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http://web.williams.edu/Mathematics/
sjmiller/public_html/331Fa24/ : Numerous 
handouts, additional comments each day (mix 
of review and optional advanced material).
Opportunity to help with Pi Mu Epsilon Problem
Section.
Opportunity to help with Math riddles page:
http://mathriddles.williams.edu/.
Opportunity to help with Math Outreach.

http://web.williams.edu/Mathematics/
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LaTeX and Mathematica Tutorials and Templates

Templates for using LaTeX for papers, talks, posters, and a Mathematica tutorial (with video): 
http://web.williams.edu/Mathematics/sjmiller/public_html/math/handouts/latex.htm 

Handout homepage:
http://web.williams.edu/Mathematics/sjmiller/public_html/handouts/handouts.htm 

General advice:
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Code from fractions: 
bob=Permutations[{1,2,3,4,5,6,7,8,9}];
For[j=1,j<=9!,j++,
{
  permat=bob[[j]];
  For[i=1,i<=9,i++,dig[i]=permat[[i]]];
  
Numb=(dig[1]/(10*dig[2]+dig[3]))+(dig[4]/(10*dig[5]+dig[6])
)
       +(dig[7]/(10*dig[8]+dig[9]));
  If[Abs[1-Numb]<=.00001,{Print["We win",permat];j=10!;}];
  If[Mod[j,10000]==0,Print["We are at j = ",j," out of ",9!]];
}]

Answer: 
9
12

+ 5
34

+ 7
68



python: from Angus Henderson

import numpy as np
from sympy.utilities.iterables import multiset_permutations

nums = [9, 8, 7, 6, 5, 4, 3, 2] # ordered in reverse as we know larger values more likely to be numerator

def fraction_value(nums):
  frac1 = nums[0] / (10 + nums[1]) # uses our knowledge that 1 must be a ten's denominator
  frac2 = nums[2] / (10 * nums[3] + nums[4])
  frac3 = nums[5] / (10 * nums[6] + nums[7])
  return frac1 + frac2 + frac3

for ns in multiset_permutations(nums):
  if fraction_value(ns) == 1:
    print(np.array(ns))
    break

# gives 9/12 + 5/34 + 7/68 = 1 as solution.



Code from Cameron White: 

[[[[[[[[[print(a,b,c,d,e,f,g,h,i) for a in range(1,10)

      if len({a,b,c,d,e,f,g,h,i})==9

      if 1==(a/(10*b+c) + d/(10*e+f) + g/(10*h+i))]
        for b in range(1,10) if len({b,c,d,e,f,g,h,i})==8]
        for c in range(1,10) if len({c,d,e,f,g,h,i})==7]
        for d in range(1,10) if len({d,e,f,g,h,i})==6]
        for e in range(1,10) if len({e,f,g,h,i})==5]
        for f in range(1,10) if len({f,g,h,i})==4]
        for g in range(1,10) if len({g,h,i})==3]
        for h in range(1,10) if len({h,i})==2]
        for i in range(1,10)]



More on Fractions:

16
64

  =      49
98

 =  19
95

= 
12
24

= 



Induction

One of the most important techniques we have for proving results.

Say we have some statement P(n). Perhaps P(n) is “the sum of 
the first n integers is n(n+1)/2”.

We can check this for various n; every time we check it is true but 
that is NOT the same as a proof!
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Induction
Say we have some statement P(n). Perhaps P(n) is “the sum of 
the first n integers is n(n+1)/2”.

Imagine we can show the following two statements are true.
1. P(1) is true, and
2. Whenever P(n) is true then P(n+1) is true.

If these are true then have P(n) is true for all n!
(Note: Sometimes we start at n=0 not n=1)
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Induction

Say we have some statement P(n). Perhaps P(n) is “the sum of 
the first n integers is n(n+1)/2”.

Imagine we can show the following two statements are true.
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Why does this imply that it holds for all n?

21



Induction (Box, Dirichlet, Pigeonhole 
Principle)
Imagine we can show the following two statements are true.
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Take n=1: thus the second becomes P(1) true implies P(2) true
P(1) is true
P(1) true implies P(2) true
THEREFORE since P(1) is true we now know P(2) is true.
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Induction (Box, Dirichlet, Pigeonhole 
Principle)
Imagine we can show the following two statements are true.
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

We know P(1) and P(2) are true.
Take n=2: thus the second becomes P(2) true implies P(3) true
P(2) is true
P(2) true implies P(3) true
THEREFORE since P(2) is true we now know P(3) is true.
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Induction (Box, Dirichlet, Pigeonhole 
Principle)
Imagine we can show the following two statements are true.
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

We know P(1), P(2) and P(3) are true.
Take n=3: thus the second becomes P(3) true implies P(4) true
P(3) is true
P(3) true implies P(4) true
THEREFORE since P(3) is true we now know P(4) is true. AND SO ON!
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Induction (Box, Dirichlet, Pigeonhole 
Principle)
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

This is often viewed
as a staircase.
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Example: P(n): 1 + 2 + … + n = n(n+1)/2

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

We will prove this by induction. There are two steps. 
First we prove P(1) is true, then we show IF P(n) is true THEN 
P(n+1) is true.
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 1: Base Case: We must show P(1) is true.
Thus we must show that when n=1, we have 1 = 1(1+1)/2.
This however follows immediately!

We are done with the base case.
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, 
and we must show that P(n+1) is true.

We are done with the base case. We could try to do n=2 or n=3 to 
build up intuition, but it is not necessary.
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show 
that P(n+1) is true.

Extra work: If n=2 let’s check: Does 1+2 = 2(2+1)/2? YES!
Extra work: if n=3 let’s check: Does 1+2+3 = 3(3+1)/2? YES!

These extra checks are not a substitute for a proof, but the more values of n that 
work, the more confident we are that it is true.
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must 
show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.
What does this mean? 
P(n) true means we assume 1 + 2 + … + n = n(n+1)/2.
We want to prove that P(n+1): 1 + 2 + … + n + (n+1)  =  (n+1)(n+1+1)/2 is true.

How should we proceed? When we look at P(n+1), do we see anything related to 
P(n)?
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) 
is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.
What does this mean? 
P(n) true means we assume 1 + 2 + … + n = n(n+1)/2.
We want to prove that P(n+1): 1 + 2 + … + n + (n+1)  =  (n+1)(n+1+1)/2 is true.

How should we proceed? Notice that the sum for n+1 starts off exactly as the sum for n!
What are we assuming we know about 1 + 2 + … + n? We are assuming it equals ….
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.
What does this mean? 
P(n) true means we assume 1 + 2 + … + n = n(n+1)/2.
We want to prove that P(n+1): 1 + 2 + … + n + (n+1)  =  (n+1)(n+1+1)/2 is true.

