, 36, 49, 52, 64, 73, 81, 97, 100, 112, 121}

{e, 1, 2, 4, 5, 8, 9, 10, 13, 18, 16, 17, 20, 25, 32, 26, 29, 34, 41, 58, 36, 37, 49, 45, 52, 61, 72, 49, 53, 58, 65, /4, 85, S8,
56, 68, 7/, 88, 101, 164, 64, 73, 80, 89, 166, 113, 116, 128, 82, 109, 122, 125, 137, 81, 98, 97, 166, 117, 136, 133, 136, 112, 12

43.75%.
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Lecture 12: October 2, 2024 https://youtu.be/cgpxfVRE-vQ
Sums of Squares |l
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lessthanfiftyunderonethousand = {72, 144, 216, 288, 360, 432, 504, 576, 648, 720, 784, 792, 864, 936, 1008} ;

The OFEIS is supported by the many generous donors to the OFIS Foundation.

013627 THE ON-LINE ENCYCLOPEDIA
2‘3%3301? INTEGER SEQUENCES®

1021121

founded in 1964 by N. J. A. Sloane

72 144 216, 288, 360, 432, 504, 576, 648, 720 || Search | Hias

(Greetings from The On-Line Encyelopedia of Integer Sequences!)

Search: seq:72,144,216,288,360,432,504,576,648,720

Sorry, but the terms do not match anything in the table.

The following advanced matches exist for the numeric terms in your query.

Beatty sequence

a(n) = the Beatty sequence floor(n*z) with 72/1 ==z < 721/10.

The next few terms would be .

Polynomial

an)=72x

The next few terms would be 792, 864, 936.
Sequence is a trivial polynomial. Did not search for other matches.
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Example A.4.2. If we choose a subset S from the set {1,2,...,2n} with |S| =
n + 1, then S contains at least two elements a, b with alb.

A«sf\'wr{'

Exercise A.4.3. If we choose 55 numbers from {1,2,3,...,100} then among the
chosen numbers there are two whose difference is ten (from [Ma] ).

Exercise A.44. Let ay,...,a, be distinct integers in {1,...,2n}. Prove two
of them add to a number divisible by 2n. Note: these two numbers need not be
distinct. If instead we required the two numbers to be distinct, then aq,...,a,1
would have to be n + 1 distinct numbers from {1,...,2n — 1}.

Exercise A.4.5. Leta,....,a, be integers. Prove that there is a subset whose sum
is divisible by n.

(/{/@674 we T (93>(<$.7
W e (he (Pr5e0 57
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 13: Oct 4, 2024: M&M Game: https://youtu.be/-plcuC64a6E (slides pdf)
Lecture 14: October 7, 2024: https://youtu.be/VWYXyXNGYSE
Introduction to Games: Triangle Game, Pirates



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/-plcuC64a6E
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/FromMandMstoMath_Michigan4Oct2024.pdf
https://youtu.be/vWYXyXN6YSE

Rules for Triangle Game

Take an equilateral triangle, label corners 0, 1 and 2.
Subdivide however you wish into triangles.

Add labels, if a sub-triangle labeled 0—-1-2 then Player 1 wins,
else Player 2.

Take turns adding labels, subject to:
On 0-1 boundary must use 0 or 1
On 1-2 boundary must use 1 or 2

On 0-2 boundary must use 0 or 2

Who has the winning strategy? What is it?



Rules for Triangle Game







Payout Options:

| get 1 move for every 1 of yours, if you win you get $64.
« | get1 move for every 2 of yours, if you win you get $32.
| get1 move for every 3 of yours, if you win you get $16.
| get1 move for every 4 of yours, if you win you get $8.
| get1 move for every 5 of yours, if you win you get $4.
| get1 move for every 6 of yours, if you win you get $2.

* (you can bank moves if you want...)
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The Line Game

Consider one-dimensional analogue: if have a 0—1 segment
Player 1 wins, else Player 2 wins.

O } '
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nere are five pirates, named 1, 2, 3, 4 and 5.

ney must split 100 gold coins.

ne lowest named pirate alive proposes a division.

* |f 50% or more vote for the plan it passes and the coins are so
divided.

« If 50% or more vote against the plan it fails, the proposer walks
the plank and dies, and the lowest named surviving pirate
proposes a plan.

We repeat till a plan is accepted.

Assume the pirates are intelligent — what is the final division?
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 15: October 9, 2024 https://youtu.be/F2_hdcwwuKg
Pigeonhole Principle Il



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/F2_h4cwwuKg

Example A.4.2. If we choose a subset S from the set {1,2,...,2n} with |S| =
n + 1, then S contains at least two elements a, b with alb.

A«sf\'wr{'

Exercise A.4.3. If we choose 55 numbers from {1,2,3,...,100} then among the
chosen numbers there are two whose difference is ten (from [Ma] ).

Exercise A.44. Let ay,...,a, be distinct integers in {1,...,2n}. Prove two
of them add to a number divisible by 2n. Note: these two numbers need not be
distinct. If instead we required the two numbers to be distinct, then aq,...,a,1
would have to be n + 1 distinct numbers from {1,...,2n — 1}.

Exercise A.4.5. Leta,....,a, be integers. Prove that there is a subset whose sum
is divisible by n.
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
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Lecture 16: October 11 , 2024 nttps://youtu.be/xx8f87877fQ
No class, watch: 3/1/2017: Irrationality Proofs, Morley's Theorem, Pigeon Hole Problems



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/xx8f8z8zzfQ

Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public_html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 17: October 16, 2024: https://youtu.be/weGmZ3YmRqE
Game Theory Il: Tic-Tac-Toe, Candy Bar Games

https://web.williams.edu/Mathematics/sjmiller/public _html/math/talks/CoronaGam
esTicZombieFibDots ME2019Lec3.pdf



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
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https://youtu.be/weGmZ3YmRqE
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CoronaGamesTicZombieFibDots_ME2019Lec3.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CoronaGamesTicZombieFibDots_ME2019Lec3.pdf
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Bidding Tic-Tac-Toe

Move #1's Money#2's Money #1's Bid #2's Bid

twe tac toe 1 /000 (000 Qoo  ¥ep

2 Zoes | oo
3
Fal
5

V4 &
7
8
=
10
11
12

Figure: Rules: Start with $1000 and $1000, whomever bids more
gets move and gives money to other. Opening bid?