How should we proceed? Notice that the sum for n+1 starts off exactly as the sum for n!
What are we assuming we know about 1 + 2 + … + n? We are assuming it equals n(n+1)/2.
Thus let’s substitute for 1 + 2 + … + n in 1 + 2 + … + n + (n+1).
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.
What does this mean? 
P(n) true means we assume 1 + 2 + … + n = n(n+1)/2.
We want to prove that P(n+1): 1 + 2 + … + n + (n+1)  =  (n+1)(n+1+1)/2 is true.

Using the inductive assumption, we have
1 + 2 + … + n + (n+1) = (1 + 2 + … + n) + (n+1)  =  n(n+1)/2  +  (n+1).
Now we just need to show the far right equals our claim, (n+1)(n+1+1)/2. How do we add two fractions?
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Example: P(n): 1 + 2 + … + n = n(n+1)/2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: We now get to ASSUME that P(n) is true, and we must show that P(n+1) is true.
OK, we now get to assume P(n) is true, we want to prove P(n+1) is true.
What does this mean? 
P(n) true means we assume 1 + 2 + … + n = n(n+1)/2.
We want to prove that P(n+1): 1 + 2 + … + n + (n+1)  =  (n+1)(n+1+1)/2 is true.

We have 1 + 2 + … + n + (n+1) =  n(n+1)/2  +  (n+1).

But 
𝑛𝑛(𝑛𝑛+1)

2
+ 𝑛𝑛 + 1 = 𝑛𝑛(𝑛𝑛+1)

2
 + 2(𝑛𝑛+1)

2
 = 𝑛𝑛 𝑛𝑛+1  +2(𝑛𝑛+1)

2
 = (𝑛𝑛+1)(𝑛𝑛+2)

2
, which is what we 

needed to show, completing the proof (as n+2 = n+1+1)!
34



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!

Step 1: The Base Case: n=1: Is

35



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!

Step 1: The Base Case: n=1: Is 12 = 1(1+1)(2*1 + 1)/6? YES!

We don’t need to, but we can check other values of n.

If n=2 does 
If n=3 does
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Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!

Step 1: The Base Case: n=1: Is 12 = 1(1+1)(2*1 + 1)/6? YES!

We don’t need to, but we can check other values of n.

If n=2 does 12 + 22 = 2(2+1)(2*2+1)/6? YES!
If n=3 does 12 + 22 + 32 = 3(3+1)(2*3 + 1)/6? YES!  

37



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?

38



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?
P(n) is true means 12 + 22 + … + n2 =  n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?

39



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?
P(n) is true means 12 + 22 + … + n2 =  n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?
P(n+1) is 12 + 22 + … + n2 + (n+1)2 =  (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is 
(n+1)(n+2)(2n+3)/6.

What is in common with P(n) and P(n+1)?
40



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.

Since we are assuming P(n) is true, what do we know?
P(n) is true means 12 + 22 + … + n2 =  n(n+1)(2n+1)/6.

We must show P(n+1) is true. What is that?
P(n+1) is 12 + 22 + … + n2 + (n+1)2 =  (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is 
(n+1)(n+2)(2n+3)/6.

What is in common with P(n) and P(n+1)? We can now substitute….
41



Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.
Since we are assuming P(n) is true, what do we know?
P(n) is true means 12 + 22 + … + n2 =  n(n+1)(2n+1)/6.
We must show P(n+1) is true. What is that?
P(n+1) is 12 + 22 + … + n2 +  (n+1)2 =  (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is 
(n+1)(n+2)(2n+3)/6.

So is 12 + 22 + … + n2 + (n+1)2 = (12 + 22 + … + n2) + (n+1)2 = n(n+1)(2n+1)/6 + (n+1)2.

We have to combine the fractions – how do we do that?
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Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.
Since we are assuming P(n) is true, what do we know?
P(n) is true means 12 + 22 + … + n2 =  n(n+1)(2n+1)/6.
We must show P(n+1) is true. What is that?
P(n+1) is 12 + 22 + … + n2 + (n+1)2 =  (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is 
(n+1)(n+2)(2n+3)/6.

So is 12 + 22 + … + n2 + (n+1)2 = = n(n+1)(2n+1)/6 + (n+1)2.

We have 𝑛𝑛(𝑛𝑛+1)(2𝑛𝑛+1)
6

 =  6 𝑛𝑛+1 2
6

 = ??? What is in common with the two fractions? Both have a ….
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Example: P(n): 12 + 22 + … + n2 = n(n+1)(2n+1)/6
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Step 2: Inductive Step: Assume P(n) is true, must show P(n+1) is true.
Since we are assuming P(n) is true, what do we know?
P(n) is true means 12 + 22 + … + n2 =  n(n+1)(2n+1)/6.
We must show P(n+1) is true. What is that?
P(n+1) is 12 + 22 + … + n2 + (n+1)2 =  (n+1)(n+1+1)(2(n+1)+1)/6, note the right hand side is (n+1)(n+2)(2n+3)/6.

So is 12 + 22 + … + n2 + (n+1)2 = = n(n+1)(2n+1)/6 + (n+1)2.

We have 𝑛𝑛(𝑛𝑛+1)(2𝑛𝑛+1)
6

 =  6 𝑛𝑛+1 2
6

 =  𝑛𝑛+1 (𝑛𝑛 2𝑛𝑛+1 + 6 𝑛𝑛+1 )
6

 =  (𝑛𝑛+1)(2𝑛𝑛𝑛+𝑛𝑛+6𝑛𝑛+6)
6

 = (𝑛𝑛+1)(2𝑛𝑛𝑛+7𝑛𝑛+6)
6

Doing some algebra, we see 2𝑛𝑛𝑛 + 7𝑛𝑛 + 6 equals (n+2)(2n+3) by FOIL, completing the proof.
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Example: P(n): 1 + 3 + … + (2n-1) = n2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!

Step 1: The Base Case: n=1: Is 1 = 12? YES!

We don’t need to, but we can check other values of n.

If n=2 does 
If n=3 does

Rest of the proof is similar to what we’ve done before….
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Example: P(n): 1 + 3 + … + (2n-1) = n2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

The proof is similar to what we just did!

Step 1: The Base Case: n=1: Is 1 = 12? YES!

We don’t need to, but we can check other values of n.

If n=2 does 1 + 3 = 22? YES!
If n=3 does 1 + 3 + 5 = 32? YES!  

Rest of the proof is similar to what we’ve done before….
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Example: P(n): 1 + 3 + … + (2n-1) = n2
To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Can prove in other ways than Induction….
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Example: P(n): 133 divides 11n+1 + 122n-1

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Let’s try to show P(1) is true: does 133 divide 111+1 + 122*1-1?