RECTANGLE GAME: consider M x N board, take

turns, each turn can break any piece along one horizontal or
along one vertical, last one to break a piece wins. Does someone
have a winning strategy?
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RECTANG LE GAM E: consider M x N board, take

turns, each turn can break any piece along one horizontal or
along one vertical, last one to break a piece wins. Does someone
have a winning strategy?

Length  Width Winner
2 2 -
2 3 o]
3 3 -=2--
2 -
3 o]
1 -o]--
3 ) --2--

Figure: Do you see a pattern? PHR/ 7‘//



A mono-variant is a quantity that moves on only one direction
(either non-decreasing or non-increasing).

|dea: Associate a mono-variant to the rectangle game....
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu
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Lecture 18: October 18, 2024: No class, work on Projects
Lecture 19: October 21, 2024: https://youtu.be/-ZujtK5k-fM
How Long / How Many?



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/-ZujtK5k-fM

hd hd

Retention Percent of Incoming Graduating

Institution 1st year 4years 6years eventually
Faber College 96 91 93 94
Grand Lakes University 82 75 78 78
Monsters University 75 60 69 ‘7@
Springfield University 60 50 55

Starfleet Academy 100 100 100 100
Wossamotta University 65 53 56 57

Cultural extra credit (can ask friends but cannot use the internet): What movies / tv shows are these from? Must get
at least four to qualify for any bragging rights....



Assume p percent of students graduate after 4 years, and then every

subsequent year p percent of the remaining graduate. Does everyone
eventually graduate?
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Assume p percent of students graduate and q percent leave after 4
years, and then every subsequent year p percent of the remaining
graduate and g percent leave. What percent eventually graduates?
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Assume p percent of students graduate and q percent leave after 4
years, and then every subsequent year p(" percent of the remaining
graduate and g9™ percent leave. What percent eventually graduates?
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On each turn, you have a probability of p of receiving a prize. If all
turns are independent, on average how many turns till you get it?
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There are c different prizes, and each box is equally likely to have
one and only one of them. How many boxes do you expect to need
before you have at least one of each prize (boxes are independent)?
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https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
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| dea
and t
How

you one card from a deck, you look at it and return, | shuffle
nen deal you another. | continue till you've seen all the cards.

ong do you expect to wait?
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https://www.catsatcards.com/Clmages/Final/CompleteDeck.jpg



https://www.catsatcards.com/CImages/Final/CompleteDeck.jpg

In bridge the 52 cards are dealt 13 to a player. How many deals are
needed before a player expects to see each card at least once?

(Question from Kayla Miller, a few hours after a hand where she had 6 trump in opposition to Cameron Miller’s 6!)
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Lecture 20: October 23, 2024:
How Long / How Many: |I?


http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf

In bridge the 52 cards are dealt 13 to a player. How many deals are
needed before a player expects to see each card at least once?

(Question from Kayla Miller, a few hours after a hand where she had 6 trump in opposition to Cameron Miller’s 6!)
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Bridge Hands : Getting all cards

Math 331: Fall2024: siml@williams.edu

In bridge the 52 cards are dealt 13 to a player. How many deals are
needed before a player expects to see each card at least once?

LEau R Peom Koy le Milar, & bow hoiis allan & hand s shie bad O Iemp o opposSon o Camenan Milers 0

- dealstillseeall [numcards_, numdo_] := Module[{},
For[d = 1,
d = 89+ numcards « Log[8«numcards] , d++, numdeals[d] = 8];
{# numdeals records how many deals of length
d were there before a given person saw everything.
estimating that do not need to go
further than numcards « Log[d+«numcards] = 4 =)
deck = {};
For[d = 1, d = 4«numcards, d++, deck = AppendTo[deck, d]1;
{# creates deck «)
For[n = 1, n = numdg, N++,
{
For[(d = 1, d = 4+ numcards, d++, seen[d] = @];
(# Initialize to have nothing «)
currnumdeals = @; (« start with no deals =)
haveall = ©; (+ check - do mot have all =)
while[haveall = @,
i
hand = RandomSample [deck, numcards]; (= creates random hand «)
currnumdeals = currnumdeals + 1; (+ dealt another hand =)
For[c = 1, € £ numcards, C++, seen[hand[c]] = 1];
If[
sum[seen[i], {i, 1, 4=numcards}] = 4=numcards, haveall = 1];
If [currnumdeals == 1888 + 4 « numcards,
{
haveall = 1; Print["Exiting - waiting too long."™]
}1; (% end of exit if statement «)
}1; (+ end of while loop on haveall = @ =)
numdeals [currnumdeals] = numdeals [ currnumdeals] + 1;
11; (%= end of n loop =)

max = 1;
For[d = 1, d 5 E+numcards » Log[8=numcards] , d++,
If [numdeals [d] » @, max = d]]; (+ Tinds max observed =)
For[d = 1, d = max, d++, numdeals[d] = numdeals[d] « 188.8 ;/ numdo] ;
{# finds percentage =)
numdealslist = {}; (+« list to store values =)
For[d = 1, d = max, d++, numdealslist =
AppendTo [numdealslist, {d, numdeals[d]}]1]1; (= creates list =)
Print [ListPlot [numdealslist]];
Print [numdealslist);
mean = Sum[ numdeals[d] « d s 18@.0, {d, 1, max}];
stdev = Sqgri[Sum|[ numdeals[d] = {d - mean)~2 ;s108.8, {d, 1, max}]];
Print["Mean = ", mean, " and StDev = ", stdew, "."];
]

o) 1+ Timing[dealstillseeall[13, 158808]]

e P 5 % )

[{1. 8.}, [2. 8.}, [3.8.), (4. 8.], (5. 8.}, [6. 8.}, [7. 8.806]. [5. @.183}, (3. @.773].
J52E), {11, 5.2, {12, 7.971), {13, 18.165), {14, 18.385}, (15, 18.742),

.859), {17, £.554], {18, 7.212), {19, 5.7€1}, (20, 4.583}, (21, 3.7e1}, (22, 2.787],
.142), {24, 1.653], {25, 1.261), {26, B.97], |27, @.737). [20. ©.526]. (29, 6.404),
.314), {31, ©.221), {32, @.176), {33, @.15], |34, @.@34], [35, @.86E|, |36, B.857),
.B39), {38, ©.83), (39, 9.835). (40, 9.82), (41, B.813), (42, BB@G), (43, @.9@5),
BBE), {45, B.BET], (45, 8.B@Z), (47, B.BE3), (45, B.B82), (43, B.861)]

FUBLEE
W W | ki W ka

Mean = 16.4162 and Sthew - 4.3567.