48



Example: P(n): 133 divides 11n+1 + 122n-1

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.

Let’s try to show P(1) is true: does 133 divide 111+1 + 122*1-1?
Yes, as 111+1 + 122*1-1   =  112 +12 = 121 + 12 = 133, which is clearly a 
multiple of 133.
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Example: P(n): 133 divides 11n+1 + 122n-1

To prove P(n) is true for all n, must show
1. Base case: P(1) is true, and
2. Inductive Step: Whenever P(n) is true then P(n+1) is true.
Now assume P(n) is true, we must show P(n+1) is true.
Can assume 133 divides 11n+1  +  122n – 1,  must show 133 divides 11n+1  +  
122n – 1.
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Getting a feel for the answer….
Showed 1 + 2 + … + n  =  n(n+1)/2  = n2/2 + n/2.  Is this reasonable?

How can we try to get an UPPER BOUND and a LOWER BOUND for the 
sum?
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Final thoughts on sums of powers….
Hardest part of the induction is knowing what to PROVE.

How can we find the formula? 

Looking at the cases we’ve done it looks like it is always a polynomial of 
degree one higher than the power, constant term is zero, leading term (if 
sum of kth powers) is nk+1

 / (k+1).

Note 2 points determine a line, 3 points a quadratic (parabola), 4 a cubic, 
and so on; we can evaluate the sum for a few points and then 
INTERPOLATE and figure out the polynomial!

Challenge: Prove 13 + 23 + … + n3 = n2 (n+1)2 / 4.
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False proofs by Induction
The following is my favorite false proof by induction. Where is the 
mistake?

P(n): In any group of n people, everyone has the same name! (Note 
different groups of n people can have different names).

Let’s try to prove this by induction. We must show:
1. Base Case: In any group with 1 person, everyone has the same 

name.
2. Inductive Step: If everyone in a group of size n has the same name, 

then everyone in a group of size n+1 has the same name.
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False proofs by Induction
The following is my favorite false proof by induction. Where is the 
mistake?

P(n): In any group of n people, everyone has the same name! (Note 
different groups of n people can have different names).

Let’s try to prove this by induction. We must show:
1. Base Case: In any group with 1 person, everyone has the same 

name.

PROOF OF BASE CASE: This follows immediately, as….
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False proofs by Induction
The following is my favorite false proof by induction. Where is the mistake?

P(n): In any group of n people, everyone has the same name! (Note different 
groups of n people can have different names).

Let’s try to prove this by induction. We must show:
1. Base Case: In any group with 1 person, everyone has the same name.

PROOF OF BASE CASE: This follows immediately, as there is only one 
person in the group, so clearly everyone in the group has the same name!

55



False proofs by Induction
P(n): In any group of n people, everyone has the same name! (Note different 
groups of n people can have different names). 
Inductive Step: If everyone in a group of size n has the same name, then everyone 
in a group of size n+1 has the same name.

“PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has 
the same name, must show true for a group of size n+1. Consider a group of n+1 
people. How can we use the inductive assumption (all groups of size n have all 
with the same name)? Can you find some groups of size n?
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False proofs by Induction
P(n): In any group of n people, everyone has the same name! (Note different groups of n 
people can have different names). 
Inductive Step: If everyone in a group of size n has the same name, then everyone in a 
group of size n+1 has the same name.

“PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same 
name, must show true for a group of size n+1. Consider a group of n+1 people. How can 
we use the inductive assumption (all groups of size n have all with the same name)? Can 
you find some groups of size n? First n people all have the same name!
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False proofs by Induction
P(n): In any group of n people, everyone has the same name! (Note different groups of n 
people can have different names). 
Inductive Step: If everyone in a group of size n has the same name, then everyone in a 
group of size n+1 has the same name.

“PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same 
name, must show true for a group of size n+1. Consider a group of n+1 people. How can 
we use the inductive assumption (all groups of size n have all with the same name)? Can 
you find some groups of size n? Last n people all have the same name!
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False proofs by Induction
P(n): In any group of n people, everyone has the same name! (Note different groups of n 
people can have different names). 
Inductive Step: If everyone in a group of size n has the same name, then everyone in a 
group of size n+1 has the same name.

“PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same 
name, must show true for a group of size n+1. Consider a group of n+1 people. How can 
we use the inductive assumption (all groups of size n have all with the same name)? Can 
you find some groups of size n? Note people 2, 3, …, n are in both groups!
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False proofs by Induction
P(n): In any group of n people, everyone has the same name! (Note different groups of n people can have 
different names). 
Inductive Step: If everyone in a group of size n has the same name, then everyone in a group of size n+1 has 
the same name.

“PROOF” OF INDUCTIVE STEP: We assume everyone in a group of size n has the same name, must show 
true for a group of size n+1. Consider a group of n+1 people. How can we use the inductive assumption (all 
groups of size n have all with the same name)? Can you find some groups of size n? Note people 2, 3, …, n 
are in both groups! Thus everyone in the first n has the same name, everyone in the last n has the same 
name, and since people 2, 3, …, n are in both that means those two names are the same and our proof is 
done! If your name is not Steve Miller, you should be skeptical. Mistake?
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False proofs by Induction
P(n): In any group of n people, everyone has the same name! (Note different 
groups of n people can have different names). 
Inductive Step: If everyone in a group of size n has the same name, then 
everyone in a group of size n+1 has the same name.

“PROOF” OF INDUCTIVE STEP: The mistake is we drew this for a “large” n. 
Remember we must show for ANY n that if P(n) is true then P(n+1) is true. If 
n is 2 or more then there is a person in both groups, but if n=1 there is not!

61



Product Rule and Induction









Fibonaccis from Tiling
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Lecture 03: Recurrences, Inequalities: September 11, 2024: 

https://youtu.be/fDaNheZa33k
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Binet’s Formula, Growth Rates and Tilings
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Lecture 04: Coding Efficiency, Recurrences: September 13, 2024: 

https://youtu.be/F6ZQFjIzfEQ

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
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Triangle Numbers







https://projecteuler.net/problem=1 

https://projecteuler.net/problem=1


https://youtu.be/Esa2TYwDmwAhttps://youtu.be/Esa2TYwDmwA

https://youtu.be/Esa2TYwDmwA 

https://youtu.be/Esa2TYwDmwA
https://youtu.be/Esa2TYwDmwA


Recurrences to Inequalities
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Lecture 05: Recurrences, Inequalities: September 16, 2024: 

https://youtu.be/3LzFI3cfJYI
(video didn’t record, only audio – need to advance slides with audio playing)
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Read Appendix A:  The Average Gap Distribution for Generalized Zeckendorf Decompositions (with Olivia Beckwith, 
Amanda Bower, Louis Gaudet, Rachel Insoft, Shiyu Li and Philip Tosteson), the Fibonacci Quarterly (51 (2013), 13--27). pdf

http://www.fq.math.ca/
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/KangarooGaps_BBGILMT_90.pdf