(777069, Mull)

. Timing[dealstillseeall[13, 1668 8048] |
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141, &_}, [2, 8.}, [3,@8.], {4, 8], [5, 8. ], |6, 8.8@83), [7, B_BE&TS], [E, 8.1343), |5, 8.7512), ({1, 8.}, [2.8.). [3.0.), (4. 8., (5. 8.}, |6, @.}, [7.8.], {B,@. ], [5, &}, (18, 8.},
{1@, 2.5855], |11, 5.2855), [1Z, B.9426], {13, 18.8287), {14, 11.8424}, [15, 18.77E&], {11, @ p, {12, 8.}, (13, 8. ). (24, @), {15, 8.}, (16, @. ), (27, 8.}, (18, 8.}, (13, 8.},
{16, 3.BE14), |17, B.5987), (15, 7.1714), {13, S.EEEE],. |28, 4.81), (21, 3.632&), [22, 2.E2283), (o8, @.}, {21, €.}, (22, 8.}, {23, @.T7}, {24, 1.2}, {25, 3.1}, {26, 6.5}, (27, B.}.
{23, 2.1793), |24, 1.5625), [25, 1.2464), {26, ©.954), {I7, B.7916], |28, @.5362}, [29, B.4136], {28, 1.3}, (2%, 1@.6]. (3@, 9.B). [31. 2.4]. [32. 8.7}, (33, 6.7]. (34, 5.6]. [35.2.9],
{38, ®.3195), |31, @.238), |32, @.1743), [33, ©.1269), {34, ©.8997], |35, @.974E}, [36, B.8543], {36, 3.3}, |37, 3.6), (38, 2.), (39, 1.3), {48, 1.5}, (41, 1.1}, [42, &.5}. [43, @.B}.
{37, 8.8414), [38, @.8314), [39, @.8235), (48, B.B1ES], [41, @.813), [42, 8.@854), {44, 8.1}, |45, @.2), [46. 8.2], [47.8.]). {48, 8.2]. (43, @.}, {58, 8.}, [51. 8.3}.
{43, B.BET4], |44, 9.@B54), [45, B.BE51), {46, ©.2931], [47, @.88T], |28, 9.8813}, {52, @}, {53, 8.}, [54, 8.1}, [55, 8.}, |56, @.]). {57, 8.}, [58. 8.). [59. 8.1} ]
(43, B.@0@3), |58, 9.@@@3), (51, @.9@11). (3L, @.@083). [53. @.@0@ed), (54, @.0@03). Maan = 31.236 srd StDew = 4.51335.
{55, @.@882], |56, @.@8A2), [57, 8.}, |58, @.@ee4), [59, 8., [6B, @.), |51, @.@B61] | .
Mzan = 15.4165 and Sthev - & 35562, [126. 34, Null]
[646.172, Null] inl = Timing [dealstillseeall 1668, 18888] |
. Timing [dealstillzesall [1668, 1866] ] - K
sf "
sL
af !
= .
[ |I||||I|..|||I||||I|-..|.rl+lla.alll.
1 E] a8 i 5 &

{41, 8.}, [2. 8.}, [3.8.], {4, 8., [5.8.}, |6 8.}, [7.8.], {B, @.], (3, B_}, [18, @.], {11, &.],
{1z, @.}, {13, €.}, [14, @.}. [15, @.]), {16, B_}, [17,@.}. (18, @.), (19, @.]. (28, @],
{71, .81}, [22,@.82), {23, 8.35), (24, 1.35), |25, 3.25}, (26, 5.42), [2I7, B.24}, (28, 9.33],
{23, 18.53), {38, 18.18), {31, 9.43], [32, B.74), {33, 7.14], |34, 5.85), (35, 4.42], (36, 3.41],
137, 3.15), [38, 2.11), {33, 1.57), (48, 1.33), |41, @.97), (42, B.7E). |43, 8.56), (44, B.38],
{45, 8.34), [46, @.25), (47, 8.13), [48, B.16), (43, 8.11}, (5@, B.@3), [51, 8.®6}, (52, B.83],
{53, .81}, [54, @.85), {55, @.@3), (56, 8.@1), |57, @.}, {58, @_}, (59, @.], |60, B.@1}}

Mean = 31.367% and Sthev - £.58573.



Evigge. NumberDeakTaSeaaNtnes ad

recurrencetofindwadittime [suits_, cards_, players , hands_] 1= Module[[}, Weit time x[12] - 12.7453.
5w suits; ¢ = cards; p = players; h = hands; d = = = 3 Wait time x[19] = 12.3313.
(% x[m] iz average weight time when missing m) Woit time x[28] = 13.1871. «[s2] -
we fimd recursively, start knowing x[8 @ and x|l 17
From the ﬁ;_: and £ are L |]1ll:ﬁ! |- o = Ps wWait time ®[21] = 13.2745. (545 9ZBEATAE2 255491497 289829220459 626 150 B41 197179151 459 542 576 TE4 239417823 265 451 BE] @Bs -
P ) B . EZE985 B3 156684485195 187823 780479 317 372 171 274 589 588 567 967 387 626 748 665218 815849 371 549
(% it is convenient to set y[i] = Wait time x[22] = 13.4342.

ki R . . . 436143497 557 288 658 312 676 235 368 117 138 572 713 556 838 B93 B38 321 598 £81 195418 485 981834 711 E25
x[i] for i « m if trying to find x[m] and y[m] = & =) Wait time x[23] - 13.387. 135468587 ¢
(* want y[m] = @ from bringing things over to solwve for x[m) =)