Lecture given to young scholars: 
• What do you MEAN? https://youtu.be/jBKZaCxpgSE (word file here, pdf here) (3/19/2020): Comfort with Algebra 

sufficient: 40 minutes

Lectures from Math 349 (Operations of Order):
• Lecture 34: 11/29/23: What do you mean? https://youtu.be/6fal8vRN-Ew
• Lecture 36: 12/04/23: What do you mean, II? https://youtu.be/azABrUnQklg

Handouts:
• Notes from Miller: https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
• Paper (Ben-Ari and Conrad): Maclaurin’s Inequality and a Generalized Bernoulli Inequality
• Video from 2018 iteration of our class: AM-GM inequality, Triangle Game: https://youtu.be/k1XF420-8QY

Important Competition Inequalities:
• https://artofproblemsolving.com/articles/files/MildorfInequalities.pdf 
• https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat_BasicsOlympiadInequalities.pdf 
• https://esp.mit.edu/download/8a5f8efe-59f5-407d-9252-607ace7aa190/M11250_Intro%20to%20ol%20ineq%20hssp.pdf 
• https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf 
• https://artofproblemsolving.com/wiki/index.php/Inequality 

https://youtu.be/jBKZaCxpgSE
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/WhatDoYouMean.docx
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/WhatDoYouMean.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/349Fa23/
https://youtu.be/6fal8vRN-Ew
https://youtu.be/azABrUnQklg
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
https://kconrad.math.uconn.edu/articles/maclaurin.pdf
https://youtu.be/k1XF420-8QY
https://artofproblemsolving.com/articles/files/MildorfInequalities.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat_BasicsOlympiadInequalities.pdf
https://esp.mit.edu/download/8a5f8efe-59f5-407d-9252-607ace7aa190/M11250_Intro%20to%20ol%20ineq%20hssp.pdf
https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf
https://artofproblemsolving.com/wiki/index.php/Inequality
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Lecture 06: Inequalities II: September 18, 2024: https://youtu.be/0fTiXEQua7Q 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/0fTiXEQua7Q


Lecture given to young scholars: 
• What do you MEAN? https://youtu.be/jBKZaCxpgSE (word file here, pdf here) (3/19/2020): Comfort with Algebra 

sufficient: 40 minutes

Lectures from Math 349 (Operations of Order):
• Lecture 34: 11/29/23: What do you mean? https://youtu.be/6fal8vRN-Ew
• Lecture 36: 12/04/23: What do you mean, II? https://youtu.be/azABrUnQklg

Handouts:
• Notes from Miller: https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/handouts/ArithMeanGeoMean.pdf
• Paper (Ben-Ari and Conrad): Maclaurin’s Inequality and a Generalized Bernoulli Inequality
• Video from 2018 iteration of our class: AM-GM inequality, Triangle Game: https://youtu.be/k1XF420-8QY

Important Competition Inequalities:
• https://artofproblemsolving.com/articles/files/MildorfInequalities.pdf 
• https://web.williams.edu/Mathematics/sjmiller/public_html/161/articles/Riasat_BasicsOlympiadInequalities.pdf 
• https://esp.mit.edu/download/8a5f8efe-59f5-407d-9252-607ace7aa190/M11250_Intro%20to%20ol%20ineq%20hssp.pdf 
• https://artofmaths.wordpress.com/wp-content/uploads/2014/06/inequalities-a-mathematical-olympiad-approach.pdf 
• https://artofproblemsolving.com/wiki/index.php/Inequality 
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Lecture 07: Inequalities III: September 20, 2024: https://youtu.be/p_yx7p8UOoc
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Do dogs know calculus? https://www.youtube.com/watch?v=h96ZNc3Z17Q
https://www.csun.edu/~dgray/BE528/Pennigs2003Dogs_Calculus.pdf

Do dogs know bifurcations?
https://www.tandfonline.com/doi/abs/10.1080/07468342.2007.11922260  

https://www.youtube.com/watch?v=h96ZNc3Z17Q
https://www.csun.edu/%7Edgray/BE528/Pennigs2003Dogs_Calculus.pdf
https://www.tandfonline.com/doi/abs/10.1080/07468342.2007.11922260
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Lecture 8: September 23, 2024: https://youtu.be/u54ss-alhNc 

https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Generalizin
gPythagorasExpanded.pdf 
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https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GeneralizingPythagorasExpanded.pdf
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Lecture 9: September 25, 2024: https://youtu.be/pGixuGkTuQM

Egg Drop Mathematics: it IS all it’s cracked up to be!
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Egg Drop Mathematics:
It IS all its cracked up to be!
Steven J Miller, Williams College (sjm1@williams.edu) 

https://web.williams.edu/Mathematics/sjmiller/public_html/ 

https://cdn-media-1.freecodecamp.org/images/0*Uq3d3wn7B8yOPGIK.jpg 

https://web.williams.edu/Mathematics/sjmiller/public_html/
https://cdn-media-1.freecodecamp.org/images/0*Uq3d3wn7B8yOPGIK.jpg


Building with N floors, have 2 golden eggs. 

Special eggs: some floor n such that if you drop 
from below n no damage; can drop as many times 
as wish. 

If drop even once from floor n or higher 
immediately break. 

Find in as few drops as you can what n is (the 
lowest floor where if you drop from there it 
breaks). Doesn't matter if have any of the golden 
eggs at the end - just want to know n.

http://techieme.in/wp-content/uploads/buildingeggs.png 

http://techieme.in/wp-content/uploads/buildingeggs.png


Interpretation:

How do you interpret finding n in as 
few drops as possible?



Interpretation:

How do you interpret finding n in as 
few drops as possible?

• Minimize worse case.
• Minimize average case.



General Advice:

When given a hard problem:
• try to do an easier version first, and
• try to do specific values of 

parameters.

What is an easier problem?



Simple Case: 1 Egg

What is the solution?



Simple Case: 1 Egg

What is the solution?

Only possibility is go 1, 2, 3, … till 
break.

Worse case is order N drops.



Next Case: 2 Eggs

Once one cracks, reduced to 1 egg 
case.

What are possible strategies?



Next Case: 2 Eggs

Once one cracks, reduced to 1 egg case.

What are possible strategies?

Extreme cases:
• Drop every 2nd floor.
• Drop at N/2.
• (more generally drop every x)





Competing Influences
Drop every 2nd floor.
• Once first breaks fast, but could take many drops.
• #Drops = N/2 + 1

Drop at N/2
• If doesn’t crack eliminate a lot, when crack lot to 

check.
• #Drops = 1 + (N/2 – 1).