. : ] Wait time %[24] = 13.7335. 33 763 651 B15.411 381 455893 132 853 485 BSE 451 173 712 291 961 171 863 BES 581 862 172 858 158 259 187 365 -
For[i = @, i 2 del, des, o 581783 355 244 599 575 291 398187 598 652 881 762 522 197 224 678489 268819 333 711 247 8@3 185 515 91F -
{ Wait time x[25] - 13.5741.
586 716 637850 367 389 853 132 156474 313 569 326 447 439 658 535 826 580 286 345 307 825 554 664 981127 -
u[i] = @; w[i] = By (» initialize quantities to zero =) Wait time x[26] = 14 8893, 461443399 927528)
i it v
Woit time ®x[27] = 14.1385. - 3
x[1] = p; ¥[1] = x[1]: 1271 . Timing[dealstillsesall[13, 10009000]]
numhands = Binomial [d, h]: (+ number of ways to choose h cards from deck of d ) WRIt Time x[28] = 14.285.
Forme 2, m £ d, mas, Wait time x[29] = 14 3882, Ll .
{ Woit time x[38] - 14.5834. st .
u[m] = Sum[ Binomdal [m, k] Binomial|d =m, h=k] (y[m=k] & 1} / numhands, . .
3 o Wait time x[31] - 14.51&8.
{k,®, Min[h,m}}] ¢/ {1 = (Binomial|d =m, h] f numhands) ) ; ak
{# thiz iz the recursive forsula, do only for k at most min(h,m) =) Wait time x[32] = 14 7266. "
¥[m] = x[m]; {# wpdate y[m] from @ to =x(m] =} Wait time x[33] - 14.8331. al \
Primt["Hait time =[", m, "] = ", L.@8x[m], *." ]2 . ;
Wait time x[34] - 14.33&5.
¥ [« end of n loop +) o (24 af -
PF‘:LITtI_'I[', -.1* -] - ', I[-'i_]]; Wait time x[35] = 15.8383. *
1 wait time ®[36] - 15.1346. 'r . .
L]
recurrencetofindwad ttime[4, 13, 4, 13] Walt time x[37] = 15.2235. bret L U e
o o " o 0 & ' 0 m
3 i - Waxt time x[38] = 15.32Z.
Wait time x[3] = 5.73333. (2 [11,8.), [2, 8.}, (3. 8.], |4, 8.], |5, 6.], |6, G.B00&5], (7, 8.80745), (£, B.12907), |3, B.78255),
wait time ®[3] = 6.3851Z. WEit time x[33] = 15.4122. {18, 2.58582), (11, 5.18848, (12, 5.81843), |13, 18.9628), {14, 18.3782), (15, 19.5066),
Wait time x[4] = 7.7B485. Wait time x[48] = 15.5. {16, 9.90676), |17, B.58254], [1E, 7.18885), [19, 5.52429), |20, 4 63875), (11, 3.63501),
o ait time x[41] = 15.5858 {22, 2.81515), {23, 216187}, (24, 1.65213], |25, 1.15848), |25, B.95841), |27, B.7I555),
Welt time x[5] = B-d8784. T {28, B.54786), (29, B_4BE12), (38, @_387), (31, @.23282), 30, B.17344), (33, 8. 11986,
Wmit time x[E] = 9.@7IES. Woit time x[42] = 15.6635. {34, 8.89771), (35, B_BTIES), (35, 995439, [37, 9.842), |38, ©.8314), [39, 9.8234%),
Wit time x(7] - 9.57438. Wait time ®[43] = 15.7512. {48, B.B1734), |41, B_B1351}, (42, B_BB964], [43, 9.BATES), |43, B.BASI3), |45, B.BESES),
. S a4l - 15 8311 {46, B.88313), |47, B_BGI2E), (45, 9.0B285], |49, 0.89124), |34, }. {51, B.B@ATL),
el time x[8] = 18.8044. 3t time x[44] i {52, B.888451, (53, B.80A31), (54, 8.88824), |55, 8.BEE23). (56, {57, B.8ea12),
Woit time x[9] - 18.4843. Wait time x[45] - 15.9@92. {58, 8.00084), |53, BBEDES), (68, 9.98084|, |61, 8.9O0E7), (62, B.EDE63), (63, 0.0O08Z),
Wit time x([18] - 18.7584. Wait time x[4§] - 15.3856. {54, B.8@0E1), |65, B_BORBL1), (65, @.]. [67. @.), |6, B.), (65, B_DERE1}, |7, §.B06E1))
Muit time T[21] = TLA7ES. Wait time %[47] = 16.066. Mean = 15.4131 and StDev - 4.35865.
Wmit time x[1Z] = 11.3EEZE. WEIT Time ®[45] - 16.1336. [7874.61, Null)
Wmit time x[13] = 11.53s2. Wait time x[43] - 16.2854.
Wait time x[14] = 11.5383. Walt time x[58] - 16.2757.
Wait time x[15] = 12.1246. Wit time x[51] = 16.3446.
Wait time x[16] = 12.3a43. Wait time ¥[5Z] = 16.41Z2.

Wait time ®[17] = 12.5511.



Math 331: The little Questions
(Fall 2024)

Steven J Miller Williams College sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 21: October 25, 2024: German Tank Problem:

https://web.williams.edu/Mathematics/similler/public html/math/talks/GermanTankProblem Talk PennState2020.pdf

Expanded Lecture from Math/Stat 341: Probability (Fall 2021):
*Lecture 06: 9/22/21: German Tank Problem I: Theory: https://youtu.be/APsubcDVlIs (slides)
*Lecture 08: 9/27/21: German Tank Problem II: Statistical Inference: https://youtu.be/JnaVkeO9qtc (slides)



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GermanTankProblem_Talk_PennState2020.pdf
https://youtu.be/APsubcDVl1s
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/lectures/341Fa21_lecture06GermanTankProblem.pdf
https://youtu.be/JnaVkeO9qtc
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/lectures/341Fa21_lecture06GermanTankProblem.pdf

Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 22: October 28, 2024:
Why I love Monovariants: From Zombies to Conway's Soldiers to Fibonacct Games: pdf


http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Games_Monovariants_Maryland.pdf

Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public_html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 23: October 30, 2024: https://youtu.be/w _SBDcZY1Ac
Project Euler Problems: https://projecteuler.net/archives



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/w_SBDcZY1Ac
https://projecteuler.net/archives
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 24: November 1: Work on Project
Lecture 25: November 4, 2024 https://youtu.be/uhP6HusxCdc
Proof by Story, Putnam A1 2017 Problem:

https://www.math.uh.edu/~torok/Putnam/problems Al.pdf



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/uhP6HusxCdc
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf

Proof By Story:

* Sneetches (7r> = Q%)

« Pascal’s Identity (,Q_t (gﬁ) - ("=,

« Binomial Theorem (x-.)" - éo (v \x<, 7 f

« Sum of Squares of Binomial Coefficients

« Cookie Problem

* Generalized Cookie Problem
Application: Zeckendorf's Theorem
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Al ('17) Let S be the smallest set of positive integers such that WL . é, ”d 9.4 M N // ’b,7
@{2ifins, —

(b) n is in S whenever 22 i5in S, and <

(c) {n@!isinSwhenevernis in S. LJIQ‘P Aqlp/wj
Which positive TS f /7
(The set .S 1s “smallest”™ in the sense that S is contained \P C m/( 7

in any other such set.)
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Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College
sim1@williams.edu

http://www.williams.edu/Mathematics/similler/public_html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 26: November 6, 2024 https://youtu.be/bLTh48U6VTg
Putnam A1l 2017 Problems: 2017, 1989, 1994
https://www.math.uh.edu/~torok/Putnam/problems Al.pdf



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/bLTh48U6VTg
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf

Al ("94) Suppose that a sequence aq,as,as.... satisfies 0 <

i, < a3, + a2,.1 for all n = 1. Prove that the se-
ries ¥ | a, diverges.

Al ("89) How many primes among the positive integers, written
as usual in base 10, are alternating 1's and 0's, begin-
ning and ending with 17

Al1(°23) For a positive integer n, let f.(x) —

cos(x) cos(2x) cos(3x) - - - cos(nx). Find the smallest
n such that If::[r[]j | = 2023. A1(17) Let S be the smallest set of positive integers such that

(a) 21s1n S,
Al ("04) Basketball star Shanille O’Keal’s team statistician (b) n is in S whenever n2 is in S, and
keeps track of the number, S(N), of successful free £\2isin S wh <in S
throws she has made in her first NV attempts of the sea- (¢) (n+5)"isin 5 whenever nisin 5.
son. Early in the season, S(N) was less than 80% of
N, but by the end of the season, S(/N') was more than ' _ _ _
80% of N. Was there necessarily a moment in between (The set S is “smallest™ in the sense that S 1s contained

when S(N) was exactly 80% of N'? in any other such set.)

Which positive integers are not in S?



Al ("89) How many primes among the positive integers, written
as usual in base 10, are alternating 1's and 0's, begin-
ning and ending with 17
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Al ('89) How many primes among the positive integers, written
as usual in base 10, are alternating 1's and 0's, begin-

ning and ending with 17
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Al ("89) How many primes among the positive integers, written
as usual in base 10, are alternating 1's and 0's, begin-

ning and ending with 17
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Al ("94) Suppose that a sequence aq,as,as.... satisfies 0 <
i, < a3, + a2,.1 for all n = 1. Prove that the se-

" o M
ries ) __, a, diverges.
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Math 331: The little Questions
(Fall 2024)

Steven J Miller - Williams College - sm1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 27: November 8, 2024: No class, work on project.
Lecture 28: November 11, 2024: No class, work on project.
Lecture 29: November 13: Putham A1 Problems: https://youtu.be/uwvFu57JJBc

https://www.math.uh.edu/~torok/Putnam/problems Al.pdf


http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/uwvFu57JJBc
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf

n/ﬂul ("94) Suppose that a sequence aq,as.as.... satisfies 0 <
i, < a3, + a2,.1 for all n = 1. Prove that the se-

" o "
ries ) __, a, diverges.

Al ("89) How many primes among the positive integers, written
as usual in base 10, are alternating 1's and 0's, begin-
ning and ending with 17
Al1(°23) For a positive integer n, let f.(x) —
cos(x) cos(2x) cos(3x) - - - cos(nx). Find the smallest
n such that If::[r[]” = 2023. Al’ﬁl?} Let S be the smallest set of positive integers such that

Al ('04) Basketball star Shanille O’Keal's team statistician (a) 21s1n S,
keeps track of the number, S(N), of successful free

n n 2 " "
throws she has made in her first N attempts of the sea- (b) 715 in 5 whenever n” is in 5, and

son. Early in the season, S(N) was less than 80% of (c) (n+5)%isin .S whenever n is in S.
N, but by the end of the season, S(/N') was more than _ o _
80% of N. Was there necessarily a moment in between Which positive integers are not in S?

when S(N) was exactly 80% of N? (The set S is “smallest™ in the sense that S is contained

in any other such set.)



PRIMEary Colors

9 comments

We define the coloring number of a graph of V vertices and E edges to be the smallest
number of colors such that no two vertices that share an edge are colored the same.
Consider the following graph:

1. The vertices are the integers 2, 3, 4, 5, 6, ...., 9,998, 9,999, and 10,000
2. Two vertices are connected by an edge if they share a common factor. So there isn‘t

an edge between 2 and 3, but there is between 2 and 6, another between 3 and 6,
but none between 2 and 5, between 3 and 5, ...

Prove that the coloring number of this graph is at least 13.

Problem created by Steven Miller as a practice test question for Princeton’s Discrete Math
341, Fall "98.