Both basically on the order of N/2 drops….



Competing Influences: Balance
Drop every x floors.



Competing Influences: Balance
Reduced to choosing x to minimize
𝑁𝑁
𝑥𝑥

 + 𝑥𝑥.



Competing Influences: Balance
Reduced to choosing x to minimize
𝑁𝑁
𝑥𝑥

 + 𝑥𝑥.

Set two terms equal to each other to balance:
 𝑁𝑁

𝑥𝑥
 = 𝑥𝑥 𝑠𝑠𝑠𝑠 𝑁𝑁 = 𝑥𝑥𝑥 𝑜𝑜𝑜𝑜 𝑥𝑥 = 𝑁𝑁 ⁄1 2.

Gives #Drops = 𝑁𝑁
𝑁𝑁 ⁄1 2 + 𝑁𝑁 ⁄1 2 - 1  or about 2 𝑁𝑁 ⁄1 2.





Write x = t N1/2 in #Drops = 𝑵𝑵
𝒙𝒙

+ 𝒙𝒙 − 𝟏𝟏.

Gives #Drops = 𝑁𝑁
𝑡𝑡 𝑁𝑁 ⁄1 2 + 𝑡𝑡 𝑁𝑁 ⁄1 2 - 1.

This is just N1/2 (1
𝑡𝑡

+ t),  
so on the order of 𝑁𝑁 ⁄1 2!



If know calculus: want to minimize f(x) = N/x + x:
• Endpoints: f(1) and f(N) are of order N.
• f’(x) = -N/x2 + 1, critical point f’(x) = 0 or x = 

N1/2.
• Easily see minimum, or note f’’(x) = 2N/x3 > 0.



Balancing Application

Imagine have two algorithms:
• One always takes 1000 seconds.
• One takes 1 second except one in a million 

inputs take 1,000,000,000 seconds.

Both take on average approximately 1000 
seconds….



Balancing Application
Imagine have two algorithms:
• One always takes 1000 seconds.
• One takes 1 second except one in a million 

inputs take 1,000,000,000 seconds.

Both take on average approximately 1000 
seconds….
…but what if run algorithm 1 and if takes more 
than 2 seconds on an input switch to first? 
Average of about 1 second!



Improving Strategy with 2 Eggs
Consider triangular numbers and dynamic rescaling.
• Do not move in constant steps of x floors.
• Do x, then x-1 if doesn’t crack, then x-2….

• Advantage is always same number of drops!
• Basically if doesn’t crack doing 2 egg problem 

but now with N-x floors (after first drop).



Improving Strategy with 2 Eggs
Consider triangular numbers and dynamic rescaling.
• Do not move in constant steps of x floors.
• Do x, then x-1 if doesn’t crack, then x-2….

• Advantage is always same number of drops!
• Basically if doesn’t crack doing 2 egg problem 

but now with N-x floors (after first drop).
Example: N = 105 = 14 + 13 + 12 + … + 1:
    (1 + 13) or (2 + 12) or (3 + 11) …. 
    All are 14 drops, better than 2 * 1051/2 (about 20).



What if we have 3 Eggs? Or k eggs?



What if we have 3 Eggs? Or k eggs?

For 3 eggs: once one cracks, 2 egg problem.
If do every x it would be, worse case:
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Lecture 10: September 27, 2024: https://youtu.be/eV1Kd0t0ewI

Project Euler Problems
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numbsumtwosquares[max_, power_, printfirst_] := Module[{},
  For[n = 0, n <= 2 max^2 + 1, n++, 
   {
    listreps[n] = {};     numreps[n] = 0;
    }];
  For[y = 1, y <= max, y++,
   For[x = 1, x  <=   y, x++,
     {
      sum = x^2 + y^2;
      numreps[sum] = numreps[sum]+1;     listreps[sum] = AppendTo[listreps[sum], {x,y}];
      }];
   ];
  notfound = 0; k = 1;
  While[notfound == 0 && k < 2 max^2 + 1,
   {
    If[numreps[k^power] > 1,
     {
      Print["Number is ", k^power, " and have ",numreps[k^power], " reps."];
      Print["Reps are ", listreps[k^power]];
      If[printfirst == 1, notfound = 1];
      }];
    k = k + 1;
    }];
  ]



https://proofwiki.org/wiki/Sum_of_2_Squares_in_2_Distinct_Ways 

https://proofwiki.org/wiki/Sum_of_2_Squares_in_2_Distinct_Ways


https://en.wikipedia.org/wiki/Sum_of_two_squares_theorem 

https://en.wikipedia.org/wiki/Jacobi%27s_four-square_theorem 

https://en.wikipedia.org/wiki/Sum_of_two_squares_theorem
https://en.wikipedia.org/wiki/Jacobi's_four-square_theorem
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Lecture 11: September 30, 2024: https://youtu.be/vCjXRTuFbFQ

Sums of Squares

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/vCjXRTuFbFQ














{   2,  100.0000} 
{   4,    75.0000} 
{   8,    62.5000} 
{  16,   56.2500} 
{  32,   53.1250} 
{  64,   51.5625} 
{ 128,  50.7813} 
{ 256,  50.3906} 
{ 512,  50.1953} 
{1024, 50.0977}













{{ 72,  48.6111, {{2, 3}, {3, 2}}}, 
{144,  43.7500, {{2, 4}, {3, 2}}}, 
{216,  48.6111, {{2, 3}, {3, 3}}}, 
{288,  41.3194, {{2, 5}, {3, 2}}}, 
{360,  48.6111, {{2, 3}, {3, 2}, {5, 1}}}, 
{432,  43.7500, {{2, 4}, {3, 3}}}, 
{504,  48.6111, {{2, 3}, {3, 2}, {7, 1}}}, 
{576,  40.1042, {{2, 6}, {3, 2}}},
{648,  47.0679, {{2, 3}, {3, 4}}}, 
{720,  43.7500, {{2, 4}, {3, 2}, {5, 1}}}, 
{784,  49.3622, {{2, 4}, {7, 2}}}, 
{792,  48.6111, {{2, 3}, {3, 2}, {11, 1}}}, 
{864,  41.3194, {{2, 5}, {3, 3}}}, 
{936,  48.6111, {{2, 3}, {3, 2}, {13, 1}}}, 
{1008,43.7500, {{2, 4}, {3, 2}, {7, 1}}}} 



Math 331: The little Questions
(Fall 2024)

Steven J Miller
Williams College

sjm1@williams.edu

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf

 
Lecture 12: October 2, 2024: https://youtu.be/cgpxfVRE-vQ

Sums of Squares II

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/cgpxfVRE-vQ


{{ 72,  48.6111, {{2, 3}, {3, 2}}}, 
{144,  43.7500, {{2, 4}, {3, 2}}}, 
{216,  48.6111, {{2, 3}, {3, 3}}}, 
{288,  41.3194, {{2, 5}, {3, 2}}}, 
{360,  48.6111, {{2, 3}, {3, 2}, {5, 1}}}, 
{432,  43.7500, {{2, 4}, {3, 3}}}, 
{504,  48.6111, {{2, 3}, {3, 2}, {7, 1}}}, 
{576,  40.1042, {{2, 6}, {3, 2}}},
{648,  47.0679, {{2, 3}, {3, 4}}}, 
{720,  43.7500, {{2, 4}, {3, 2}, {5, 1}}}, 
{784,  49.3622, {{2, 4}, {7, 2}}}, 
{792,  48.6111, {{2, 3}, {3, 2}, {11, 1}}}, 
{864,  41.3194, {{2, 5}, {3, 3}}}, 
{936,  48.6111, {{2, 3}, {3, 2}, {13, 1}}}, 
{1008,43.7500, {{2, 4}, {3, 2}, {7, 1}}}} 





{{ 72,  48.6111, {{2, 3}, {3, 2}}}, 
{144,  43.7500, {{2, 4}, {3, 2}}}, 
{216,  48.6111, {{2, 3}, {3, 3}}}, 
{288,  41.3194, {{2, 5}, {3, 2}}}, 
{360,  48.6111, {{2, 3}, {3, 2}, {5, 1}}}, 
{432,  43.7500, {{2, 4}, {3, 3}}}, 
{504,  48.6111, {{2, 3}, {3, 2}, {7, 1}}}, 
{576,  40.1042, {{2, 6}, {3, 2}}},
{648,  47.0679, {{2, 3}, {3, 4}}}, 
{720,  43.7500, {{2, 4}, {3, 2}, {5, 1}}}, 
{784,  49.3622, {{2, 4}, {7, 2}}}, 
{792,  48.6111, {{2, 3}, {3, 2}, {11, 1}}}, 
{864,  41.3194, {{2, 5}, {3, 3}}}, 
{936,  48.6111, {{2, 3}, {3, 2}, {13, 1}}}, 
{1008,43.7500, {{2, 4}, {3, 2}, {7, 1}}}} 

Modulus 2304
39.1927%
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Lecture 13: Oct 4, 2024: M&M Game: https://youtu.be/-plcuC64a6E (slides pdf)
Lecture 14: October 7, 2024: https://youtu.be/vWYXyXN6YSE 

Introduction to Games: Triangle Game, Pirates

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/-plcuC64a6E
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/FromMandMstoMath_Michigan4Oct2024.pdf
https://youtu.be/vWYXyXN6YSE








Payout Options:
• I get 1 move for every 1 of yours, if you win you get $64.
• I get 1 move for every 2 of yours, if you win you get $32.
• I get 1 move for every 3 of yours, if you win you get $16.
• I get 1 move for every 4 of yours, if you win you get   $8.
• I get 1 move for every 5 of yours, if you win you get   $4.
• I get 1 move for every 6 of yours, if you win you get   $2.
• I don’t get to move at all, if you win you get $1.

• (you can bank moves if you want…)















Pirate Riddle
There are five pirates, named 1, 2, 3, 4 and 5. 
They must split 100 gold coins.
The lowest named pirate alive proposes a division. 
• If 50% or more vote for the plan it passes and the coins are so 

divided. 
• If 50% or more vote against the plan it fails, the proposer walks 

the plank and dies, and the lowest named surviving pirate 
proposes a plan.

We repeat till a plan is accepted.
Assume the pirates are intelligent – what is the final division?
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Lecture 15: October 9, 2024: https://youtu.be/F2_h4cwwuKg

Pigeonhole Principle II

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/F2_h4cwwuKg
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Lecture 16: October 11, 2024: https://youtu.be/xx8f8z8zzfQ

No class, watch: 3/1/2017: Irrationality Proofs, Morley's Theorem, Pigeon Hole Problems

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/xx8f8z8zzfQ
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Lecture 17: October 16, 2024: https://youtu.be/weGmZ3YmRqE

Game Theory II: Tic-Tac-Toe, Candy Bar Games
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CoronaGam

esTicZombieFibDots_ME2019Lec3.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/weGmZ3YmRqE
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CoronaGamesTicZombieFibDots_ME2019Lec3.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CoronaGamesTicZombieFibDots_ME2019Lec3.pdf
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Lecture 18: October 18, 2024: No class, work on Projects
Lecture 19: October 21, 2024: https://youtu.be/-ZujtK5k-fM 

How Long / How Many?

 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/-ZujtK5k-fM


Cultural extra credit (can ask friends but cannot use the internet): What movies / tv shows are these from? Must get 
at least four to qualify for any bragging rights….



Assume p percent of students graduate after 4 years, and then every 
subsequent year p percent of the remaining graduate. Does everyone 
eventually graduate?



Assume p percent of students graduate and q percent leave after 4 
years, and then every subsequent year p percent of the remaining 
graduate and q percent leave. What percent eventually graduates?





Assume p percent of students graduate and q percent leave after 4 
years, and then every subsequent year pf(n) percent of the remaining 
graduate and qg(n) percent leave. What percent eventually graduates?



On each turn, you have a probability of p of receiving a prize. If all 
turns are independent, on average how many turns till you get it?







There are c different prizes, and each box is equally likely to have 
one and only one of them. How many boxes do you expect to need 
before you have at least one of each prize (boxes are independent)?

https://www.alamy.com/aggregator-
api/download?url=https://c8.alamy.com/comp/2D53X7C/th
e-original-cracker-jack-box-photographed-on-a-white-
background-2D53X7C.jpg 

https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg
https://www.alamy.com/aggregator-api/download?url=https://c8.alamy.com/comp/2D53X7C/the-original-cracker-jack-box-photographed-on-a-white-background-2D53X7C.jpg




I deal you one card from a deck, you look at it and return, I shuffle 
and then deal you another. I continue till you’ve seen all the cards. 
How long do you expect to wait?

https://www.catsatcards.com/CImages/Final/CompleteDeck.jpg 

https://www.catsatcards.com/CImages/Final/CompleteDeck.jpg


In bridge the 52 cards are dealt 13 to a player. How many deals are 
needed before a player expects to see each card at least once?
(Question from Kayla Miller, a few hours after a hand where she had 6 trump in opposition to Cameron Miller’s 6!)
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Lecture 20: October 23, 2024: 

How Long / How Many: II?