Reverse Tic-Tac-Toe (I prefer Toe-Tac-Tic): Cameron, Elizabeth and Steven Miller:

In standard Tic-Tac-Toe, whomever gets three in a row (vertically, horizontally or diagonally) wins. A simple
calculation (though tedious if you don't use symmetry to combine cases) shows that if both play optimally,
the game will always end in a tie. Consider now Reverse Tic-Tac-Toe, where the object is to force the other
person to get three in a row. Does one of the players have a winning strategy (and if so who and what is it),
or will the game always end in a tie if each play optimally?
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A1(23) For a positive integer n. let f,(x) =
cos(x) cos(2x) cos(3x) - - - cos(nx). Find the smallest
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Reverse Tic-Tac-Toe (I prefer Toe-Tac-Tic): Cameron, Elizabeth and Steven Miller:

In standard Tic-Tac-Toe, whomever gets three in a row (vertically, horizontally or diagonally) wins. A simple
calculation (though tedious if you don't use symmetry to combine cases) shows that if both play optimally, the game
will always end in a tie. Consider now Reverse Tic-Tac-Toe, where the object is to force the other person to get
three in a row. Does one of the players have a winning strategy (and if so who and what is it), or will the game

always end in a tie if each play optimally?
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PRIMEary Colors

Y 9 comments

We define the coloring number of a graph of V vertices and E edges to be the smallest

number of colors such that no two vertices that share an edge are colored the same
Consider the following graph:

|10Z2S

1. The vertices are the integers 2, 3, 4, 5, 6, ...., 9,998, 9,999, and
2. Two vertices are connected by an edge if they share a commonr

an edge between 2 and 3, but there is between 2 and 6, another between 3 and 6
but none between 2 and 5, between 3 and 5

Prove that the coloring number of this graph is at least/1 3.

(O

Problem created by Steven Miller as a practice test question for Princeton’s Discrete Math
341, Fall "98.
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https://math.mit.edu/~rstan/myputnam.pdf

(A1 or B1 problem) If n is a positive integer, then define
fn)=114+214+... 4+ nl
Find polynomials P(n) and @Q(n) such that

f(n+2)=P(n)f(n+1)+Q(n)f(n),

(A1 or B1 problem) Inscribe a rectangle of base b and height A and an
isosceles triangle of base b in a circle of radius one as shown.

for all n > 1.
For what value of h do the rectangle and triangle have the same area?
Let T be a triangle and K, S rectangles inscribed in T as shown:
Pl
Let z(t) and y(t) be real-valued functions of the real variable ¢ satisfying .
the differential equations W g
;_,.-". A
dr / S
— = —xt+3yt—2°+1 A
dt 2
d /
d_gt} = at+ yt+ 22— 1, .f,/ R

Find the maximum value, or show that no maximum exists, of

with the initial conditions z(0) = y(0) = 1. Find z(1) + 3y(1). (This

problem was later withdrawn for having an easier than intended solu-

tion.)

A(R) + A(S)
A(T)

where T ranges over all triangles and R, S over all rectangles as above,
and where A denotes area.


https://math.mit.edu/%7Erstan/myputnam.pdf

https://math.mit.edu/~rstan/myputnam.pdf (A1 or B1 problem) Inscribe a rectangle of base b and height h and an
isosceles triangle of base b in a circle of radius one as shown.

(A1 or B1 problem) If n is a positive integer, then define b
fln)=11+21+ ...+ nl /\ W€ \/h
Find polynomials P(n) and @Q(n) such that lll.f ) ‘\'.| j ( (./e ()\L

f(n+2)=P(n)f(n+1)+Q(n)f(n), b
.\ S~

for all n > 1.
N qet

- Let T be a triangle and K, S rectangles inscribed in T as shown:
Let x(t) and y(#) be real-valued functions of the real variable ¢ satisfying A A
the differential equations i W g
{ - __,.-"" M

d 3 S

g —xt 4+ 3yt —2° + 1 %*é(]e . A
d (437 y Tt Y<° g
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} g dt 2 < : 5

Find the maximum value, or show that no maximum exists, of

with the initial conditions z(0) = y(0) = 1. Find z(1) + 3y(1). (This
problem was later withdrawn for having an easier than intended solu-
tion.)

A(R) + A(S)
A(T)

X{_&‘ + ;/{-&) where T ranges over all triangles and R, S over all rectangles as above,

and where A denotes area.
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(A1 or B1 problem) If n is a positive integer, then define
fn)=114+2!+---+nl

Find polynomials P(n) and Q(n) such that

f(n+2)=P(n)f(n+1)+Q(n)f(n),
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(Al or Bl problem) If n is a positive integer, then define P( N= A €2-¢ {’(ﬂ)
fln)=114+21+.--4+nl
Find polynomials P(n) and Q(n) such that

f(n+2) = P(n)f(n+1)+Q(n)f(n),

foralln > 1. - ‘
@ )f —+ (r = F(ﬂ)((ﬂ-(‘f\f < - l,’) + &(a) (/'[ 1 -f ',>
42)! < ~
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(A1 or B1 problem) If n is a positive integer, then define

R{H’D = ) F(nn)-(-”(("*‘hc(aﬁ/'

fln)=1'4+2"+---+nl
Q(/H-?—) = FPla) Faer) S ‘an)

Find polynomials P(n) and Q(n) such that
fn+2) = Pt )+ Qs (€3)! = Paen) £casen)
for all n > 1. £ (P((I) < &(0+77'> \C—(n—-!-/)

ftaes) = Rawr) faw) + Kat~| flagy) + &(9) §ca)
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Lecture 31: November 18: Putnam A1 Problems: https://youtu.be/HEdt7OjSqgWA

https://www.math.uh.edu/~torok/Putnam/problems Al.pdf
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(A1 or B1 problem) If n is a positive integer, then define
fn)=114+214+... 4+ nl
Find polynomials P(n) and @Q(n) such that

f(n+2)=P(n)f(n+1)+Q(n)f(n),

(A1 or B1 problem) Inscribe a rectangle of base b and height A and an
isosceles triangle of base b in a circle of radius one as shown.

for all n > 1.
For what value of h do the rectangle and triangle have the same area?
Let T be a triangle and K, S rectangles inscribed in T as shown:
Pl
Let z(t) and y(t) be real-valued functions of the real variable ¢ satisfying .
the differential equations W g
;_,.-". A
dr / S
— = —xt+3yt—2°+1 A
dt 2
d /
d_gt} = at+ yt+ 22— 1, .f,/ R

Find the maximum value, or show that no maximum exists, of

with the initial conditions z(0) = y(0) = 1. Find z(1) + 3y(1). (This

problem was later withdrawn for having an easier than intended solu-

tion.)