 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf


In bridge the 52 cards are dealt 13 to a player. How many deals are 
needed before a player expects to see each card at least once?
(Question from Kayla Miller, a few hours after a hand where she had 6 trump in opposition to Cameron Miller’s 6!)
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Lecture 21: October 25, 2024: German Tank Problem: 

https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GermanTankProblem_Talk_PennState2020.pdf 

 
Expanded Lecture from Math/Stat 341: Probability (Fall 2021):
•Lecture 06: 9/22/21: German Tank Problem I: Theory: https://youtu.be/APsubcDVl1s  (slides) 
•Lecture 08: 9/27/21: German Tank Problem II: Statistical Inference: https://youtu.be/JnaVkeO9qtc (slides)

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GermanTankProblem_Talk_PennState2020.pdf
https://youtu.be/APsubcDVl1s
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/lectures/341Fa21_lecture06GermanTankProblem.pdf
https://youtu.be/JnaVkeO9qtc
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/lectures/341Fa21_lecture06GermanTankProblem.pdf
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Lecture 22: October 28, 2024: 

Why I love Monovariants: From Zombies to Conway's Soldiers to Fibonacci Games: pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Games_Monovariants_Maryland.pdf
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Lecture 23: October 30, 2024: https://youtu.be/w_SBDcZY1Ac

Project Euler Problems: https://projecteuler.net/archives 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/w_SBDcZY1Ac
https://projecteuler.net/archives
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Lecture 24: November 1: Work on Project

Lecture 25: November 4, 2024: https://youtu.be/uhP6HusxCdc
Proof by Story, Putnam A1 2017 Problem: 

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/uhP6HusxCdc
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf


Proof By Story:
• Sneetches
• Pascal’s Identity
• Binomial Theorem
• Sum of Squares of Binomial Coefficients
• Cookie Problem
• Generalized Cookie Problem
          Application: Zeckendorf’s Theorem

https://images-na.ssl-images-amazon.com/images/S/compressed.photo.goodreads.com/books/1496420330i/35287690.jpg 

https://images-na.ssl-images-amazon.com/images/S/compressed.photo.goodreads.com/books/1496420330i/35287690.jpg
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Lecture 26: November 6, 2024: https://youtu.be/bLTh48U6VTg

Putnam A1 2017 Problems: 2017, 1989, 1994:
https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/bLTh48U6VTg
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf
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Lecture 27: November 8, 2024: No class, work on project.

Lecture 28: November 11, 2024: No class, work on project.
Lecture 29: November 13: Putnam A1 Problems: https://youtu.be/uwvFu57JJBc 

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/uwvFu57JJBc
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf




Reverse Tic-Tac-Toe (I prefer Toe-Tac-Tic): Cameron, Elizabeth and Steven Miller:

In standard Tic-Tac-Toe, whomever gets three in a row (vertically, horizontally or diagonally) wins. A simple 
calculation (though tedious if you don't use symmetry to combine cases) shows that if both play optimally, 
the game will always end in a tie. Consider now Reverse Tic-Tac-Toe, where the object is to force the other 
person to get three in a row. Does one of the players have a winning strategy (and if so who and what is it), 
or will the game always end in a tie if each play optimally?





















Reverse Tic-Tac-Toe (I prefer Toe-Tac-Tic): Cameron, Elizabeth and Steven Miller:

In standard Tic-Tac-Toe, whomever gets three in a row (vertically, horizontally or diagonally) wins. A simple 
calculation (though tedious if you don't use symmetry to combine cases) shows that if both play optimally, the game 
will always end in a tie. Consider now Reverse Tic-Tac-Toe, where the object is to force the other person to get 
three in a row. Does one of the players have a winning strategy (and if so who and what is it), or will the game 
always end in a tie if each play optimally?
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Lecture 30: November 15: Putnam A1 Problems: https://youtu.be/GPX8m8KJBU0 

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/GPX8m8KJBU0
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf




https://math.mit.edu/~rstan/myputnam.pdf 

https://math.mit.edu/%7Erstan/myputnam.pdf


https://math.mit.edu/~rstan/myputnam.pdf 

https://math.mit.edu/%7Erstan/myputnam.pdf
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Lecture 31: November 18: Putnam A1 Problems: https://youtu.be/HEdt7OjSqWA 

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/HEdt7OjSqWA
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf


https://math.mit.edu/~rstan/myputnam.pdf 

https://math.mit.edu/%7Erstan/myputnam.pdf








Comment 11-19-24: The mistake is that the lower box is not y-x by 1-y; 
it is y by 1-y.



Comment 11-19-24: The mistake is that the lower box is not y-x by 1-y; it is y by 1-y.
Thus A(x,y) = x(y-x) + y(1-y) = xy – x^2 + y – y^2, so partial A/partial y = x + 1 – 2y so y = (x+1)/2 (b/w x and 1).
Then Area(x) = A(x, (x+1)/2) = x(1/2 – x/2) + (x+1)/2 – (x+1)^2/4 so A’(x) = ½ - x + ½ – ½ (x+1), is 0 when x = 1/3 
and thus y = 2/3.  



Algebra mistake.
Wrong function.
See previous page.
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Lecture 32: November 20: Putnam A1 Problems: https://youtu.be/1SlsUek0GqU 

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/1SlsUek0GqU
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf
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Lecture 33: November 22: Putnam A1 Problems: https://youtu.be/aL2oOxoKZPY

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/aL2oOxoKZPY
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf
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Lecture 34: November 25: Putnam A1 Problems: https://youtu.be/FV2eWA71nMA

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/FV2eWA71nMA
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf
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Lecture 35: December 2: 2024 & Putnam A1 Problems: 
https://youtu.be/bG3CPgrCGv4

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/bG3CPgrCGv4
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf




https://www.numbersaplenty.com/2024 

2024 = 23 ⋅ 11 ⋅ 23
2024 has 16 divisors (see below), whose sum is σ = 4320. Its totient is φ = 880.
The previous prime is 2017. The next prime is 2027. The reversal of 2024 is 4202.
2024 = T1 + T2 + ... + T22.
2024 = 23 + 33 + ... + 93.
It is a Cunningham number, because it is equal to 452-1.
2024 is a nontrivial binomial coefficient, being equal to C(24, 3).
Together with 2295 it forms a betrothed pair.
It is a Harshad number since it is a multiple of its sum of digits (8).
It is a plaindrome in base 9 and base 15.
It is not an unprimeable number, because it can be changed into a prime (2027) by changing a digit.
2024 is an untouchable number, because it is not equal to the sum of proper divisors of any number.
It is the 22-nd tetrahedral number.
It is a pernicious number, because its binary representation contains a prime number (7) of ones.
It is a polite number, since it can be written in 3 ways as a sum of consecutive naturals, for 
example, 77 + ... + 99.
It is an arithmetic number, because the mean of its divisors is an integer number (270).
22024 is an apocalyptic number.
It is an amenable number.
It is a practical number, because each smaller number is the sum of distinct divisors of 2024, and also 
a Zumkeller number, because its divisors can be partitioned in two sets with the same sum (2160).
2024 is an abundant number, since it is smaller than the sum of its proper divisors (2296).