A(R) + A(S)
A(T)

where T ranges over all triangles and R, S over all rectangles as above,
and where A denotes area.
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Let T be a triangle and K. 5 rectangles inscribed in T as shown:

/ x
,f N

o
f.«” L'
/ I
o oo
-./},f L

Find the maximum value, or show that no maximum exists, of

A(R)+ A(S)
AT

where T ranges over all triangles and K. S over all rectangles as above,
and where A denotes area.
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Thus A(X,y) = x(y-x) + y(1-y) = xy — x*2 + y — y*2, so partial A/partialy =x+ 1 -2y soy = (x+1)/2 (b/w x and 1).
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See previous page.
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Lecture 32: November 20: Putnam A1 Problems: https://youtu.be/1SIsUek0GqU

https://www.math.uh.edu/~torok/Putnam/problems Al.pdf
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Let T be a triangle and R, 5 rectangles inscribed in T as shown:

// R‘al X {

/ R H“a 7 { i 1 )

- : Alxy)= xtg-x) + 5(-

Find the maximum value, or show that no maximum exists, of _ "
= X7 ~x Aty -7

A(R) + A(S)
AT gf“’ = x (-2
where T ranges over all triangles and K. S5 over all rectangles as above, <o 3_¢_¢ =0 =5 =~ X1/
and where A denotes area. 3¢S V4 =
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Lecture 33: November 22: Putnam A1 Problems: https://youtu.be/alL200xoKZPY
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Let T be a triangle and R, 5 rectangles inscribed in T as shown:

A1 s N

R X

Find the maximum value, or show that no maximum exists, of

A(R) + A(S)
AT

where T" ranges over all triangles and R, S over all rectangles as above,
and where A denotes area.
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tIA

Line from (00)to (R 1)isy-0=1/R(x-0) or y = x/R.

Line from (1,00 to (R 1) isy-0=T/R-1) (x-1) or y=(x-1)/(R-1) or x=(R-T)y + 1.

Lower rectangle: vertices (a, 0), (a, a/R), (1,0), (1, a/R) for an area of (1-a) a / R. ,L

Upper rectangle: vertices (b, a/R), (b, b/R), (1 + (R-1)a/R), (1 + (R-1)a/R, b/R) for an area of (b-a)/R * (1 + (a-b) - a/R). R 1)
T Q '

So A(a,b) = (1-a)a/R + (b-a) (1 +a - b - a/R)/R Mg\ g Cerd b R

Play same game as before: find partial with respect to b for a given a, set to O, then take partial with respect to a.
partial A/partial b = (1+a - a/R)/R - 2b/R + a/R.
Partial vanishes when2b =1+ 2a-a/R or b=1/2 +a + a/2R.

(a’a/p\
I o . /s
(0.0) T (1,0) /g § l
, i ,
( * NG L
@9:‘)\ ¢ (shi~
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Ala ,b ] := (1-a)a/R+ (b-a) (1 +a-b - a/R) /R
pﬂph[a_, b_] := D[A[a, b]:b] asb 1+.a-b_2

pApb[a, b] - ¥ i
Solve[pApb[a, b] == @, Db] R R
-a+R+2aR
AREA[a ] := ﬂ[ﬂ, " rrb -a+R+2aR
2 R | 4 4 —

2R
Simplify[AREA[a]]

dAREAa[a ] Simplify [D[AREA[a], a]} R*+2aR (-1+2R) +a’ (1-4R?

Solve[dAREAa[a] == @, a] 4 R B

Simplify [AREA[ - Hz - ] ]
.




(A1 or B1 problem) Inscribe a rectangle of base b and height h and an

isosceles triangle of base b in a circle of radius one as shown. 6{/ (d‘7’ /) ’{/U‘;/ = /

/ n :{ | “hy 5 b igaedt!
; 74
G i = (5

&

—

A

=
\,

For what value of h do the rectangle and triangle have the same area?
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(Al or Bl problem) Let B be an a x b x ¢ brick. Let C; be the set of all
points p in R? such that the distance from p to C' (i.e., the minimum
distance between p and a point of ') is at most one. Find the volume
of C]_.

s
Let R be a ring (not necessarily with identity). Suppose that there

exists a nonzero element r of R satisfying

= e

rt + =273,

Prove or disprove: There exists a nonzero element y of R satisfying

y =Y. Let )
—_— T — — S:ZmznzT

where the sum ranges over all pairs (m, n) of positive integers such that
the largest power of 2 dividing m is different from the largest power of
2 dividing n. Express S in the form an*, where k is an integer and a
is rational. You may assume the formula

2
T

.1 :
https://www.youtube.com/watch?v=d-03eB9sfls Z 2 6

n=1
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(A1l or Bl problem) Let B be an a x b x ¢ brick. Let C; be the set of all
points p in R? such that the distance from p to C' (i.e., the minimum
distance between p and a point of (') is at most one. Find the volume
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2 dividing n. Express S in the forimorm Where £ is an integer and « M=
is rational. You may assume the formula
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Math 331: The little Questions
(Fall 2024)

Steven J Miller - Williams College - sm1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 35: December 2: 2024 & Putnam A1 Problems:
https://youtu.be/bG3CPgrCGv4

https://www.math.uh.edu/~torok/Putnam/problems Al.pdf



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/bG3CPgrCGv4
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf

Let R be a ring (not necessarily with identity). Suppose that there
exists a nonzero element r of R satisfying

r + =223,

Prove or disprove: There exists a nonzero element y of R satisfying
2
y =Y.



2024 =23-11-23

2024 has 16 divisors (see below), whose sum is o = 4320. Its totient is ¢ = 880.

The previous prime is 2017. The next prime is 2027. The reversal of 2024 is 4202.

2024 =T, +T, + ... + Ty,.

2024 =23 +33 4+ ... + 93,

It is @ Cunningham number, because it is equal to 452-1.

2024 is a nontrivial binomial coefficient, being equal to C(24, 3).

Together with 2295 it forms a betrothed pair.

It is a Harshad number since it is a multiple of its sum of digits (8).

It is a plaindrome in base 9 and base 15.

It is not an unprimeable number, because it can be changed into a prime (2027) by changing a digit.
2024 is an untouchable number, because it is not equal to the sum of proper divisors of any number.
It is the 22-nd tetrahedral number.

It is a pernicious number, because its binary representation contains a prime number (7) of ones.

It is a polite number, since it can be written in 3 ways as a sum of consecutive naturals, for
example, 77 + ... + 99.

It is an arithmetic number, because the mean of its divisors is an integer number (270).

22024 js an apocalyptic number.

It is an amenable number.

It is a practical number, because each smaller number is the sum of distinct divisors of 2024, and also
a Zumkeller number, because its divisors can be partitioned in two sets with the same sum (2160).
2024 is an abundant number, since it is smaller than the sum of its proper divisors (2296).

https://www.numbersaplenty.com/2024



https://www.numbersaplenty.com/2024
https://www.numbersaplenty.com/2
https://www.numbersaplenty.com/11
https://www.numbersaplenty.com/23
https://www.numbersaplenty.com/16
https://www.numbersaplenty.com/4320
https://www.numbersaplenty.com/880
https://www.numbersaplenty.com/2017
https://www.numbersaplenty.com/2027
https://www.numbersaplenty.com/4202
https://www.numbersaplenty.com/1/
https://www.numbersaplenty.com/2
https://www.numbersaplenty.com/22
https://www.numbersaplenty.com/2
https://www.numbersaplenty.com/3
https://www.numbersaplenty.com/9
https://www.numbersaplenty.com/set/Cunningham_number/
https://www.numbersaplenty.com/45
https://www.numbersaplenty.com/set/binomial_coefficient/
https://www.numbersaplenty.com/24
https://www.numbersaplenty.com/2295
https://www.numbersaplenty.com/set/betrothed_number/
https://www.numbersaplenty.com/set/Harshad_number/
https://www.numbersaplenty.com/8
https://www.numbersaplenty.com/set/plaindrome/
https://www.numbersaplenty.com/set/unprimeable_number/
https://www.numbersaplenty.com/2027
https://www.numbersaplenty.com/set/untouchable_number/
https://www.numbersaplenty.com/set/tetrahedral_number/
https://www.numbersaplenty.com/set/pernicious_number/
https://www.numbersaplenty.com/7
https://www.numbersaplenty.com/set/impolite_number/
https://www.numbersaplenty.com/3
https://www.numbersaplenty.com/77
https://www.numbersaplenty.com/99
https://www.numbersaplenty.com/set/arithmetic_number/
https://www.numbersaplenty.com/270
https://www.numbersaplenty.com/set/apocalyptic_number/
https://www.numbersaplenty.com/set/amenable_number/
https://www.numbersaplenty.com/set/practical_number/
https://www.numbersaplenty.com/set/Zumkeller_number/
https://www.numbersaplenty.com/2160
https://www.numbersaplenty.com/set/abundant_number/
https://www.numbersaplenty.com/2296

https://www.numbersaplenty.com/2024

2024 is a wasteful number, since it uses less digits than its factorization.
2024 is an odious number, because the sum of its binary digits is odd.
The sum of its prime factors is 40 (or 36 counting only the distinct ones).

The product of its (nonzero) digits is 16, while the sum is 8.
The square root of 2024 is about 44.9888875168. The cubic root of 2024 is about 12.6494070868.

Adding to 2024 its reverse (4202), we get a palindrome (6226).
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findnumbersnotnontrivialbincoeffimax_] := Module[{},

list = {};

For[n =4, n <= max, n++,

{
number = n;
For[k =1, k<= n/2-1, k++,
{

number = number * (n-k)/(k+1);
[ffMemberQJlist, number] == False,
list = AppendTo[list, number]];
}
] (* end of k loop *)
}; (* end of n loop *)

list = Sort[list];
Print[list]; <
| (/‘ ) e ek
(* nl/k!(n-k)! k Q"
n!/(k+1)!(n-k-1)!
= nl/k! (n-k)! * (n-k)/(k+1) *) Q@» el

findnumbersnotnontrivialbincoeff[25]

(6, 18, 15, 208, 21, 28, 35, 36, 45, 55, 56, 66, 70,
78, 84, 91, 105, 120, 126, 136, 153, 165, 171, 190,
216, 220, 231, 252, 253, 276, 286, 360, 330, 364,
455, 462, 495, 560, 680, 715, 792, 816, 924, 969,
1001, 1148, 1287, 1330, 1365, 1548, 1716, 1771,
1820, 2002, 2024, 2300, 2380, 3003, 3660, 3432,
3876, 4368, 4845, 5005, 5985, 6188, 6435, 7315,
8008, 8568, 8855, 10626, 11440, 11628, 12376,
12650, 12870, 15564, 18564, 19448, 20349, 24310,
26334, 27132, 31824, 33649, 38760, 42504, 43758,
48 620, 50 388, 53130, 54264, 74613, 75582,
77520, 92378, 166947, 116286, 125970, 134596,
167 960, 170 544, 177160, 184756, 203490, 245157,
293930, 319770, 346164, 352716, 480700, 490314,
497 420, 646 646, 705432, 735471, 817196, 1081575,
1144066, 1367504, 13520878, 1961256, 2042975,
2496144, 2764156, 3268760, 4457 480, 5200300)

https://www.scientificamerican.com/article/mathematicians-newest-assistants-are-artificially-
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Math 331: The little Questions
(Fall 2024)

Steven J Miller - Williams College - sm1@williams.edu

http://www.williams.edu/Mathematics/similler/public _html/331Fa24
https://web.williams.edu/Mathematics/similler/public html/331Fa24/math331fa24slides.pdf

Lecture 36: December 4: 2024 & Putnam A1 Problems:
https://yvoutu.be/v71SFoiPcql

https://www.math.uh.edu/~torok/Putnam/problems Al.pdf



http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/y71SFoiPcqI
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf

2024: is a polite number, since it can be written in 3 ways as a sum of consecutive naturals, for example, 77 + ... + 99.

2024 is a nontrivial binomial coefficient, being equal to C(24, 3).

[@BYJus

The Leaming App
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