https://www.numbersaplenty.com/2024
https://www.numbersaplenty.com/2
https://www.numbersaplenty.com/11
https://www.numbersaplenty.com/23
https://www.numbersaplenty.com/16
https://www.numbersaplenty.com/4320
https://www.numbersaplenty.com/880
https://www.numbersaplenty.com/2017
https://www.numbersaplenty.com/2027
https://www.numbersaplenty.com/4202
https://www.numbersaplenty.com/1/
https://www.numbersaplenty.com/2
https://www.numbersaplenty.com/22
https://www.numbersaplenty.com/2
https://www.numbersaplenty.com/3
https://www.numbersaplenty.com/9
https://www.numbersaplenty.com/set/Cunningham_number/
https://www.numbersaplenty.com/45
https://www.numbersaplenty.com/set/binomial_coefficient/
https://www.numbersaplenty.com/24
https://www.numbersaplenty.com/2295
https://www.numbersaplenty.com/set/betrothed_number/
https://www.numbersaplenty.com/set/Harshad_number/
https://www.numbersaplenty.com/8
https://www.numbersaplenty.com/set/plaindrome/
https://www.numbersaplenty.com/set/unprimeable_number/
https://www.numbersaplenty.com/2027
https://www.numbersaplenty.com/set/untouchable_number/
https://www.numbersaplenty.com/set/tetrahedral_number/
https://www.numbersaplenty.com/set/pernicious_number/
https://www.numbersaplenty.com/7
https://www.numbersaplenty.com/set/impolite_number/
https://www.numbersaplenty.com/3
https://www.numbersaplenty.com/77
https://www.numbersaplenty.com/99
https://www.numbersaplenty.com/set/arithmetic_number/
https://www.numbersaplenty.com/270
https://www.numbersaplenty.com/set/apocalyptic_number/
https://www.numbersaplenty.com/set/amenable_number/
https://www.numbersaplenty.com/set/practical_number/
https://www.numbersaplenty.com/set/Zumkeller_number/
https://www.numbersaplenty.com/2160
https://www.numbersaplenty.com/set/abundant_number/
https://www.numbersaplenty.com/2296


2024 is a wasteful number, since it uses less digits than its factorization.
2024 is an odious number, because the sum of its binary digits is odd.
The sum of its prime factors is 40 (or 36 counting only the distinct ones).
The product of its (nonzero) digits is 16, while the sum is 8.
The square root of 2024 is about 44.9888875168. The cubic root of 2024 is about 12.6494070868.
Adding to 2024 its reverse (4202), we get a palindrome (6226).

https://www.numbersaplenty.com/2024 

https://www.numbersaplenty.com/set/wasteful_number/
https://www.numbersaplenty.com/set/odious_number/
https://www.numbersaplenty.com/40
https://www.numbersaplenty.com/36
https://www.numbersaplenty.com/16
https://www.numbersaplenty.com/8
https://www.numbersaplenty.com/6226
https://www.numbersaplenty.com/2024


https://cdn1.byjus.com/wp-
content/uploads/2022/09/Pascals-Triangle-1.png 

https://cdn1.byjus.com/wp-content/uploads/2022/09/Pascals-Triangle-1.png
https://cdn1.byjus.com/wp-content/uploads/2022/09/Pascals-Triangle-1.png


findnumbersnotnontrivialbincoeff[max_] := Module[{},
  list = {};
  For[n = 4, n <= max, n++,
   {
    number = n;
    For[k = 1,  k <=  n/2 - 1, k++,
     {
      number = number * (n-k)/(k+1);
      If[MemberQ[list, number] == False, 
 list = AppendTo[list, number]]; 
      }
     ] (* end of k loop *)
    }]; (* end of n loop *)
  list = Sort[list];
  Print[list];
  ]
(* n!/k!(n-k)!
    n!/(k+1)!(n-k-1)!
    = n!/k! (n-k)!  * (n-k)/(k+1) *)

https://www.scientificamerican.com/article/mathematicians-newest-assistants-are-artificially-
intelligent/?utm_source=linkedin&utm_medium=social&utm_campaign=socialflow&fbclid=IwZXh0bgNhZW0CMTE
AAR1e0OjknJRjgf5uN1RWjO3mKn0XlfdRlHFJaqpB8LQB22aZNu-AiJUHoDA_aem_8XV-0ansL7wERgukGbDd6Q 

https://www.scientificamerican.com/article/mathematicians-newest-assistants-are-artificially-intelligent/?utm_source=linkedin&utm_medium=social&utm_campaign=socialflow&fbclid=IwZXh0bgNhZW0CMTEAAR1e0OjknJRjgf5uN1RWjO3mKn0XlfdRlHFJaqpB8LQB22aZNu-AiJUHoDA_aem_8XV-0ansL7wERgukGbDd6Q
https://www.scientificamerican.com/article/mathematicians-newest-assistants-are-artificially-intelligent/?utm_source=linkedin&utm_medium=social&utm_campaign=socialflow&fbclid=IwZXh0bgNhZW0CMTEAAR1e0OjknJRjgf5uN1RWjO3mKn0XlfdRlHFJaqpB8LQB22aZNu-AiJUHoDA_aem_8XV-0ansL7wERgukGbDd6Q
https://www.scientificamerican.com/article/mathematicians-newest-assistants-are-artificially-intelligent/?utm_source=linkedin&utm_medium=social&utm_campaign=socialflow&fbclid=IwZXh0bgNhZW0CMTEAAR1e0OjknJRjgf5uN1RWjO3mKn0XlfdRlHFJaqpB8LQB22aZNu-AiJUHoDA_aem_8XV-0ansL7wERgukGbDd6Q
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Lecture 36: December 4: 2024 & Putnam A1 Problems:
https://youtu.be/y71SFoiPcqI

https://www.math.uh.edu/~torok/Putnam/problems_A1.pdf 

http://www.williams.edu/Mathematics/sjmiller/public_html/331Fa24
https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/y71SFoiPcqI
https://www.math.uh.edu/%7Etorok/Putnam/problems_A1.pdf


2024: is a polite number, since it can be written in 3 ways as a sum of consecutive naturals, for example, 77 + ... + 99.

2024 is a nontrivial binomial coefficient, being equal to C(24, 3).

https://cdn1.byjus.com/wp-content/uploads/2022/09/Pascals-Triangle-1.png 

https://www.numbersaplenty.com/set/impolite_number/
https://www.numbersaplenty.com/3
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https://www.numbersaplenty.com/99
https://www.numbersaplenty.com/set/binomial_coefficient/
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